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PREFACE 


The  present  revision  of  the  ^^  Complete  School  Algebra"  bears 
substantially  the  same  relation  to  the  revised  "  Pirst  Course " 
and  "Second  Course"  that  the  first  edition  bore  to  the  original 
texts.  In  the  revision  of  each  of  these  texts  material  for  which 
there  is  no  strong  demand  from  teachers  has  been  omitted, 
and  the  entire  work  has  been  rewritten  in  the  interest  of 
greater  simplicity  and  directness  of  appeal.  The  collections  of 
exercises  and  problems  are  for  the  most  part  new  and  contain 
a  larger  proportion  of  easy  exf Tcises  with  simple  results  than 
the  first  edition. 

A  striking  feature  of  the  revision  is  the  inclusion  of  a  large 
number  of  oral  exercises  in  connection  with  the  introduction 
of  each  new  idea  or  operation.  It  is  the  object  of  these  exer- 
cises to  present  the  new  concept  in  complete  isolation  from 
any  complication  of  notation  or  technique  so  that  the  student 
becomes  familiar  with  its  content  and  bearing  before  he  is 
asked  to  make  use  of  it  in  written  work.  These  oral  exercises 
may  well  be  taken  up  when  the  advance  lesson  is  assigned,  so 
that  the  pupil  may  be  certain  that  he  understands  the  idea 
involved  in  the  new  work  before  he  leaves  his  instructor. 

Another  feature  scarcely  less  important  is  the  character  and 
position  of  the  examples  and  hints.  The  aim  has  been  to  help 
the  student  at  the  exact  point  where  he  needs  it  and  to  avoid 
the  insertion  of  lengthy  and  difficult  solutions  before  they  can 
be  completely  understood. 

The  definitions  and  axioms  have  been  expressed  in  the 
simplest  language  which  is  consistent  with  scientific  accuracy. 
Many  definitions  which  are  usually  found  in  elementary  texts 
but  which  do  not  contribute  to  the  clearness  of  the  subject  are 
omitted. 
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The  first  presentation  of  the  subject  of  graphs  has  been 
Ihnited  to  the  study  of  the  straight  litie  and  a  few  exercises  of 
a  commercial  or  scientific  character.  These  exercises  not  only 
have  a  very  definite  human  interest  apart  from  their  mathe- 
matical value  but  also  serve  to  familiarize  the  student  with 
the  kind  of  graphs  he  will  meet  in  his  ordinary  reading. 

In  the  chapter  on  Functions  and  their  Graphs  the  attention 
has  been  centered  on  the  graphical  representation  of  a  func- 
tion, on  the  graphical  solution  of  an  equation  in  one  unknown, 
and  on  that  of  a  system  in  two  unknowns.  A  few  carefully 
selected  statistical  problems,  each  showing  some  striking 
feature  when  treated  graphically,  have  been  included.  The 
whole  is  designed  to  secure,  with  as  little  labor  as  possible, 
the  maximum  of  illumination  and  interest. 

In  the  chapters  devoted  to  a  review  of  first-yeair  algebra  the 
fact  was  borne  constantly  in  mind  that  the  material  might  be 
handled  by  students  who  had  not  pursued  the  study  of  algebra 
during  the  preceding  year.  It  was  consequently  thought  desir- 
able to  have  work  in  equations  as  early  as  practicable.  The 
subject  of  fractions,  the  topic  usually  most  in  need  of  review, 
has  received  full  and  careful  treatment.  Linear  systems  have 
been  presented  without  the  use  of  determinants.  The  needs  of 
classes,  even  under  almost  identical  conditions,  difPer  widely, 
one  class  requiring  more  review  on  a  certain  topic  than  does 
another.  Consequently  the  review  material  has  been  ex- 
panded so  as  to  afford  ample  work  for  any  class.  It  is  not 
intended,  however,  that  all  the  exercises  and  problems  should 
be  solved  by  any  one  student. 

The  authors  are  under  obligations  to  many  teachers  from 
all  parts  of  the  coimtry  for  helpful  criticisms  which  have 
been  of  material  assistance  in  planning  and  carrying  forward 
this  revision. 
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CHAPTER  I 

INTRODUCTION 

1.  The  numbers  and  symbols  of  arithmetic.  The  simple 
operation  of  counting  employs  the  numbers  we  call  in- 
tegers. To  represent  these  integers  and  the  other  numbers 
with  which  it  deals,  arithmetic  uses  the  numerals  0,  1, 
2,  3,  4,  5,  6,  7,  8,  and  9.  Operations  on  the  numbers  of 
arithmetic  are  indicated  by  the  symbols  +,  — ,  X,  and  -*-. 
The  operation  of  division  applied  to  integers  gives  rise 
to  fractions.  With  these  two  kinds  of  numbers,  integers 
and  fractions,  the  student's  work  in  arithmetic  is  mainly 
carried  on. 

2.  Symbols  of  algebra.  Symbols  are  employed  far  more 
extensively  in  algebra  than  in  arithmetic,  and  many  new 
ideas  arise  in  connection  with  their  meaning  and  their  use. 
Some  symbols  represent  numbers,  others  indicate  opera- 
tions upon  them,  others  represent  relations  between  them, 
and  still  others  represent  kinds  of  numbers  with  which 
arithmetic  does  not  deal.  Letters  as  well  as  arabic  numer- 
als are  used  to  represent  numbers.  The  following  symbols 
of  operation,  +9—9  X,  and  -5-,  have  the  same  meaning  as  in 
arithmetic.  The  sign  of  multiplication  is  usually  replaced 
by  a  dot  or  omitted. 

For  example,  3  x  a  is  written  3  •  a,  or  3  a,  and  2  x  a  x  ^  is 

written  2  ab.    Also  a  -5-  6  is  often  written  - 

b 
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The  sign  =  is  read  equals,  or  i»  equal  to.  As  the  need 
for  them  arises,  other  symbols  will  be  introduced. 

3.  The  use  of  letters  to  represent  numbers.  The  use  of 
the  letters  of  the  alphabet  to  represent  numbers  is  tho 
most  striking  difference  between  arithmetic  and  algebra. 

In  arithmetic  we  speak  thus:  If  the  sides  of  a  triangle 
are  6,  7,  and  9  inches  respectively,  its  perimeter  is  6  + 7+9, 
or  22  inches.  The  corresponding  statement  in  algebra  is : 
If  the  sides  of  a  triangle  are  a,  h,  and  c  inches  respectively 
and  its  perimeter  is  p  inches,  then  p  =  a  +  h-\-c.  Here  the 
second  statement  is  true  for  every  triangle,  while  the  firsi 
is  not  true  for  every  triangle. 

Similarly:  If  a  rectangle  is  8  inches  by  12  inches,  it^ 
perimeter  is  8+12  +  8+12,  or  40  inches.  And  if  a  rec- 
tangle is  /  inches  long  and  w  inches  wide  and  if  p  denotet- 
its  perimeter  in  inches,  then p=l-^-w  +  l  +  w,  or  2 /  +  2 w 
Here,  again,  the  arithmetical  statement  is  particular  am 
applies  to  one  rectangle  only,  while  the  algebraic  state 
ment  is  general;  that  is,  it  is  true  for  all  rectangles. 

The  gain  in  power  which  the  general  symbolic  languag 

of  algebra  affords  over  the  particular  numerical  language 

of  arithmetic  constitutes  one  of  the  most  important  advan 

t^es  of  the  algebraic  method.   As  the  student  progresses  li 

s  feature  of  algebr; 

ses  is  to  familiari?' 

le  place  of  number,' 


rhen  a  is  2  and  &  is  4 

Lod  m  stand  for  tl 
inute  respectively. 
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28.  The  side  of  a  squaxe  is  s  inches  long.  What  represents 
its  perimeter  ?  its  area  ? 

29.  The  base  of  a  rectangle  is  12  feet,  and  its  altitude  is 
4  feet.   What  is  its  perimeter  ?  its  area  ? 

30.  If  ^^  represents  the  number  of  feet  in  the  base  of  a  rec- 
tangle and  a  the  number  of  feet  in  its  altitude,  what  is  its 
perimeter  ?  its  area  ? 

31.  A  rectangle  is  twice  as  long  as  it  is  wide.  Let  w  repre- 
sent the  number  of  inches  in  its  width.  Then  express,  in  terms 
of  w,  (a)  the  length ;  (b)  the  perimeter ;  (c).  the  area. 

32.  A  man  is  three  times  as  old  as  his  son.  If  s  denotes 
the  number  of  years  in  the  son's  age,  what  will  represent  the 
father's  age? 

33.  A  father  is  28  years  older  than  his  son.  If  s  represents 
the  son's  age  in  years,  what  will  represent  the  father's  age  ? 

34.  A  rectangle  is  24  inches  longer  than  it  is  wide.  Let  b 
represent  the  width  in  feet.  Then  represent  the  length  and  the 
perimeter  in  terms  of  b  and  numbers. 

35.  A  rectangle  is  16  feet  narrower  than  it  is  long.  If  w 
represents  the  width  in  feet,  what  will  conveniently  represent 
the  length  ?  the  perimeter  ? 

36.  A  rectangle  is  4  feet  longer  than  twice  its  width.  Express 
the  width,  the  length,  and  the  perimeter  in  terms  of  a  letter,  or 
a  letter  and  numbers. 

Origin  of  symbols.  Many  of  the  symbols  that  are  in  common  use 
in  algebra  at  the  present  time  have  histories  which  not  only  are 
interesting  in  themselves,  but  which  also  serve  to  indicate  the  slow 
and  uncertain  development  of  the  subject.  It  is  often  found  that 
symbols  which  seem  without  meaning  represent  some  abbreviation 
or  suggestion  long  since  forgotten,  and  that  operations  and  methods 
which  we  find  hard  to  master  have  sometimes  required  hundreds  of 
years  to  perfect. 
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In  the  early  centuries  there  were  practically  no  algebraic  symbols 
in  common  use ;  one  wrote  out  in  full  the  words  plus,  minust  equals, 
and  the  like.  But  in  the  sixteenth  century  several  Italian  mathema- 
ticians used  the  initial  letters  p  and  HI  for  +  and  — .  Some  think 
that  our  modem  symbol  —  came  into  use  through  writing  the  initial 
m  so  rapidly  that  the  curves  of  the  letter  gradually  flattened  out, 
leaving  finally  a  straight  line.  The  symbol  +  may  have  originated 
similarly  in  the  rapid  writing  of  the  letter  p.  But  in  the  opinion  of 
others  these  symbols  were  first  used  in  the  German  warehouses  of 
the  fifteenth  century  to  mark  the  weights  of  boxes  of  goods.  If  a 
lot  of  boxes,  each  supposed  to  weigh  100  pounds,  came  to  the  ware- 
house, the  weight  would  be  checked,  and  if  a  certain  box  eitceeded 
the  standard  weight  by  5  pounds,  it  was  marked  100  +  5 ;  if  it 
lacked  5  pounds,  it  was  marked  100  —  5.  Though  the  first  book  to 
use  these  symbols  was  published  in  1489,  it  was  not  until  about 
1630  that  they  could  be  said  to  be  in  common  use. 

Both  of  the  symbols  for  multiplication  given  in  the  text  were 
first  used  about  1630.  The  cross  was  used  by  two  Englishmen, 
Oughtred  and  Harriot,  and  was  probably  an  adaptation  of  the  letter 
X,  which  is  found  some  years  earlier.  The  dot  is  first  found  in  the 
writings  of  the  Frenchman  Descartes.  It  is  interesting  to  note  that 
Harriot  was  sent  to  America  in  1585  by  Sir  Walter  Raleigh,  and 
returned  to  England  with  a  report  of  observations.  He  made  the 
first  survey  of  Virginia  and  North  Carolina,  and  constructed  maps 
of  those  regions. 

It  is  strange  that  the  line  was  used  to  denote  division  loug  before 
any  of  the  other  symbols  here  mentioned  were  in  use.  This  is,  in 
fact,  one  of  the  oldest  signs  of  operation  that  we  have.    The  Arabs, 

as  early  as  1000  a.d.,  used  both  --  and  a/b  to  denote  the  quotient  of 

0 

a  and  b.   The  symbol  -«-  did  not  occur  until  about  1630. 

Equality  has  been  denoted  in  a  variety  of  ways.  The  word  equals 
was  usually  written  out  in  full  until  about  the  year  1600,  though 
the  tw;o  sides  of  an  equation  were  written  one  over  the  other  by  the 
Hindus  as  early  as  the  twelfth  century.  The  modem  sign  =  was 
probably  introduced  by  the  Englishman  Recorde,  in  1557,  because, 
he  says,  "  Noe.  2.  thynges  can  be  moare  equalle  "  than  two  parallel 
lines.  This  symbol  was  not  generally  accepted  at  first,  and  in  its 
place  the  symbols  11,  x,  and  oo  are  frequently  met  during  the  next 
fifty  years. 
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4.  The  usefulness  of  symbols.  Sjmibols  enable  one  to 
abbreviate  ordinary  language  in  the  solution  of  problems. 

For  example:  Three  times  a  certain  number  is  equal 
to  20  diminished  by  5.    What  is  the  number  ? 

If  n  represents  the  number,  the  preceding  statement  and 
question  can  be  written  in  symbols,  thus : 

3n  =  20-5. 

The  symbolic  statement  3  n  =  20  —  5  is  called  an  equa* 
tion  and  n  the  unknovm  number. 

If  8w  =  20-5, 

then  3w=15, 

and  n  =  5. 

WhUe  the  preceding  example  is  very  simple,  it  illus- 
trates the  algebraic  method  of  stating  -and  solving  the 
problem.  The  method  is  brief  and  direct,  and  its  advan- 
tages will  become  more  apparent  as  the  student  progresses. 

ORAL  EXERCISES 

Find  the  numerical  value  of  x  in  the  following  equations : 

1.  3a;  =  18.  4.  7a;  =  42.  7.  6a;  =  17-1-13. 

2.  4a;  =  28.  5.  4a;  =  12-f  8.         8.  4 a; -f- 3 a;  =  35. 

3.  5x  =  30.  6.  3a;  =  4  +  ll.         9.  6a; -f- 2 a;  =  32. 

10.  6x-|-4a;  =  45.  14.  4a;  —  a;  =  15  —  6. 

11.  4a;-}- 3a;  =  56.  15.  5a; -h  4a;  -  2a;  =  10  +  4. 

12.  7a;  +  2a;  =  15 -f  3.  16.  4a;  +  3a;  -  a;  =  33  -  3. 

13.  9a;  — 3a;  =  18 -^  12.  17.  6x  -  a;-f- 3a;  =  42 -f  6. 

18.  If  one  number  is  represented  by  a;,  what  will  represent 
a  number  three  times  as  great  ? 
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19.  James  had  3  a;  cents.  His  brother  had  four  times  as 
many.    Represent  the  number  of  cents  the  brother  had. 

20.  Paul's  weight  is  2  a;  pounds,  and  his  father  weighs  three 
times  as  much.  What  will  represent  the  father's  weight  ?  the 
weight  of  the  two  together  ? 

21.  The  area  of  a  circle  is  6y.  Represent  the  area  of  a 
circle  three  times  as  large. 

22.  One  number  is  twice  a  second,  and  the  second  is  four 
times  the  third.  If  x  represents  the  third,  what  will  represent 
the  second  ?   the  first  ? 

23.  One  newsboy  has  three  times  as  many  papers  as  a 
second,  and  the  two  together  have  as  many  as  a  third. 
Represent  in  terms  of  x  the  number  of  papers  each  has. 

EXAMPLE 

The  sum  of  two  numbers  is  112.  The  greater  is  three  timjBS 
the  less.   What  are  the  numbers  ? 

Solution.   By  the  conditions  of  the  problem, 

greater  number  +  legs  number  =  112.  (1) 

Let  /  =  the  less  number. 

Then  3  /  =  the  greater  number. 

Substituting  these  symbols  in  (1),  we  have 

3  /  +  Z  =  112. 
Collecting,  4  /  =  112. 

Whence  Z=J-Ji  =  28, 

and  3  /  =  3  X  28  =  84. 

Therefore  the  greater  number  is  84  and  the  less  28. 

We  may  verify  the  result  by  substituting  84  and  28  in  the  problem. 

Thus  84  +  28  =  112, 

and  84  =  3  •  28. 

BE 
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PROBLEMS 

1.  The  sum  of  two  numbers  is  120.  The  greater  is  four 
times  the  less.    Eind  each. 

2.  A  certain  number  plus  seven  times  itself  equals  216. 
Find  the  number. 

3.  One  number  is  eight  times  another.  Their  sum  is  72. 
Find  each. 

4.  The  first  of  three  numbers  is  twice  the  third,  and  the 
second  is  four  times  the  third.  The  sum  of  the  three  numbers' 
is  252.   Find  the  numbers. 

Hint.  Let  x  =  the  third  number.  Then  2  x  =  the  first,  and  4  x  =  the 
second. 

5.  The  sum  of  three  numbers  is  117.  The  second  is  twice 
the  first,  and  the  third  is  three  times  the  second.    Find  each. 

6.  There  are  three  numbers  whose  sum  is  192.  The  first 
is  twice  the  second,  and  the  third  equals  the  sum  of  the  other 
two.   Find  the  numbers. 

7.  The  sum  of  three  numbers  is  312.  The  second  is  five 
times  the  first,  and  the  third  is  four  times  the  second.  Find 
the  numbers. 

8.  The  siun  of  three  numbers  is  208.  The  second  is  three 
times  the  first,  and  the  third  is  the  sum  of  the  other  two. 
Find  the  numbers. 

9.  A  man  is  three  times  as  old  as  his  son.  The  sum  of 
their  ages  is  44  years.   Find  the  age  of  each. 

10.  The  perimeter  of  a  certain  square  is  160  feet.  Find 
the  length  of  each  side. 

11.  The  perimeter  of  a  certain  rectangle  is  216  feet.  It  is 
three  times  as  long  as  it  is  wide.   Find  its  dimensions. 

12.  The  perimeter  of  the  rectangle  formed  by  placing  two 
equal  squares  side  by  side  is  258  inches.  Find  the  side  and 
the  perimeter  of  each  square. 


b3 
cc 
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5.  Literal  notation.  In  algebra  numbers  are  represented 
by  one  or  more  arable  numerals,  or  by  letters,  or  by  both 
combined. 

Thus  3,  25,  a,  2b,  4 xi/,  and  2x  +  S  are  algebraic  symbols  for 
numbers. 

Precisely  what  numbers  4 xy  and  2x+  S  represent  is 
not  known  until  the  numbers  for  which  x  and  t/  stand 
are  known.  In  one  problem  these  letters  may  have  values 
quite  different  from  those  they  have  in  another.  To  de- 
vise methods  of  determining  these  values  in  the  various 
problems  which  arise  is  the  principal  aim  of  algebra. 

6.  Factors.  A  factor  of  a  product  is  any  one  of  the 
numbers  which  multiplied  together  form  the  product. 

Thus  3  ab  means  3  times  a  times  b.  Here  3,  a,  and  b  are  each  fac- 
tors of  3  ab.  Similarly,  the  expression  4  (a  +  6)  means  4  times  the 
sum  of  a  and  b.  Here  4  and  a  +  &  are  factors  of  4  (a  +  b). 

ORAL  EXERCISES 

1.  Name  the  factors  in  3  •  4  .  6,  2  ojy,  3  abx,  4  abc. 

In  Exercises  2-^5,  replace  a  by  3  and  ^  by  4  and  find  the 
value  of  the  resulting  expression. 

2.  ab.  3*  Sab.  4.  2ab.  5.  5a5. 

7.  Exponents.  An  exponent  is  an  integer  written  at  the 
right  of  and  above  another  number  to  show  how  many 
times  the  latter  is  to  be  taken  as  a  factor. 

(Later  this  definition  will  be  modified  so  as  to  include 
fractions  and  other  numbers  as  exponents.) 

Thus  3^  =  3  •  3 ;  5*  =  5  •  5  •  5.  Also  a*  =  a-  a^  a*  a,  and  4 xy^  = 
i*X'  y*  y*  y.  In  a^  6  is  the  exponent  of  a.  If  a  is  4  and  b  is  3, 
a2»  =  4^  =  4  •  4  •  4.   The  exponent  1  is  usually  not  written. 
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ORAL  EXERCISES 

1.  What  are  the  exponents  in  2  ac*  ?  3  a^c  ?  5  a^o?  ? 

2.  What  is  meant  by  7?1  a«?  ^»*?  ft*? 

3.  42=  ?  4.  52  =  ?  5.  2«  =  ?  6.  3  .  5*=  ? 

In  Exercises  7-14,  replace  a  by  3  and  ft  by  2  and  find  the 
value  of  the  result. 

7.  a\  9.  a\  11.  a%.  13.  2a\ 

8.  a^  +  ft^.  10.  a'^+ft^  12.  a%\  14.  5a»ft^ 

8.  Coefficients.  If  a  number  is  the  product  of  two 
factors,  either  of  these  factors  is  called  the  coefficient  of 
the  other  in  that  product. 

Thus  in  4  x^y,  4  is  the  coefficient  of  T^y,  y  is  the  coefficient  of  4  x*, 
and  4  y  is  the  coefficient  of  ar^.  The  numerical  coefficient  1  is  usually 
omitted.  If  a  numerical  coefficient  other  than  1  occurs,  it  is  usually 
written  first.   For  instance,  we  write  5  ar,  not  x  5. 

The  following  examples  illustrate  the  difference  in  mean- 
ing between  a  coefficient  and  an  exponent  respectively : 

If  x=5  in  each  case,  3 x  stands  for  the  number  15, 
while  x?  stands  for  125.  If  a:  =  10  in  each  case,  82:=  30, 
while  :r3  =  l000. 

ORAL  EXERCISES 

1.  What  are  the  numerical  coefficients  in  4a;?  5a^?  Sax? 
4:ac?  Sabc? 

2.  What  is  meant  hj  3a?  4:X?  5c? 

3.  In  4  a^xy,  name  the  coefficient  of  a^y,  xy,  y,  a^a,  and  a^y. 

9.  Use  of  parentheses  and  radical  signs.  If  two  or  more 
numbers  connected  by  signs  of  operation  are  inclosed  in 
parentheses,  the  entire  expression  is  treated  as  a  symbol 
for  a  single  number. 
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Thus  8  (6  +  4)  means  3  •  10,  or  30 ;  (17  -  2)  -f-  (8  -  3)  means 
15  +  5,  or  3 ;  (5  +  7)'  means  12*,  or  144 ;  and  6  (ar  +  y)  means  six 
times  the  sum  of  x  and  y. 

As  in  arithmetic,  the  symbol  for  square  root  is  V^,  and 
the  symbol  for  cube  root  is  v^. 

The  name  xadical  sign  is  applied  to  all  symbols  like  the 
following:  V",  V~,  V~,  etc.  The  small  figure  in  a  radical 
sign,  like  the  3  in  v  ,  is  often  called  the  index. 

ORAL  EXBRCISB8 

Find  the  value  of : 

1.  2(3  +  4).  6.  V9-f  7. 


2.  4(7  -  2).  7.  V3M-^. 

8.  (4  +  3)(6  -  2).  8.  -^^4(7-  6). 

3 


4.  (7  -  2)  (8  -f  3).  9.  -^(5  + 3)(6  +  2). 

6.  -s/S.  10.  V6«  +  S\ 

Note.  There  has  been  a  considerable  variety  in  the  symbols  for 
the  roots  of  numbers.  The  symbol  V  was  introduced  in  1544  by  the 
Grerman  Stifel,  and  is  a  corruption  of  the  initial  letter  of  the  Latin 
word  radiXf  which  means  **root."  Before  his  time  square  root  was 
denoted  by  the  symbol  B»  used  nowadays  by  physicians  on  prescrip- 
tions as  an  abbreviation  for  the  word  recipe.  Thus  VE  would  have 
been  denoted  by  B*5.  Some  early  writers  used  a  dot  to  indicate 
square  root,  and  expressed  V2  by  •  2.  The  Arabs  denoted  the  root 
of  a  number  by  an  arable  letter  placed  directly  over  the  number. 

ORAL  EXERCISES 

1.  What  are  the  numerical  coefficients  in  2  a;?  Sa^?  4:xy? 
2ab?  3Va? 

2.  What  are  the  exponents  in  3a*5?  4a^6'?  5a^x*?  5xhjs^? 

3.  What  is  the  difference  in  meaning  between  the  4  in  4  a; 
and  that  in  a;^  ? 

4.  What  is  meant  by  2x?  6a?  Sa? 
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5.  What  is  meant  by  2a*?  3a;*? 

6.  What  is  meant  by  3(8  +  6) ?  2 (9-4)?  (7  +  3) (8 - 2) ? 
(7  +  3)2?  V3T6?  V9+16?  VlOO-64?  ^35-8? 
•^100  -  36  ? 

7.  What  is  the  numerical  value  of  each  expression  in 
Exercise  6? 

8.  Read  Exercises  1-16  on  pages  15-16. 

9.  3.5*=?  13.  (5-l)(8  +  3)=? 

10.  (8  +  2)'=?  14.  3(7-2)(5-3)=? 

11.  7(6-1)=?  15.   V5* -h  12*  =  ? 

12.  (4  +  3)(5  +  4)=?  16.   V(10  -f  8) (10  -  8)  =  ? 

In  Exercises  17-33,  replace  a  by  3  and  6  by  4  and  find 
the  value  of  the  resulting  expressions. 

17.  3  a* -2  6.  21.  2  a*.  25.  Sa%\  29.  V3  b^  + 16. 

18.  3^* +  8  a.  22.  2a*^.  26.  4a6  +  «>*.  30.  V4a*+76. 

19.  Vb.  23.  4ai*.  27.   Vs^.  31.  -Wb. 

20.  b\  24.  2a*6*.  28.   Va*  +  b\  32.  -^ab  + 15. 

33.   -v^a*  -h  ^>*  - 17. 


Write,  using  algebraic  symbols : 

1.  The  sum  of  three  times  a  and  four  times  b, 

2.  Three  times  a  subtracted  from  four  times  b. 

3.  The  square  of  a  subtracted  from  the  square  of  b. 

4.  The  cube  of  b  subtracted  from  the  square  of  a. 

5.  Two  times  a  squared  subtracted  from  three  times  a 
squared. 

6.  The  quotient  of  a  and  b. 

7.  The  product  of  four  times  a  squared  and  b. 
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8.  The  sum  of  a  and  h  divided  by  their  product. 

9.  The  product  of  a  and  2b  —  c. 

10.  The  product  of  a  and  the  sum  of  h  and  c. 

11.  The  result  of  subtracting  a  —  h  from  Ix, 

12.  The  sum  of  the  square  root  of  5  a  and  the  cube  root 
of  Ih. 

13.  The  product  oix  —  y  and  the  square  root  of  7  05. 

14.  The  square  of  the  sum  of  a  and  b, 

15.  The  square  of  b  subtracted  from  a. 

16.  The  quotient  of  three  times  a  multiplied  by  the  square 
of  by  and  four  times  c  multiplied  by  the-  cube  of  a, 

17.  The  sum  of  the  quotients  of  a  and  3  a;,  and  4y  and  c, 

10.  Order  of  fundamental  arithmetical  operations.  If  we 
read  the  expression  6  +  4.  9  — 12^-3  from  left  to  right, 
and  perform  each  indicated  operation  as  we  come  to  its 
symbol,  we  obtain  successively  10,  90,  78,  and  a  final 
result  of  26.  If  we  perform  the  multiplication  and 
division  first,  the  expression  becomes  6  +  36—4,  which 
equals  38.  These  results  show  that  the  value  of  the 
expression  is  determined  largely  by  the  order  in  which 
the  operations  are  performed.  It  is  customary  to  ob- 
serve the 

Rule.  In  a  series  of  operations  involving  addition^  svhtrac- 
tiorty  multiplication^  and  division  of  arithmetical  numbers,  the 
multiplications  and  divisions  shall  be  performed  first  in  the 
order  in  which  they  occur.  The  additions  and  subtractions 
in  the  resulting  expression  shall  then  be  performed  in  the 
order  in  which  they  occur  or  in  any  other  order. 

If  parentheses  occur,  each  expression  within  parentheses 
should  first  be  simplified  in  accordance  with  the  preceding 
rule  and  the  rule  then  applied  to  the  whole. 
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EXAMPLES 

Simplify : 

1.  18-^2  +  6-4.2. 

Solution.   18 -4-2  +  5-4. 2  =  9  +  5-8  =  6, 

2.  24-f-8. 4-6  +  5. 2-7. 

Solution.   24 -^8. 4-6  +  5. 2-7  =  3. 4-6+ 10 -7  = 

12  -  6  + 10  -  7  = 

22-13  =  9. 

3.  4.2-3  +  2(8.4-12-f.3  +  2-6)-18H-2. 

Solution.  4.2-3  +  2(8.4-12-J-3  +  2-0)-18  +  2  = 

8-3  +  2(32-    4+    2- 6) -9  = 
5  +  2(  24  )-0  = 

6  +  48  -  9  =  44. 

EXERCISES 

Simplify  the  following : 

1.  20-5  +  6-10.  6.  18  -^  (2  .  3).      , 

2.  16  -  (8  -  2).  7.  (6  -  3) .  (17  -  2  .  6). 

3.  14 -(16 -8) +(12 -4).    8.  23-2.6-4-5-2  +  16. 

4.  6^3-2.  9.  18 -4- (9 -3). 

5.  8.6-8-3-10.  10.  (10-3).(16-3.2+8-*^4). 

11.  14  -  3  .  (16  -  2  .  5)  -!-  6  +  8  .  2. 

12.  (18  -  2)  -  (4  +  2  .  8  -  18  -f-  9)  -«-  6. 

13.  (16  -  6) .  (18  -  8)  -^  100  .  5  -  5. 

14.  (5  +  3)  .  (5  -  3)  -^  4  -  3. 

15.  32-2.3.1  +  12.  18.  8(12  +  4  +  3-1). 

16.  8*-  2  .  8  .  3  +  32.  19.  3  +  2  .  4  +  (3  +  2)4. 

17.  4. 3-2(6-2. 3)  +  8.       20.  (8-2)3  +  8-2.3. 

21.  3.  4 -6.  0  +  2.  5 +  2. 72- 2.  8. 

22.  (12  +  24  X  18  -*-  3  +  6) .  (24  -i-  4  +  3  -  2). 
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11.  Evaluation  of  algebraic  expressions.  It  is  frequently 
necessary  to  find  the  numerical  value  of  an  expression  for 
certain  values  of  the  letters  involved.  This  process  will 
be  found  useful  in  detecting  errors  made  in  the  solution 
of  equations.    (See  page  42.) 

In  practical  affairs  a  working  rule,  a  geometrical  relation,  or  a 
scientific  fact  is  often  stated  briefly  and  conveniently  by  means  of 
an  algebraic  expression.  Such  expressions  are  frequently  called  for- 
mulas. The  student  will  recall  that  arithmetic  furnished  many  illus- 
trations of  their  use.   Thus,  ^  =  ~  is  the  formula  for  the  area  of  a 

triangle ;  /  =  P  •  r  •  /  is  the  formula  for  simple  interest ;  A  =  irr^  is 
the  formula  for  the  area  of  a  circle,  etc. 

In  finding  the  numerical  value  of  any  literal  expression 
the  student  should  observe  the  following 

Ride.  Firsts  pub  in  place  of  each  letter  its  numerical  value; 
second^  simplify  the  result  thus  obtained. 

In  any  but  the  simplest  expressions  the  student  should 
always  observe  the  two  steps  of  the  above  rule  separately 
in  the  order  in  which  they  are  stated.  To  mix  the  two  in 
an  attempt  to  perform  mentally  both  processes  at  once,  is 
sure  to  result  in  many  errors  and  consequent  loss  of  time. 


In  Exercises  1-16,  let  a  =  3,  J  =  1,  c  =  5,  c?  =  7,  and  /  =  2. 
Substitute  for  each  letter  its  numerical  value,  and  then  simplify 
the^results  according  to  the  rule  of  page  13 : 

1.  4a«-75.  4.  (?--ZaJ).  ^125      e 

8. • 

Solution.  5.  ahcd  -  5/».  /        ^ 

=  36-7  =  29.  6-  -J-'  ^-  c'^d'^f 

2.  4a-h3(«.  cdf     arf  f      6cd 
Z.ab  +  cd.                        ^*  3f^2a'  ao'^af' 
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11  a^  +  I>^-\-(r'-\-(P  14.  a/. 

'  a-^-b  +  c-^d  15,  df+f**. 

12.  5/«  +  4/^-4/-6.  ^+/c 

13.  3/« -  9/* +  ll/«- 11/2  +  13/- 20.  ^^'  3c  +  a" 

Find  the  mimerical  value  of  the  following  expressions  when 
a  =  4:yb  =  0,6==5,d  =  7,  and/=  8 : 

^^    4:a  +  Sb  +  2d     21.  cV2^.  27.   (a-|-c).a  +  c. 

<^+/-f2  22^   Vc2  -  a\  28.  a-\-ca-\-c, 

18-  ^^^  +  ^'  23.  (a+/).(o  +  ^.   29.  (/- a)l 

£5      ^      ^         24.  aZ>  (a  +  Z»).  30.   (rf  -  ay, 

^^'    c  '^  a  ^  cd        25.  (a  +  c).(a  +  c).   31.  a2-2ac  +  c». 
20.  Va -{• -s/y",  26.  a  +  c(a  +  c).      32.  a'*  +  2  a^> -f  ^>2. 

33.  c«-3c2a  +  3ca2-al  35.   Va^  +  ac, 

34.  dV2^,  36.   -V^o^+Se. 

37.  If  a;  =  2  and  y  =  3,  does  13aj  -  Sy  =11  ? 

38.  If  aj  =  8,  does  7aj-9  =  3aj  +  25? 

39.  Does  ic2__5a.4-6  =  0,  ifa;  =  2?    ifa;  =  3?    ifa;  =  4? 

40.  Does  jc^ -7a; +12  =  0,  if  a;  =  2?    ifa;  =  3?   ifaj  =  4? 

41.  Does  2x2_5^_3^0  if  2.^49   ifa;  =  3?   ifa;  =  ^? 

42.  The  area  of  a  triangle  is  given  by  the  expression  ^  =  — - 

in  which  A  is  the  area,  a  is  the  altitude,  and  b  is  the  base.  Find 
the  area  of  a  triangle  in  which  the  altitude  is  11  inches  and  the 

base  14  inches. 

. 

43.  The  area  of  a  circle  is  given  by  the  formula  A  =  m^  in 
which  A  is  the  area,  ir  is  ^  (approximately),  and  r  is  the  radius. 
Find  the  area  of  a  circle  whose  radius  is  (a)  7  inches ;  (b)  ^  inch. 

44.  The  volume  of  a  circular  cylinder  is  given  by  the  for- 
mula F=  m^h  in  which  V  is  the  volume,  r  is  the  radius  of  the 
base,  and  h  is  the  altitude  of  the  oy Under.    Find  the  volume 
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of  a  cylinder  in  which :  (a)  r  =  3  inches  and  A  =  6  inches ; 
(b)  r  =  4  inches  and  h=7  inches. 

45.  The  distance  a  body  falls  from  rest  is  given  by  the  for- 
mula  s  =  -r-  in  which  s  =  the  distance  in  feet,  a  =  32,  and  t  = 

the  time  in  seconds.   How  far  will  a  body  fall  in  5  seconds  ? 

46.  A  balloonist  drops  a  rock  while  crossing  a  river.  He 
sees  it  strike  the  water  16  seconds  later.  How  high  was  the 
balloon  at  the  time  ? 

47.  The  horse  power  of  a  certain  kind  of  gasoline  engine  is 

given  by  the  formula  H=  -^  in  which  H  is  the  horse  power, 

d  is  the  diameter  of  each  cylinder  in  inches,  and  n  is  the  number 
of  cylinders.  Find  the  horse  power  of  a  four-cylinder  engine 
in  which  the  diameter  of  each  cylinder  is  4  inches. 


CHAPTER  II 

POSITIVE  AND  lOI^GATIVE  NUMBERS 

12.  Addition  and  subtraction.  Let  us  suppose  that  equal 
distances  are  taken  on  a  line  and  the  successive  points  of 
division  are  marked  with  the  natural  numbers  as  follows : 

0123456789     10 
I 1_J I L..-I i_J »'■''■         y 

(^) 

Such  a  scale  of  numbers  may  be  used  to  illustrate  both 
addition  and  subtraction  as  performed  in  arithmetic. 

Thus,  in  adding  5  to  3  we  may  begin  ab  3  and  count  on 
5  spaces  to  the  right,  obtaining  the  sum  8.  We  shall  obtain 
the  same  result  if  we  begin  at  5  and  count  on  3  spaces  to  the 
right.    This  process  may  be  stated  in  general  terms  thus : 

Rule.  To  add  the  number  a  to  the  number  6,  beffin  at  b 
and  count  on  a  spaces  to  the  right. 

In  subtracting  4  from  7  we  may  begin  at  7  and  count 
ofiE  4  spaces  to  the  left,  thus  obtaining  3.  This  process 
may  be  stated  in  general  terms  thus: 

Rule.  To  subtract  the  number  a  from  the  number  6,  begin 
at  b  and  count  off  a  spaces  to  the  left. 

If  we  attempt  to  subtract  5  from  4  by  the  preceding 
rule,  we  arrive  at  the  first  point  of  division  to  the  left  of 
zero.  Arithmetic  has  no  number  to  represent  such  a  result; 
in  fact,  the  subtraction  of  5  from  4  is  there  regarded  as 
impossible.  Arithmetically  speaking,  such  a  subtraction 
cannot  be  performed.  We  can,  however,  subtract  4  of 
the  5  units  from  the  4  units,  leaving  1  unit  unsubtracted. 

18 
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Now  in  algebra  it  is  both  convenient  and  necessary  to 
speak  of  subtracting  a  greater  number  from  a  less,  and  to 
call  the  portion  of  the  greater  number  which  is  unsub- 
tracted,  the  remainder.  The  fact  that  such  a  subtraction 
is  incomplete  is  indicated  by  writing  a  minus  sign  before 
the  result ;  thus,  4  —  5  =  —  1.  Hence  the  first  point  of 
division  to  the  left  of  zero  may  be  thought  of  as  corre- 
sponding to  —  1.  Similarly,  3  —  5  =  —  2 ;  and  to  —  2  may 
correspond  the  second  point  of  division  to  the  left  of  zero. 

In  like  manner  5  —  8  =  —  3,  which  corresponds  to  the 
third  point  to  the  left  of  zero.  In  the  same  way  the  fourth 
point  of  division  to  the  left  of  zero  would  correspond  to 
—  4,  the  fifth  point  to  —  6,  etc. 

Such  numbers  as  —  1,  —  2,  —  3,  etc.  are  called  negative 
numbers.  The  minus  sign  is  never  omitted  in  writing  a 
negative  number,  though  a  letter,  as  x^  may  denote  one. 

In  opposition  to  negative  numbers  the  ordinary  numbers 
of  arithmetic  are  called  positive  numbers.  If  a  number  has 
no  sign  before  it,  or  a  plus  sign,  it  is  a  positive  number. 

The  relative  order  of  positive  and  negative  numbers  is 
indicated  in  the  following  scale: 

-6  -6  -4  -3  -2  -1   0  +1  +2  43  +4  +5  +6  +7 
<'■■■■■''«'■''''■    y 

ORAL  EXERCISES 

Perform  the  following  additions  and  subtractions  by  count- 
ing along  the  preceding  scale  according  to  the  rules  on  page  18; 

1.  Add  4  to  3.  3.  Add  6  to  -  3.        5.  Add  2  to  -  5. 

2.  Add  4  to  —  2.        4.  Add  3  to  -  3.        6.  Add  5  to  -  7. 

7.  Subtract  2  from  5.  10.  Subtract  4  from  —  3. 

8.  Subtract  5  from  2.  11.  Subtract  2  from  —  4. 

9.  Subtract  6  from  3.  12.  Subtract  2  from  —  3. 
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13.  Practical  use  of  positive  and  negative  numbers.  The 
scale  (^)  of  positive  and  negative  numbers  could  be  used 
to  measure  many  of  the  things  with  which  we  come  in 
daily  contact  In  fact,  a  practical  equivalent  is  already  in 
use  in  many  instances.  Thus,  in  graduating  a  thermometer 
a  certain  position  of  the  mercury  is  taken  as  zero,  and 
the  degrees  are  marked  both  above  and  below  this  point. 
Hence  a  temperature  reading  of  18*^  is  indefinite  unless 
accompanied  by  the  words  above  zero  or  below  zero.  Usually 
+  18*^  is  taken  to  indicate  the  former,  while  —18°  indicates 
the  latter. 

Similarly  any  point  on  the  earth's  equator  is  in  zero  lati- 
tude. Latitude  40°  N.  means  40°  north  of  the  equator. 
In  like  manner  30°  S.  means  30°  south  of  the  equator. 
Obviously  +  40°  and  —  30°  might  be  used  to  convey  the 
same  ideas. 

In  general  all  concrete  uses  of  positive  and  negative 
numbers  occur  in  connection  with  magnitudes  which  may 
be  regarded  as  opposite  in  sense;  as,  for  example,  money 
in  bank  and  an  overdrawn  account,  distances  measured  in 
opposite  directions  from  a  fixed  point,  and  time  measured 
in  the  future  and  in  the  past  from  a  certain  instant. 

EXERCISES 

1.  If  the  temperature  is  now  + 14°,  what  will  represent  the 
temperature  after  a  fall  (a)  of  5°  ?  (b)  of  10°  ?  (c)  of  18°  ? 

2.  If  the  temperature  is  now  — 16°,  what  will  it  be  after  a 
rise  {a)  of  7°  ?  (h)  of  12°  ?  (c)  of  25°  ? 

3.  In  the  preceding  exercise  change  the  word  rise  to  fall 
and  then  answer. 

4.  A  ship  sails  south  from  latitude  +13°  to  latitude  —7°. 
If  one  degree  is  69  miles,  how  far  did  it  sail  ? 
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5.  A  ship  sails  south  from  latitude  +  20®  at  the  rate  of  6' 
daily.  In  what  latitude  is  it  at  the  end  of  each  of  6  days? 
After  how  many  days  will  it  reach  latitude  —15**? 

6.  A  man's  property  is  worth  $4200  and  his  debts  amount 
to  $2300.  How  can  positive  and  negative  numbers  be  used  to 
represent  (a)  each  of  these  amounts  ?  (b)  the  man's  financial 
standing  ? 

Note.  So  far  as  is  known  the  first  explanation  of  positive  and 
negative  numbers  was  by  means  of  the  illustration  of  assets  and 
debts.  This  is  found  in  the  writings  of  the  Hindus  before  700  a.d., 
long  before  negative  numbers  were  accepted  as  having  any  definite 
meaning.  In  the  use  of  this  illustration  the  Hindus  were  nearly  a 
thousand  years  in  advance  of  the  times. 

7.  If  debts  and  property  be  reversed  in  Exercise  6,  what 
would  be  the  answer  to  (a)  and  (b)? 

8.  The  temperature  at  6.00  a.m.  was  — 12®.  During  the 
morning  it  rose  at  the  rate  of  3®  an  hour.  What  was  the  tem- 
perature at  9.00  A.M.  ?  10.00  A.M.  ?  12.00  m.  ? 

14.  Addition  of  positive  and  negative  numbers.  As  we 
have  seen,  subtraction  by  the  use  of  scale  (^)  is  performed 
by  counting  spaces  to  the  left.  Now  a  negative  number 
represents  an  unperformed  subtraction ;  therefore  to  add  a 
negative  number  to  another  number  means  to  perform  this 
subtraction. 

For  example,  in  subtracting  8  from  5,  -  3  was  obtained 
by  beginning  at  5  and  counting  8  spaces  to  the  left,  arriv- 
ing at  3  to  the  left.  Hence  when  we  wish  to  add  —  3  to 
any  number,  we  count  o£E  3  spaces  to  the  left  from  that 
number. 

To  add  —  8  to  24  we  begin  at  24  and  count  off  8  spaces 
to  the  left,  obtaining  16  as  the  result ;  that  is, 

+  24 +  (-8)  =+16. 
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Similarly,  to  add  —  6  to  —  4  we  begin  at  —  4  and  count 
6  spaces  to  the  left,  obtaining  —10  as  the  result;  that  is, 

»44.(-6)  =  -10. 

Hence,  in  general,  to  add  a  negative  number  w  to  a  given 
number,  begin  at  the  given  number  and  count  off  n  spaces 
to  the  left 

The  numerical  or  absolute  value  of  a  number  is  its  value 
without  regard  to  sign. 

Thus  the  absolute  values  of  —  3,  —  5,  and  +  7  are  3,  5,  and  7 
respectively.  It  should  be  noted  that  two  different  numbers,  as  +  6 
and  —  6,  may  have  the  same  absolute  value. 

ORAL  EXERCISES 

By  the  use  of  scale  (-S),  page  19,  add  the  following : 

• 

1.  +  5,  +  3.     4.  -  5^  _  3.      7.  -  6,  -  2.     10.  -3,-6. 

2.  -f-  5,  -  3.     5.  7,  -  3.  8.  6,  -  4.         11.  -  4,  +  4. 

3.  -5, +3.     6.-7,-3.       9.4,-7.  12.-6,4-8. 

The  precedmg  exercises  illustrate  the  correctness  of  the 
following  working  rules: 

/.  To  add  two  or  more  positive  numbers^  find  the  %um  of 
their  absolute  values  and  prefix  to  this  sum  the  plus  sign. 

n.  To  add  two  or  more  negative  numbers^  find  the  sum  of 
their  absolute  valves  and  prefix  to  this  sum  the  minus  sign. 

in.  To  add  a  positive  and  a  negative  number^  find  the  dif- 
ference of  their  absolute  values  and  prefix  to  the  result  the  sign 
of  the  one  which  has  the  greater  absolute  value. 

These  rules  are  of  vital  importance,  as  they  are  of  almost 
constant  use  throughout  the  whole  of  algebra.  Rule  III  is 
the  one  in  the  use  of  which  errors  are  most  likely  to  occur. 
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Hence  the  student  will  save  time  if  he  masters  Rule  III 
at  this  point. 

The  algebraic  sum  of  two  or  more  numbers  is  the  number 
obtained  by  adding  them  according  to  the  preceding  rules. 

The  algebraic  sum  of  two  numbers  is  often  different  from 
the  stlm  of  their  absolute  values ;  for  example,  the  algebraic 
sum  of  4-  9  and  —  5  is  +  4,  while  the  sum  of  their  absolute 
values  is  14. 

Hereafter  the  word  add  will  mean  find  the  algebraic  sum. 

ORAL  EXERCISES 

Perform  the  indicated  additions : 

1.  H-5+(+7).  7.  -12-f-(-9). 

2.  -6 +(-7).  8.  -  6  +  (-\- 6). 

3.  +5 +(-7).  9.  -6 +(-6). 

4.  -5 +(+7).  10.  _4+(+3)  +  (-|-6). 

5.  +8 +(-5).  11.  3  +  (-7)-f(+5)-h(-4). 

6.  -8 +(+5).  12.  8  +  (-2)  +  (-4)  +  (+6). 

Answer  the  questions  asked  in  the  following : 

13.  7  -f  ?  =  9.  18.  -  8  -f-  ?  =  -  6. 

14.  7  4"?  =  2.  19.  -10  +  ?  =-16. 

15.  8  +  ?=12.  20.  -10  +  ?  =  3. 

16.  8  +  ?  =  5.  21.  12  +  ?  =  6. 

17.  -8  +  ?=-10.  22.  -12  +  ?  =  4. 

15.  Subtraction  of  positive  and  negative  numbers.  If  we 
wish  to  subtract  7  from  12,  we  may  do  so  by  answering 
the  question,  "  What  number  added  to  7  gives  12  ?  "  By 
answering  a  similar  question  we  can  subtract  8  from  15, 
or  25  from  43,  or  any  number  a  from  another  number  6. 

BE 
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Exercises  13-22,  p.  23,  are  therefore  exercises  in  subtrac- 
tion,  for  each  asks  a  question  similar  to  the  one  in  the 
first  sentence  of  this  paragraph. 

This  point  of  view  brings  out  the  relation  that  the 
operation  of  subtraction  bears  to  that  of  addition. 

ORAL  EXERCISES 

Perform  the  following  subtractions  by  answering  in  each 
case  the  question,  ^^  What  number  added  to  the  first  number 
gives  the  second  number  ?  " 

Subtract : 

1.  6  from  9.  6.-5  from  9. 

2.  9  from  14.  7.  6  from  — 10. 

3.  8  from  5.  8.-6  from  —  4. 

4.  13  from  7.  9.  12  from  — 18. 

5.-6  from  -  8.  10.  -  25  from  14. 

11.  In  Exercises  1-10,  change  the  sign  of  the  subtrahend 
(if  +,  to  — ;  if  — ,  to  -f)  and  then  add  the  subtrahend  to  the 
minuend.   Are  the  answers  the  same  as  were  obtained  before  ? 

The  results  obtained  in  Exercise  11  illustrate  the  fol- 
lowing important  principles : 

/.  Svhtracting  a  positive  nurnher  is  the  same  in  effect  as 
adding  a  negative  nurnher  of  the  same  absolute  value. 

To  illustrate :  a  decrease  of  $100  in  a  man's  assets  is 
equivalent  to  an  increase  of  $100  in  his  liabilities,  pro- 
vided we  consider  his  real  financial  standing  in  each  case. 

JT.  Subtracting  a  negative  number  is  the  same  in  effect  as 
adding  a  positive  number  of  the  same  absolute  value. 

To  illustrate :  a  decrease  of  $75  in  a  man's  liabilities  is 
equivalent  to  an  increase  of  $75  in  his  assets,  as  far  as 
his  net  financial  standing  is  concerned. 


\ 
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Hence,  for  the  subtraction  of  positive  and  negative  num- 
bers, we  have  the 

Ruk.  Change  the  sign  of  the  svhtrahend  (if+j  to  —;  if  —^ 
to  +).  Then  find  the  algebraic  sum  of  the  svitrahend  (with 
its  sign  changed^  and  the  minuend. 

This  rule  really  turns  algebraic  subtraction  into  alge- 
braic addition  and  marks  one  of  the  most  important  dis- 
tinctions between  the  operations  of  arithmetic  and  those  of 
algebra.  For  this  reason  little  genuine  progress  in  algebra 
can  be  made  till  the  student  becomes  proficient  in  the  use 
of  the  method  stated  in  the  rule. 

ORAL  EXERCISES 

Subtract  the  second  number  from  the  first  in  Exercises  1-16 : 

1.  8,  +  6.       5.  14,  +9.  9.  +  6,  +  6.    13.  -15,  -19. 

2.  +8,  -5.   6.  14,  -  9.  10.  -6,-6.    14.'  0,  -f- 1. 

3.  +6,  -8.    7.  -  14,  +  9.  11.  6,  -  6.        15.  -1,-1. 

4.  +5,-1-8.    8.  -14,-9.  12.  -6, +6.    16.1,-2. 

17.  12 -(+3) -(4-2)  =  ?  19.  -12-(-3)-(-2)=? 

18.  _  10 -(+3) -(-1-2)=?  20.  17 -(-5) -(-1-7)=? 

Supply  the  missing  numbers  in : 

21.  -h7  +  ?  =  10.  29.  9-?  =  5. 

22.  -6  +  ?  = -10.  30.  -7-?  =  -5. 

23.  -5  +  ?  =  0.  31.  -h5-?  =  -9. 

24.  4-  6  +  ?  =  0.  32.  -  7  -  ?  =  4. 

25.  +4-}-?  =  4.  33.  -5-?  =  p. 

26.  -  8  -h  ?  =  -  3.  34.  2  -  ?  =  0. 

27.  -9-1-?  = -5.  35.  4-?  =  16. 

28.  -7  +  ?=7.  36.  6 -(-?=- 3. 
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Simplify : 

37.  12  +  (7)  -  (6).  40.  18  +  (-  6)  -  (+  7). 

88.  12-(~3)  +  6.  41.  -16 4- (-10)- (+12). 

89.  12  -  (-  4)  +  (~  6).  42.  - 13  -  (8)  +  (- 14). 

16.  Httltiplication  of  positive  and  negative  numbers.  In 
arithmetic,  multiplication  was  defined  as  the  process  of 
taking  one  number,  the  multiplicand,  as  many  times  as 
there  are  units  in  another  number,  the  multiplier.  The 
original  signification  of  times  made  this  definition  mean- 
ipgleiss  when  the  multiplier  was  a  fraction ;  f or  in  8  x  f , 
8  could  not  be  added  |^  of  a  time.  The  definition  was 
then  extended  and  the  product  of  8  multiplied  by  |^  was 
defined  to  mean  8  multiplied  by  3  and  the  result  divided 

by  5;  that  is,  8  x  r-  means  — ^ — • 

.  Since  Igete.  del  with  both  po»ti«  ^d  negati™  nun. 
bers,  we  must  now  extend  the  arithmetical  definition  of 
multiplication  and  define  what  sign  the  product  shall  have 
in  each  of  the  four  cases  which  may  possibly  arise : 

(+4).  (+3)  =  ?  (+4).  (-3)=? 

(-4).  (+3)  =  ?  (_4).(-3)  =  ? 

By  (-h  4^  .  (-h  3)  we  mean  that  +  4  is  to  be  added  three 
tunes:  (+4)^(^4)^(4.4)^  +  12; 

that  is,  (+  4)  •  (+  3)  =  -f  12. 

Similarly  (—  4)  •  (+•  3).  means 

(-4)-h(-4)  +  (-4)  =  -12; 
that  is,  (-  4)  .  (+  3)  =  - 12. 

In  (-h  4)  .  (—  3)  we  mean  that  4  is  to  be  subtracted 
three  times.    This  is  the  same  as  subtracting  12  once. 

Therefore  (+  4)  .  (-  3)  =  - 1 2. 
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Lastly,  by  (—4)  •  (—8)  we  mean  that  —4  is  to  be  sub- 
tracted three  times.  This  is  the  same  as  subtracting  —12 
once,  and  subtracting  — 12  once  is  the  same  as  adding 
+12.    Therefore 


(-  4) • (- 

3)  =  +  12. 

Summing  up, 

(+4).(+3)  =  +  12. 

(+  4)  .  (- 

3)  = 

-12. 

(-4).(-f3)  =  -12. 

(-  4)  .  (- 

8)  = 

+12. 

Or,  in  general  terms, 

+  a  x4-6  = 

=  +  ai^ 

—  a  x-f-6: 

=  —  ah. 

+  ax  — J: 

=^^ah. 

—  a  X  — 6: 

=  ^ah. 

'                                      * 

Therefore  we  have  the 

•  ^» 

Rule.    The  product  of  two  numbers  having  like  signs  is  a 
positive  number^  and  the  product  of  two  numbers  having  unlike 
signs  is  a  negative  number. 

ORAL  EXERCISES 

Find  the  products  of  the  following : 

1.  -f  3,  4-  5.  7.  -  12,  +  9.  13.  -f  4,  -  7,  +  6. 

2.  H-  4,  + 12.  8.  +  6,  -  4.    .  14.  +4,-5,-6. 

3.  —5, +6.  9..  _7,  —  6.  15.  r- 4,  r- 5,  -  3. 

4.  4-6,-6.  10.  +  5,  — 10.  16.  12,  +0,-5. 

5.  ^  7,  +  8.  11.  +  0,  +  4.    ^  17.  9,  -  10,  -  0. 

6.  .-7,-4.  12.  -  7,  0.  18.  --  4,  +  7,  -  6. 

19.  -  3,  -  2,  -  5.  20.  2,  -  3,  +  S. 

Note.  The  famous  German  mathematician  Leopold  Kronecker 
(1823-1891)  once  observed  that  "the  good  Lord  made  the  positive 
integers,  but  man  is  responsible  for  all  the  rest  of  the  numbers/' 
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This  expresses  the  truth  about  numbers  as  accurately  as  one  can  in 
a  single  sentence.  We  count  objects  from  our  earliest  years,  and  so 
use  the  positive  integers  naturally.  It  is  only  when  we  come  to  study 
mathematics  that  the  necessity  for  any  other  kind  of  numbers  is 
forced  upon  us.  Here  we  see  that  negative  numbers  are  a  great  con- 
venience if  we  wish  to  represent  the  relations  between  objects  where 
oppositeness  in  any  of  its  many  forms  is  involved.  But  the  artificial 
character  of  negative  numbers  delayed  their  intelligent  use  for  many 
hundred  years.  To  be  sure,  the  Hindus  said  that  **the  square  of 
negative  is  positive/'  but  the  statement  probably  did  not  mean 
anything  to  those  who  read  it.  It  was  not  until  after  the  time  of 
Descartes  (see  p.  210)  that  the  rules  for  operating  on  negative 
numbers  were  uuderstood,  even  by  great  mathematicians. 

17.  Division  of  positiye  and  negative  numbers.  When  18 

is  divided  by  9  the  result  is  2.    Here.  18  is  the  dividend, 

9  the  divisor,  and  2  the  quotient.   The  three  are  connected 

by  the  following  relation,  which  holds  both  for  arithmetic 

and  algebra:  .    ^      ...  _.  .,     , 

quotient  x  divisor  =  dividend. 

We  can  see  that  2  is  the  correct  value  of  18  -f-  9,  because 
2  X  9  =18.  This  simple  test  will  be  applied  to  determine 
whether  the  quotient  is  a  positive  or  a  negative  number. 
All  the  cases  which  may  arise  are  represented  by  the  four 
following  questions: 

(a)    +18-5-+9  =  ?  ((?)    +18-h~9  =  ? 

(6)    -18-*-4-9  =  ?  ((f)    -18-^-9  =  ? 

These  questions  are  answered  as  follows: 

(a)  +18-*-+ 9  =  +  2  because  +2. +  9  =  +  18. 

(J)  -18-*.+ 9  =-2  because  -2. +  9  =-18. 

((?)  +18-*-- 9  =-2  because  -2. -9  =+18. 

(d)  -18-?-- 9  =+2  because  +2. -9  =  -18. 

In  (a)  and  ((?)  the  dividend  and  divisor  have  like  signs 
and  the  sign  of  the  quotient  is  plus.    In  (6)  and  (c)  the 
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dividend  and  divisor  have  unlike  signs  and  the  sign  of  the 
quotient  is  minus. 

Therefore  we  have  the 

Rule.  The  quotient  of  two  numbers  having  like  signs  is  a 
positive  number^  and  the  quotient  of  two  numbers  having  unlike 
signs  is  a  negative  number. 

The  result  of  multiplication  by  zero  is  given  a  definite  meaning 
in  arithmetic  and  algebra,  namely  zero ;  but  in  both  subjects  division 
by  zero  is  always  excluded.  If  zero  were  used  as  a  divisor,  numerous 
contradictions  would  arise  of  which  the  following  is  an  illustration : 


Obviously, 

0   4  =  0, 

and 

0.6=0. 

Therefore 

0.4  =  0.6. 

Dividing  each  by  zero. 

4  =  6, 

which  is  false. 

Note.  The  Hindus  were  the  first  to  express  the  laws  that  govern 
the  operations  with  the  number  0.  In  fact,  they  were  the  first  to 
have  such  a  symbol.  In  the  twelfth  century  a  Hindu  writer  states 
that  a  +  0  =  a,  that  Vo  =  0,  and  that  0^  =  0.  Of  course  he  did  not 
express  himself  in  terms  of  these  symbols,  but  in  the  notation  of 
his  time  and  country. 

ORAL  EXERCISES 

Divide  the  first  number  by  the  second  in  Exercises  1-9 : 

1.  +10,  -h  2.  4.  +14,  -  2.  7.  0,  +  5. 

2.  -10,  -  5.  5.  -18,  -  3.  8.  0,  -  5. 

3.  -15,  +3.  6.  -7,  +7.  9.  -3,-3. 

10.  +36^(+3)^(-2)  =  ?         16.  48-^2  ^(-4)  =  ? 

11.  +45-^(-5)^(-3)  =  ?         17,  Z:^  =  4. 


12.  -64  ^(+4) 

13.  +96  ^(-6) 


9 


9 


(-2)  =  ? 

—  12 
(+8)  =  ?         18.  -^r-=-2. 


14.  72-(+6)-h(-4)  =  ?  ^3e^ 

15.  60-s-(-5>*(-12)=:?  1^-  ~r"~"^- 
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18.  Omission  of  the  plus  sign  before  a  number.    If  the 

first  of  several  numbers  connected  by  either  plus  or  minus 
signs  is  a  positive  number,  its  sign  is  omitted;  thus 
+  4  —  8  +  6  i^  written  4  —  3  +  6.  If  the  sign  of  the  4  had 
been  negative,  the  minus  sign  could  not  properly  have  been 
omitted. 

19.  Omission  of  the  sign  of  multiplication.  If  each  of 
two  or  more  numbers  be  inclosed  in  a  parenthesis  and  the 
parentheses  be  written  one  directly  after  the  other  with 
no  sign  of  operation  between  them,  the  sign  of  multipli- 
cation is  always  understood ;  thus  (6)  (3)  means  6  •  3. 
Similarly  (6)  (5)  (2)  =  6  .  5  .  2. 

MISCELLAITEOUS  ORAL  EXERCISES 

Simplify  the  following : 

1.(7)4.(5).  13.12-18.  25.5.0. 

2.  (7) -(5).  14.  -18-12.  26.  0  .  (- 9). 

3.  (7)  +  (-  5).           15.  15  -14.  27.  4  .  8. 
4-  (7)  -  (-  5).          16.  +7-  0.  28.  -  3  .  6. 

5.  (-  7)  +  (5).  17.    0-3.  29.  12  -s-  (-  2). 

6.  -7+5.  18.  (-3) (6).  30.  -12h-2. 

7-  (-9)-(4)-  19-  (-^)6.  31.  ~39-i-(-3) 

8.  -  9  -  4.  20.  (7)  (-  5).  32.  45  ^  (- 15). 

9.  -11 +  (-13).      21.  8  (-3).  33.  0^(-6). 

10.  -6- (-10).        22.  (-5)  (-12).      34,  0 -?- 3. 

11.  -6+10.  23.  -3(-8).  35.  -27-f-9. 

12.  8  +(-10).  24.  -  5  .  4.  36.  3  -  5  +  6. 
37.  -4  +  6-2  +  1.          38.  -4  +  6  +  2-1. 

39.  2-3  +  4-5-6. 
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Add: 


40.       7                41.       6 

42.  -8                 43. 

4 

-2                       -2 

6 

-9 

3                       -3 

2 

-3 

-5                           4 

-5 

6 

Simplify  : 

44.  3  .  6  -5-  3. 

62.  (-  2)". 

45.  -4(7)-s-(-2). 

63.  (-4)'+(4)« 

46.  3  (-6) -J- 2. 

54.  -(-5)». 

47.  4.  6 (-8) ^(-16). 

85.  -(-5)». 

48.  18-^(-3).6-^4. 

56.  -2(3)«(-2). 

49.  3^ 

57.  _3(_2)(-3)» 

50.  (_  sy. 

68.  -2(4)»(-6). 

61.  2». 

59.  2(-4)».6. 

mSCELLAHEOUS  EXERCISES 

Simplify  the  following : 

1.  4"-  (-  2)'.  4.  (6  -  2)(7  -  3)  +  (4  -  9). 

2.  3»-(-2)»  5.  (6-^)(5  +  i). 

3.  (5  -  3)  (3  +  2).         6.  (-  !)'+(- 1)'+  (-  2)»+  (-  2)« 

7.  9 +  3- 2 +  18 -4- (-3).         9.  3  •  6-»-9-2  •  6-»-4+(-3)». 

8.  6«- 4 -5- (-2) -4- 6 (-3).       10.  3»+2.3.(-4)-!-(-4)«. 

11.  (+  2y-  2  (2)  (-  3)  +  (-  3)». 

12.  3(4)«(-6)-(-6)». 

13.  3»  +  3  (3)'(-  2)  +  3  (3)  (-  2)«  +  (-  2)». 
.    14.  4"  -  3  (4)''(-  3)  +  3  (4)  (-  3)«  -  (-  3)«. 

15.  3«-3(3)''(0)+3(3)(0)»-0». 

16.  ff+S  (5)«(-  4)  +  3  (5)  (-  4)"  -  (-  4)». 
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If  a;  =  3  and  y  =  —  2,  jGtnd  the  value  of : 

17.  2^.  19.  3^.  21.  23^.  23.  5icy. 

18.  y«.  20.  y*.  22.  23^.  24.  4«y. 
25.0^  —  2^.                           28.  ic^— 2iry  +  y2 

26.  cc*  —  y*.  29.  (a;  -f  2/)  (x  —  y). 

27.  a:2  +  2ajy  +  y^.  30.  a? +  ^7?y +  Zxf  +  f. 

31.  Does  4a;-2  =  2a;  + 8,  if  a;  =  6? 

32.  Does3aj~5  =  2a;  +  8,  if  aj=-9? 

83.  Doesa:^-aj-12  =  0,ifa;  =  4?  ifa:  =  ~8?  if aj  =  -4? 

34.  Does3ar»  +  19aj  =  14,  if  a;  =  |?  if  a;  =  2?  ifa;=~7? 

35.  At  7.00  A.M.  on  a  certain  day  the  thermometer  registered 
27  degrees  above  zero.  The  mercury  then  fell  at  the  rate  of 
3  degrees  per  hour.  What  was  the  temperature  at  noon?  at 
4.00  P.M.  ?  at  5.00  P.M.  ?  When  was  the  temperature  —12? 

36.  A  Zeppelin  rises  1800  feet  from  its  position,  then  falls 
1200  feet,  rises  again  1750  feet,  falls  400  feet,  and  then  rises 
820  feet.   How  many  feet  higher  or  lower  is  it  than  at  first  ? 

37.  Euclid  lived  about  300  b.c.  Sir  Isaac  Newton  died  in 
1727  A.D.  If  dates  before  Christ  are  considered  negative  and 
those  after  Christ  are  considered  positive,  how  might  these 
dates  be  written  ? 

38.  What  is  the  meaning  of  the  date  —  450  ?  of  + 1917  ? 
What  is  the  difference  in  time  between  the  two  ? 

39.  A  boat  is  traveling  12  miles  per  hour.  A  man  on  its 
deck  is  walking  3  miles  per  hour.  Using  positive  and  nega- 
tive numbers,  represent  the  rate  at  which  he  approaches  his 
destination  when  he  walks  toward  the  bow  and  when  he  walks 
toward  the  stern. 

40.  A  balloon  capable  of  supporting  500  pounds  is  held  down 
by  10  men  whose  average  weight  is  150  pounds.  Using  posi- 
tive and  negative  numbers,  represent  the  weight  of  the  balloon, 
of  the  men,  and  of  the  balloon  and  the  men  together. 


CHAPTER  III 

ADDITION 

20.  Monomials.  A  number  symbol  which  is  not  the  indi- 
cated algebraic  sum  of  two  or  more  number  symbols  is 
called  a  term  or  monomial. 

Thus  5,  —  a,  h\  ah;,  and  —  4  cy^  are  terms.  Frequently,  where 
no  confusion  would  arise,  expressions  like  (a  +  6),  3  (a:  —  y),  5  Vx^, 
and  Va  — X  are  called  terms,  for  in  such  cases  one's  thought  is 
centered  not  on  the  parts  of  which  the  expression  is  composed  but 
on  a  single  number  for  which  the  whole  stands. 

21.  Similar  terms.   Terms  that  are  alike  in  every  respect 

except  their  coefficients  are  called  similar. 

Thus  3,  —  7,  and  9  are  similar  terms,  as  well  as  V2  and  3  V2.  Also 
a,  4  a,  and  — 10  a  are  similar  terms,  as  are  a^x,  —  3  ah:,  and  7 ah. 

22.  Addition  of  similar  terms.  We  have  abeady  learned 
that  6a+3a  =  9a,  6a4-(— 3a)=3a,  and  5 x^ -{-6 xi/  =11  xy. 
In  like  manner  the  sum  of  8  y,  —  3  y,  2  y,  and  —  y  is  6  y. 
The  terms  —  y,  x,  ay,  and  —  (^x  are  equivalent  to  —  1  y, 
-f  Irr,  +l«y»  and  —li^x  respectively. 

Thus,  for  adding  similar  terms  we  have  the 

Ruk.  Find  the  algebraic  ium  of  the  numerical  coefficients 
and  prefix  this  result  to  the  common  literal  part, 

'  ORAL  EXERCISES 

Find  the  sum  of : 

1.4-8,-4.        5.  +12a,--7a.     9.  4-5x,— 7aj. 

2.  +9,— 12.       6.  -9a,-f-3a.     10.  -11  x, +14 a:. 

8.  —6, —9.        7.  —2  a, +3  a.    11.  —  12ac,  —  4ac, -f  9ac. 

4.  —6a, —4a.    8.  +8aj,  —  3x.    12.  -faaj,  —  S ax, -{- 5 ax, 

S3 
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13.  +  4  dXy  —  ax,  —  7  ax, 

14.  +  6  ax,  —  ax,  —  3  ax,  -f-  ax. 

15.  -f  4  ac,  —  3  ac,  + 12  ac,  —  8  ewj. 

16.  +  3  ac,  — 12  CM?,  — 10  ao,  + 15  oo. 

Combine : 

17.  ax—'2ax-}-Sax  —  S ax. 

18.  4  am  —  6  am  — 10  am  -f  8  am. 

19.  5  am  —  3  am,  + 12  am  -—  7  am. 

20.  6  am  —  7  am  +  3  am  ~  2  am. 

21.  —  3  aa;  —  4  aoj +7  ox —12  oaj. 

22.  —  ac  +  4  oc  +  ao  —  2  ac  + 12  oo. 

23.  4  aaj  — 10  aa5  — 12  oa: -f  7  ax. 

24.  3aa;  —  5aa; +7aa;  —  9aa5  +  8  aa5. 

23.  Order  in  adding  terms.  Obviously  2  +  3  =  3  +  2,  and 
2-3 +  5  =  2  +  5-3  =  - 3 +  5  +  2,  etc.  This  illustrates 
the  law  that  in  addition  the  terms  may  be  arranged  and 
added  in  any  order.  Hence  Qd  +  7  c  =  7  c  +  6d,  and  the 
sum  of  3  and  x  is  either  a:  +  8  or  3  +  a;;  also  a  +  J  =  6  +  a, 
and  a  +  6  +  (?  =  6  +  (?  +  a  =  c  +  a  +  J. 

24.  Addition  of  dissimilar  terms.  Algebraic  expressions 
for  the  sum  of  two  terms  which  are  not  similar,  such  as  6  cZ 
and  7  c,  are  obtained  by  writing  them  one  after  the  other 
with  a  plus  sign  between  them ;  thus,  6d  +  7  c.  The  addi- 
tion of  6  c?  and  —  7  c  is  indicated  by  writing  6  cZ  +  (—  7  c), 
or,  more  briefly,  6  rf  —  7  c.  Similarly  the  sum  of  3  a;,  —  2  y, 
and  —  72  may  be  written  3a;  +  (—  2y)+(—  7^),  or,  omitting 
the  parentheses  and  the  unnecessary  signs,  3a?  — 2^—72. 

Thus,  for  adding  dissimilar  terms  we  have  the 

Rule.  Write  the  terms  one  after  another  in  any  order, 
giving  to  each  its  proper  sign. 

If  similar  and  dissimilar  terms  are  to  be  added,  the  two 
preceding  rules  must  both  be  applied. 
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EXERCISES 

Knd  the  sum  of : 

1.  a,  4  by  —  c.  4.6  ai'y,  —  5  ay",  (fy,  —  2  cy*. 

2.  4a:, —25,  5y,  10.  5.  6ic,  —  3a,  25,  —  5a;,  3y. 

3.  3 a5^  2 5aj,  —  cy,  4 a^ft.  6.  6a,  —  45, +3c,  75,  —  2c^. 

7.  3a^  +25^  -Tc^,  -45^  6a2. 

8.  6  a«5,  -6  a5»,  -  3  a25,  3  a5^  4  a»5,  2  a5« 

Simplify : 

9.  114-6-9-3+16-26. 

10.  16  ac  —  9  a;y  -f-  6  ac  —  2  a;y  —  6  ac  -f- 11  xy. 

11.  7a;  +  6a— 16a  — 8aj  +  3a;. 

12.  12y-173^  +  105  +  20y-265. 

13.  4  a5  —  8  ay  — 12  a5  + 16  a5  —  xy. 

14.  Ua;'* -132^  + ar»-6ar*  + 2/^. 

15.  6«^-4y«-ll2/»  +  «2-73r'. 

16.  7(^d  -^haV)  ^-^^d^  a%  +  9a^5. 

17.  -4a252  +  6ar»2r'-16a%2  +  3a;y  +  0a258. 

18.  -.j8-l9a+17  5»  +  5»-05«+13a. 

19.  12 a»5  +  6(r»e^  -  a»5  +16a«5  -13a«5  -  2h(^d. 

20.  llVa-16  Va  + 21  Va-Va. 

21.  3  ■\lx  —  y  —  Va;  —  y  +  8  Va;  —  y  —  1  Va;  —  2^. 

22.  3(a  +  5)-6(a  +  5)+8(a  +  5). 

23.  -7(a-25)  +  (a-25)  +  12(a-25). 

25.  Addition  of  polynomials.  A  polynomial  is  an  algebraic 
expression  consisting  of  two  or  more  terms. 

It  is  not  usual  to  call  an  expression  a  polynomial  if  any  of  its 
terms  contain  a  letter  under  a  radical  sign.  Thus  we  shall  not  call 
expressions  like  Va:  —  3  +  4  polynomials. 

A  binomial  is  a  polynomial  of  two  terms. 
A  trinomial  is  a  polynomial  of  three  terms. 
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Add  the  following  polynomials :  4  a  —  6  ft  —  a*c ;  3  ft  -|-  4  a*o ; 
-Sa-Ta^c  +  lO;  5a  +  3ft  — 6. 

Solution.  +  4  a  -  6  ft  —     c?c 

+  3  ft  +  4  a^c 
-  3  a  -  7  a^c  +  10 

+  5a  +  3ft -    6 

Sum,        6  a  —  4  a^c  +    4 

For  the  addition  of  polynomials  we  have  the 

Bule.    Write  similar  terms  in  the  same  column. 
Find  the  algebraic  sum  of  the  terms  in  each  column  and 
write  the  results  in  succession  toith  their  proper  signs. 

A  check  on  an  operation  is  another  operation  which  tests 
the  correctness  of  the  first. 

For  example,  in  arithmetic  the  result  of  division  is  checked  by 
multiplication ;  thus  the  check  for  132  -*-  6  =  22,  is  22  •  6  =  132. 

Addition  in  arithmetic  is  usually  checked  by  adding  the 
columns  in  the  opposite  direction.  In  the  two  cases 
the  mind  deals  at  every  step  with  different  numbers,  and 
if  the  final  result  is  the  same,  its  correctness  is  more 
probable  than  after  either  addition  alone.  But  for  arith- 
metical addition,  and  for  many  of  the  operations  of 
algebra,  no  really  satisfactory  check  exists. 

In  elementary  algebra  long  columns  in  addition  do  not 
occur.  Where  colunms  contain  three  or  more  numbers 
they  may  be  added  term  by  term  upward  or  downward. 
If  the  numbers  in  a  column  are  not  all  of  the  same  sign, 
we  can  partially  check  results  by  adding  the  positive 
and  the  negative  numbers  in  such  columns  separately  and 
finding  the  algebraic  sum  of  the  two  results. 
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EXERCISES 

Add  the  following  polynomials  and  check  the  results : 

1.  X  +  Sy2x  —  6y  and  3x  —  5. 

2.  a;-_2/  —  3,  2a;  +  y—  8,  and  7  a?  —  4  y  -f  10. 

3.  a;  +  y  +  «,  ic  —  3^4-4 «,  and  Sx  +  Ay  ^7 z. 

4.  2x-\-5y'-z,  Sx  —  Si/  +  6zy  and  x  —  y  —  z. 

5.  3  a;  —  1,  4  —  2  £c,  6  aj  —  8,  and  3x4-3. 

6.  ar»-  9,  16  -  4x^  8a;2-f  4,  and  3  -  2x\ 

7.  5 X  +  5 y,  Ax  —  9 y  -{-  6 Zy  and  3 a;  —  3 y  —  3 «. 

8.  7aj  —  6y  +  3;s;,  5a;  —  4«,  and  2x  +  6y  —  &z. 

9.  aj*— a;-^2,3a;^— 4a?  +  5,  and5a;^+8a;-7. 

10.  ar»— 4aj  4- 1,3a;  — 2x^4-8,  and  10a;  -  llar»- 18. 

11.  3(;-4c^-6,  c^4-c4-l,4c-2c24-3,  and5--2c-5c2 

12.  4 a;  —  6 2/  —  5 «,  6 y  —  2 «,  and  7x  —  6y  —  9z. 

13.  a;  4-  2  «  4-  3  y,  y  —  3  «  4-  a;,  and  «  —  2  a;  —  4  j/. 

14.  5 a;  —  6 y  4-  7 «,  2 2^  —  11 «  4-  iCj  and  9z  —  5y. 

15.  8a  — 75  — 6c,  5c  — 4a  — 36,  and354-7c. 

16.  9  ac  —  5c,  7  a5  —  3  ac,  and  —  12  a5  —  ac. 

17.  a*-.  4 a  4- 10,  5 a  -  6 a^4-  4,  and  3 a  -  16  4-  2al 

18.  9  — a*4-3a,  —  13  4-6a^— 4a,  and3a^— a. 

19.  a  —  a;  —  3c,    4  —  7a;4-3a,   7c  —  2a4-10,   and   a  —  c 
-2x-ll. 

20.  a4-a;4-c4-5,  2a4-2c4-10  4-2a;,  a  —  c  —  7  —  a;, and 
7-3a;  — 2a4-4c. 

21.  a;  — 1  —  3 c,  a;  —  a  — 2c,  a  — 3c  —  5,  and  2 a;  —  7  4- H <2^. 

22.  2x  +  Sy  +  5z,X'-y  +  3zy  and  3a;- 2y  4-10«. 

23.  4x  — 20«,  8a;.4- 9y,  and  5»  —  31/. 

24.  a  —  3(a;  —  y) 4-  «,  5  —  10a  +  4(a;  —  y),  and  —  2(a;  —  y)4- 6. 

25.  a4-c^4-2(5-c),  7(6— c) 4-6 <i— 12a,  and  lla-5(5-c). 
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Combine  similar  terms  in  the  following  polynomials : 

26.  7a«  -  13&^  -h  12c»  +  15b^  -  a^  -  7(r»  +  36^  +  5c'. 

27.  a^  +  2xy  -]-  y^  -  5xy  -  4:3^  -^  f  +160^  -  Sxij  +  j^. 

28.  5ab-a^  +  l^  +  4:ab-9b^-^5a'-2ab-2b\ 

29.  5aj*  -  6aj +  11 -4a;- 8 -3aj2-i- 7a: -18  4- 13ar. 

80.  12c^-10i»c  +  8i>2  +  Z^c-6i>^-c2  +  c»-llc». 

81.  4a:*j^  — a:y  +  2/*— 3a:y +  4x2^  — 2a;'y-f  43^  +  3ay'  +  «*y. 

82.  |a  +  Jft  —  Jc  +  c-fj^i  —  fa  —  ^  +  |^c  +  |a  +  7. 

The  sum  of  5x  and  2x  may  be  written  (5  +  2)x.  This  is  not  usual  or 
necessary,  as  6  and  2  can  be  combined  and  the  result  written  7x.  In 
adding  5x  and  ox,  however,  the  5  and  the  a  cannot  be  combined  and  the 
result  expressed  by  a  single  character,  so  the  sum  is  written  (5  +  a)x. 
Similarly,  ox  —  8»  =  (a  —  8)x,  ax  +  x=:(a  +  l)x,  and  ox  —  6x  +  x  = 
(a  —  6  +  l)x.  Also  a(x  +  y)  +  6(x  +  y)  =  (a  +  6) (x  +  y). 

Write  so  that  x  will  have  a  polynomial  coefficient : 

88.  aaj  +  3  a;.       85.  3  ca;  —  a;.  87.  2  oa;  —  3  aj  +  &c. 

84.  2  aa;  +  a;.       86.  oa?  +  6a;  -f  ex.        88.  3  ax  —  4  ca;  -f  x, 

89.  3  aa;  —  &c  —  a;  +  ahi.        40.  5a?  —  5  ca?  —  a;  —  4  bx. 

Write  so  that  the  binomial  will  have  a  polynomial  coefficient; 

41.  a(b  +  c)+S(b  +  c).  42.  4(a  —  a;)- 6^(a  -  a;). 

48.  8a(a  +  3ft)-l(a4-36). 


CHAPTER  IV 

SIMPLE  EQUATIONS 

26.  Definitions.  An  equation  is  a  statement  of  equality 
between  two  equal  numbers  or  number  symbols. 

Thus  2  =  5-3,  a-26  =  3a  +  6-2a~3&,  4a:  =  x  +  12,  and 
3^  —  5x  +  Q  =  0  are  equations. 

The  part  of  an  equation  on  the  left  of  the  equality  sign 
is  called  the  first  or  left  member,  that  on  the  right,  the 
%ec<md  or  right  member. 

In  an  equation  a  letter  whose  value  is  sought  is  called 
the  unknown  letter^  or  simply  the  unknown. 

The  process  of  finding  the  value  of  the  unknown  letter 
in  an  equation  is  called  Bolving  the  equation, 

27.  Axioms.  An  axiom  is  a  statement  whose  truth  is 
accepted  without  proof. 

In  the  solution  of  equations  constant  use  is  made  of 
four  axioms. 

Axiom  J.  If  the  same  numher  is  added  to  each  member 
of  an  equation^  the  result  is  an  equation. 

Thus,  adding  5  to  each  member  of  a:  —  5  =  7  gives  x  =  12.  Axiom  I 
states  that  if  this  addition  is  performed,  the  result  is  true.  Hence 
the  original  equation  is  solved. 

Axiom  JT.  If  the  same  number  is  subtracted  from  each 
member  of  an  equation^  the  result  is  an  equation. 

Thus,  subtracting  4  from  each  member  of  ar  +  4  =  10  gives  a:  =  6. 

Axiom  II  states  that  if  tliis  subtraction  is  performed,  the  result 

is  true. 

BE  89 
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Axiom  m.  If  each  member  of  an  eqimtixm  is  multiplied 
by  the  same  number^  the  result  is  an  eqiuUion, 

If  an  equation  is  in  the  form  -  =  6,  it  can  be  solved  by  multiplying 

each  member  by  2,  giving  x  =  12.  Axiom  lU  states  that  if  this  multi- 
plication is  performed,  the  result  is  true. 

Axiom  IV.  If  each  member  of  an  equation  is  divided  by 
the  same  number  (not  zero^y  the  result  is  an  equation. 

If  an  equation  is  in  a  form  like  3  a;  =  12,  it  can  be  solved  by 
dividing  each  member  by  the  coefficient  of  x.  Thus,  dividing  each 
member  of  3  a:  =  12  by  3,  we  get  a;  =  4.  Axiom  IV  states  that  if  this 
division  is  performed,  the  result  is  an  equality. 

If  all  terms  containing  the  unknown  letter  are  in  one 
member  and  all  numerical  terms  in  the  other,  the  like 
terms  may  be  united  and  the  equation  solved. 

Thus  5a:  —  2a:  +  a:  =  8  +  15  —  3  becomes,  when  like  terms  are 
united,  4  a;  =  20,  and  dividing  each  member  by  4,  we  obtain  a?  =  5. 

Usually,  numerical  terms,  as  well  as  terms  containing 
the  unknown  letter,  will  be  found  in  ea<5h  member  of  an 
equation,  as  in  5a;  +  3  =  22;  +  18.  By  the  use  of  one  or 
more  of  the  preceding  axioms  it  is  always  possible  to  change 
the  form  of  such  equations  until  they  are  similar  to  the 
equation  3  a:  =  15,  which,  as  we  have  seen,  can  easily  be 
solved. 

In  changing  the  form  of  an  equation,  by  an  application 
of  the  foregoing  axioms,  it  is  important  to  note  that  we 
do  not  change  the  value  of  the  unknown.  We  merely 
discover  the  value  which  it  really  had  all  the  time.  In 
fact,  the  chief  significance  of  the  foregoing  axioms  lies  in 
their  application  to  any  kind  of  equation,  whether  it 
involves  numbers,  letters  standing  for  known  numbers 
or  for  unknown  numbers,  or  all  of  .these  together. 
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ORAL  EXERCISES 

Find  the  value  of  the  unknown  in  each  of  the  following 
equations.    State  the  axiom  or  axioms  used  in  solving  each: 

1.  2a;  =  4.  15.  A  -  7  =  3.  24.  y  -f  3  =  11. 

2.  3a;  =  12.  x_  25.  y  -  6  =  3. 

3.  5^  =  15.  2  ^^    a;       . 

^  26.  ^  =  4. 

4.  2n  =  16.  i«    ^      Q  ^ 
6.  7a;  =  35.                        2                            ^„    n 


6.a;  +  l  =  2.  ^^^  ^  ^  3^ 


27.  7  =  4. 
4 


7.  ;k  +  3  =  5.  3      ''•  28.  7a;  =  7. 

8.  i>  +  5  =  ll.  j3    y^4  29.  ?  =  7. 

9.  a;  +  2  =  17.  ^ 


7 


10.^  +  9  =  16.  on    5:=o  30.2aj  +  l  =  3. 

11.  y-l  =  l.                   ^7        '  31.2^  +  5  =  11. 

12.  a;  -  2  =  3.  21.  a;  +  4  =  7.  32.  5  w  -  9  =  6. 

13.  «  -  4  =  5.  22.  n  -  2  =  6.  33.  3a;  =  a;  -f  4. 

14.  a;  -  5  =  1.  23.  5x  =  30.  34.  2a;  +  1  =  2. 

EXAMPLE 

Solve  5a;  — 8  =  2a; +19. 

Solution.  5x-8  =  2ar  +  19. 

Subtracting  2  x  from  each  member,  3  a:  —  8  =  19.  Ax.  II 

Adding  8  to  each  member,  3  x  =  27.  Ax.  I 

Dividing  each  member  by  3,  a:  =  9.  Ax.  IV 

This  method  of  solution  illustrates  the  following 

Ruk.  By  the  applications  of  Axioms  I  and  U  change  the 
eqvdtion  so  that  all  of  the  terms  containing  the  unknoum 
number  are  in  one  (usually  the  left^  member  of  the  equation^ 
and  all  other  terms  in  the  other  member. 

Combine  the  terms  in  each  member. 

Divide  each  member  by  the  coefficient  of  the  unknoum. 
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Checking  the  solution  of  an  equation  is  often  called 
teating  or  verifying  the  result-    For  this  we  have  the 

Ruk.  Substitute  the  value  of  the  unknown  obtained  from 
the  solution  in  place  of  the  letter  which  represents  the 
unknown  in  the  original  equation.  Then  simplify  the  result 
until  the  two  memhers  are  seen  to  be  identicoL 

Check.  5ar-8  =  2a:  +  19. 

Substituting  9  f  or  ar,  5  •  9  -  8  =  2  •  9  + 19. 
Simplifying,  45  -  8  =  18  + 19, 

or  37  =  37. 

EXERCISES 

Find  the  value  of  the  unknown  in  each  of  the  following 
equations  and  verify  results: 

1.  a?  +  5  =  7.  13.  6  —  a  =  9  —  4a. 

2.  y  — 9  =  6.  14.  2aj  =  l-aj. 

3.  4aj-6=14.  15.  5  +  3y  =  y-f  4. 

4.  4a;-f  2  =  3cc-4.  16.  2x -f  8  =  6cc -1. 

5.  Bx  —  2  =  4x  +  ^*  Hint.  Subtract  2x  from  each 
6-  5p=^Sp-{-S.    .  °^«^^''  ^^• 

7.  4a; -f- 2  =  2a;.  17.  5  +  2(^  =  5^-1. 

8.  3to  =  «4-3.  18.  2  — 3n  =  n4-l. 

9.  4a; +  2  =  a; +  5.  19.  4a;  — 2  =  7+ x. 

10.  6a;  +  6  =  3a;+10.  20.  4a;  +  3-a;  +  5=a;-10. 

11.  4:X-7  =  2x  +  S.  21.  3  4-2«-l  =  12-3«. 

12.  3k  — 5  =  7  —  k.  22.  2a; -f- 3a; -fa;=a;  + 9+2*. 

23.  4y-3  +  3y-.4  =  62/-8. 

24.  36-8a;  +  4-9a;  =  2a;-|-10. 

25.  3a; -h  12a;  +  17  -  a;  +  4a;  =  107. 

26.  4A: -3  =  5A; -16 -43A;- 71. 
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ORAL  SXBRaSES 

1.  A  rope  is  10  feet  long.  How  long  will  it  be  if  3  feet  are 
cut  off  one  end  ? 

2.  If  3  feet  are  cut  off  one  end  of  a  rope  x  feet  long,  how 
much  remains  ? 

3.  A  river  is  d  feet  deep  at  a  ford,  and  8  feet  deeper  under 
a  bridge.   How  deep  is  it  under  the  bridge  ? 

4.  A  25-gallon  tank  is  full  of  gasoline.  If  g  gallons  are 
pumped  out,  how  many  gallons  are  left? 

5.  A  50-gallon  tank  is  full  of  gasoline.  If  gasoline  is 
pumped  out  until  there  are  only  x  gallons  left  in  the  tank, 
how  many  gallons  are  removed? 

6  If  the  sum  of  two  numbers  is  100,  and  one  of  them  is 
n,  what  is  the  other  ? 

7.  A  pole  y  feet  long  is  cut  into  two  pieces.  If  one  piece 
is /feet  long,  how  long  is  the  other  ? 

8.  If  the  sum  of  two  numbers  is  s  and  one  of  them  is  10, 
what  is  the  other  ? 

9.  A  certain  chimney  is  three  times  as  high  as  a  neighbor- 
ing telegraph  x>ole.  If  the  pole  is  h  feet  high,  how  high  is 
the  chimney? 

10.  A  rectangle  is  three  times  as  long  as  it  is  wide.  If  it  is 
X  feet  wide,  how  long  is  it  ?   What  is  its  perimeter  ? 

11.  There  are  twice  as  many  boys  in  a  certain  class  as  there 
are  girls.  If  there  are  n  girls,  how  many  boys  are  there  ? 
How  many  pupils  all  together?  How  many  people  in  the 
room,  including  the  teacher? 

12.  The  roof  of  a  certain  building  is  five  times  as  far  from  the 
ground  as  the  bottom  of  the  third-story  windows.  If  the  win- 
dows are  y  feet  from  the  ground,  how  high  is  the  roof  ?  How 
long  would  a  wire  have  to  be  to  reach  from  the  roof  to  the  ground 
and  back  to  a  third-story  window  ?  How  long  would  it  have  to  be 
to  reach  from  the  roof  to  the  bottom  of  the  window  direct  ? 
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13.  John's  father  is  twice  as  tall  as  John,  and  6  inches 
taller  than  John's  mother.  If  John  is  x  inches  tall,  how  tall 
is  his  father  ?   his  mother  ? 

Even  integers  are  those  exactly  divisible  by  2.  Odd  integers 
are  those  not  exactly  divisible  by  2. 

Consecutive  integers  are  integers  arranged  in  the  natural 
order,  like  6,  7,  8,  9,  10,  etc. 

Consecutive  odd  integers  are  odd  integers  arranged  in  the 
natural  order,  like  5,  7,  9, 11,  13,  etc. 

Consecutive  even  integers  are  even  integers  arranged  in  the 
natural  order,  like  6,  8,  10, 12,  14,  etc. 

14.  What  is  the  difference  between  any  two  consecutive 
integers  ?  between  any  two  consecutive  odd  integers  ?  between 
any  two  consecutive  even  integers  ? 

15.  If  71  is  an  integer,  what  is  the  next  consecutive  integer  ? 
If  a  is  an  integer,  what  are  the  next  two  consecutive  integers  ? 

16.  If  X  is  an  odd  integer,  what  is  the  next  consecutive  odd 
integer  ?  the  next  two  consecutive  even  integers  ? 

17.  lie  is  an  even  integer,  what  is  the  next  consecutive  even 
integer  ?   the  next  three  consecutive  odd  integers  ? 

18.  If  a;  is  an  odd  integer,  is  a;  + 1  odd  or  even  ?  If  a;  is 
even,  what  of  x  -\-l? 

19.  If  X  is  an  odd  integer,  what  of  03  +  3?  x  -{-6?  Ifyis 
even,  what  ofy  +  2?   y-t-3? 

20.  If  X  is  an  integer,  is  2  a;  odd  or  even  ?  Is  2  a;  + 1  odd 
or  even  ? 

21.  Is  the  sum  of  two  consecutive  integers  always  odd  ? 
Hint.  Express  the  integers  algebraically,  add  them,  and  divide  by  2. 

22.  Is  the  sum  of  three  consecutive  integers  always  even  ? 

23.  By  what  number  is  the  sum  of  three  consecutive  integers 
always  divisible  ? 
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Express  the  following  statements  as  equations : 

24.  The  sum  of  5  and  x  is  8. 

25.  The  sum  of  x  and  4  is  9. 

26.  a;  is  equal  to  6  diminished  by  1. 

27.  a;  is  equal  to  10  diminished  by  3. 

28.  X  is  4  more  than  6. 

29.  Three  times  x  is  15. 

30.  Eour  times  a  diminished  by  2  equals  18. 

31.  a;  is  6  less  than  9. 

32.  Three  times  y  is  greater  by  4  than  10. 

33.  One  half  of  x  increased  by  5  equals  9. 

34.  Two  thirds  of  x  increased  by  6  equals  14. 

35.  8  added  to  x  gives  the  same  result  as  x  taken  from  22. 

36.  2  X  diminished  by  9  is  equal  to  x  increased  by  14. 

37.  If  6  is  taken  from  three  times  x^  the  result  is  the  same 
as  when  x  is  taken  from  14. 

28.  Solution  of  problems.  In  the  solution  of  problems 
in  simple  equations  the  following  steps  are  necessary: 

1.  Bjead  the  problem  carefully  and  find  the  statement  which 
will  later  he  expressed  by  the  equation, 

2.  Mepresent  the  unknown  number  by  a  letter. 

8.  Express  the  conditions  stated  in  the  problem  as  an  equa- 
tion involving  this  letter* 

4.  Solve  the  equation. 

5.  Check  by  substituting  in  the  problem  the  value  found  for 
the  unknown. 

In  the  preceding  sentence  the  words  "  in  the  problem  " 
are  of  importance,  for  substituting  the  value  found  in  the 
equation  would  not  detect  any  errors  made  in  translating 
the  words  of  the  problem  into  the  equation. 
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The  foregoing  directions  for  the  solution  of  the  various 
problems  leading  to  simple  equations  are  as  definite  as 
can  be  given.  The  student  will  obtain  much  aid  from  the 
study  of  the  typical  solutions  which  occur  from  time  to 
time.  Then  one  or  more  careful  readings  of  each  problem, 
a  little  fixing  of  the  attention  upon  it,  and  an  application 
of  common  sense  will  insure  progress. 

EXAMPLE 

A  man  wishes  to  give  75  cents  to  his  two  children  so  that 
the  older  receives  15  cents  more  than  the  younger.  How  much 
shall  he  give  to  each  ? 

Solution.  The  amount  the  older  child  receives  +  the  amount  the 
younger  child  receives  =  75  cents.  Let  x  denote  the  number  of  cents 
the  younger  child  receives.  Then  x  + 15  denotes  the  number  of  cents 
the  older  child  receives. 

By  the  conditions  of  the  problem, 

ar  +  15  +ar=75. 

2a: +  15 -75. 

2a:  =  60. 

a:  =  30. 

a:  + 15  =  45. 

Hence  the  younger  child  receives  30  cents,  and  the  older  receives 
45  cents. 

Check.  75=45  +  30,     and    45-30=15. 

PROBLEMS 

1.  One  boy  sells  5  more  newspapers  than  another.  Together 
they  sell  67  papers.   How  many  does  each  boy  sell. 

2.  It  is  desired  to  divide  a  class  of  51  students  into  two 
groups,  one  of  which  shall  contain  3  more  than  the  other. 
How  many  will  each  group  contain? 
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3.  One  number  is  five  times  another,  and  their  sum  is  30. 
Find  both  numbers. 

4.  The  sum  of  two  numbers  is  72,  and  the  greater  is  three 
times  the  less.   Find  both  numbers. 

5.  One  number  is  five  times  another,  and  their  difference  is 
62.   Find  both  numbers. 

6.  A  freight  train  contains  72  cars.  It  is  desired  to 
divide  it  into  two  trains,  of  which  one  shall  contain  twice 
as  many  cars  as  the  other.  How  many  cars  will  there  be  in 
each  train? 

7.  The  perimeter  of  a  certain  square  is  24  feet.  Find  the 
length  of  each  side. 

8.  A  rectangle  is  three  times  as  long  as  it  is  wide,  and  its 
perimeter  is  64  feet.   Find  its  length  and  its  width. 

9.  The  perimeter  of  ^  certain  rectangle  is  78  feet.  Its 
length  is  five  times  its  breadth.    Find  its  dimensions. 

10.  A  rectangle  is  12  feet  longer  than  it  is  wide,  and  its 
perimeter  is  96  feet.   Find  its  length  and  its  width. 

11.  It  is  desired  to  cut  a  log  into  two  pieces  so  that  one 
piece  shall  be  8  feet  longer  than  the  other.  If  the  log  is  36  feet 
long,  how  long  will  each  piece  be  ? 

12.  A  stick  120  inches  long  is  to  be  cut  into  two  pieces,  one 
of  which  is  to  be  14  inches  more  than  three  times  the  length 
of  the  other.   How  long  is  each  piece  ? 

13.  The  sum  of  three  numbers  is  22.  The  second  is  twice 
the  first,  and  the  third  is  four  times  the  second.  Find  each 
number. 

Hint.  In  solving  a  problem  involving  three  or  more  unknown  num- 
bers the  student  should  read  the  statement  carefully  and  decide  which 
of  the  numbers  to  be  found  he  should  indicate  by  x.  He  should  select 
for  this  purpose  the  number  in  terms  of  which  the  other  numbers  are 
most  easily  expressed. 
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14.  The  first  of  three  numbers  is  twice  the  third,  and  the 
second  is  four  times  the  third.  The  sum  of  the  three  numbers 
is  63.   Find  each  number. 

15.  It  is  desired  to  divide  a  company  of  95  soldiers  into 
three  squads  of  which  the  second  contains  5  more  men  than 
the  first,  and  the  third  contains  10  more  than  the  second.  How 
many  men  will  there  be  in  each  squad  ? 

16.  It  is  desired  to  divide  a  train  of  62  cars  into  two  sections, 
one  of  which  is  to  contain  2  more  than  twice  as  many  cars  as 
the  other.   How  many  cars  will  there  be  in  each  section  ? 

17.  Eind  two  consecutive  numbers  whose  sum  is  45. 

18.  Find  two  consecutive  odd  numbers  whose  sum  is  36. 

19.  Find  three  consecutive  numbers  whose  sum  is  72. 

20.  Find  three  consecutive  even  numbers  whose  sum  is  48. 

21.  Find  five  consecutive  odd  numbers  whose  sum  is  85. 

22.  It  is  desired  to  cut  a  stick  36  inches  long  into  three 
pieces  whose  lengths  are  consecutive  integers.  How  long  will 
the  pieces  be  ? 

Biographical  Note.  John  WaUis,  Among  those  who  introduced 
and  helped  to  standardize  the  modem  algebraic  symbolism  was  John 
Wallis,  an  Englishman.  He  was  the  son  of  a  clergyman,  and,  like  most 
scholars  of  his  day,  did  not  confine  his  interest  to  any  one  subject.  He 
was  at  various  times  an  instructor  in  Latin,  Greek,  and  Hebrew,  and  for 
many  years  was  professor  of  mathematics  at  Oxford.  He  also  invented 
a  method  of  teaching  deaf  mutes  to  talk. 

During  the  wars  between  Charles  I  and  Cromwell,  Wallis's  sympa- 
thies were  with  Cromwell,  and  he  was  of  great  service  in  reading  royalist 
dispatches  written  in  cipher.  In  fact,  he  was  one  of  the  most  famous 
cryptologists  of  his  day. 

Wallis  did  not  become  interested  in  mathematics  till  the  age  of  thirty- 
one,  but  devoted  himself  to  the  subject  for  the  rest  of  his  life.  One  of 
the  earliest  and  most  important  books  on  algebra  ever  written  in  English 
was  his  treatise  published  in  1685.  It  contains  a  brief  historical  sketch 
of  the  subject  which  is  unfortunately  not  entirely  accurate,  but  his 
treatment  of  the  theory  and  practice  of  arithmetic  and  algebra  has 
made  the  book  a  standard  work  for  reference  ever  since. 


JOHN  WALLIS 


CHAPTER  V 

SUBTRACTION 

29.  Sttbtractloii  of  monomials.  The  principles  stated  on 
page  25  apply  to  the  subtraction  of  monomials  as  well  as 
of  the  positive  and  negative  numbers  there  used.  Hence 
for  subtracting  one  monomial  from  another  we  have  the 

Ruk.  Change  the  sign  of  the  subtrahend;  then  find  the 
algebraic  sum  of  this  result  and  the  minuend. 

As  soon  as  possible  the  student  should  learn  to  change 
the  sign  of  the  subtrahend  maritally. 


1.  From  +  8  a  take  +  5  a, 

Soliition.  +  8  a  minus  +5a  =  8a  —  5a  =  3a. 

2.  From  6  ax  take  —  2  ax. 

Solation.  6  ax  minus  —  2ax  =  Qax-\-2ax  =  ^ax, 

3.  Subtract  7  a%  from  —  10  a%. 

Solution.  - 10  a^h  minus  7  a^J  =  - 10  a%  -  7  a^ft  =  - 17  a%. 

The  difference  of  two  dissimilar  monomials  cannot  be  written 
as  a  single  term,  but  is  expressed  by  a  binomial,  as  follows : 

4.  Subtract  +  a  from  +  h. 
Solution.  +  h  minus  ■\-  a  =  h  —  a, 

5.  Subtract  —  4  ft  from  3  c. 
Solution.  3 c  minus  —  4&  =  3c  +  4  6. 

6.  Subtract  4  xy  from  —  6  a^z, 

Solntion.  —  5  a^z  minus  4  xy  =  —  5  z*;;  —  4  xy. 
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ORAL  EXERCISES 

In  each  of  the  following,  subtract  the  second  term  from 
the  first: 

1.  8  a,  3  a.  8.  4  c, —9  c.  15.  —4  a, —7  a. 

2.  .9  a,  6  a.  9.  —  3  a,  6  a.  16.  —  3  a,  —  8  a. 

3.  11a,  14  a.  10.  —5  a,  8  a.  17.  —  9ar,  —  12a5. 

4.  7a,  12a.  11.  —7a, —10a.  18.  12x,—5x, 

5.  4  a, —2  a.  12.  —  llx,  6x.  19.  —  4ac,  —  4ac. 

6.  6  a, —6  a.  13.  —6  a, —4  a.  20.  —  4ac,  4ac. 

7.  6  c,  —  7  c.  14.  —  8  a,  —  6  a.  21.  4  ac,  —  4  ac. 

Subtract  the  first  monomial  from  the  second,  and  also  the 
second  monomial  from  the  first,  in  each  of  the  following : 

22.  2x,  5x,  28.  —  3  c,  5  c.  34.  c,  Sx. 

23.  4  a;,  7  x,  29.  —  ac,  —  5ac,  35.  x,  —  5y. 

24.  -  2x,  -  Sx.  30.  Sa%  -lla^c.  36.  -  4a,  66. 

25.  -  5xy  -  Sx.  31.  5A/y  -  Sa^y",  37.  -  2a,  -  5b. 

26.  —x,4:x,  32.  —  4a6,  0.  38.  —2a, —2a. 

27.  —  Xy  —  Sx,  33.  X,  y.  39.  5a;,  —  5a;. 

30.  Subtraction  of  polynomials.  For  the  subtraction  of 
polynomials  we  have  the 

Rule.  Write  the  subtrahend  under  the  minuend  so  that 
similar  terms  are  in  the  same  column. 

Then,  changing  the  sign  of  each  term  of  the  subtrahend 
mentally,  apply  the  rule  on  page  49  to  each  column. 

Check.  In  algebra,  as  in  arithmetic,  work  in  svbtraction  is 
checked  by  use  of  the  relation 

difference  +  subtrahend  =  minuend 
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EXAMPLE 

Subtract  6aj  — 2y  — 7«-|-2  from  3a;  -h8y  —  5«,  and  check 
the  result. 

Solntion.  Sx  +    8y  —  62;         =  minuend 

5a:—    2y  —  7g  +  2  =  subtrahend 
Check.  — 2ar  +  10y  +  2z  —  2  =  difference 

Difference  +  subtrahend      3a;+    8y  —  5^         =  minuend 

EXERCISES 

In  Exercises  1-12,  subtract  the  first  number  from  the  second : 

1.  a +  2,  a +  3.       5.  2a;  — 6,  5  — 2x.       9.  2a^  — 5c,  6c. 

2.  a  —  4,  a  —  6.       6.  Ga;  —  3,  6  +  3a;.      10.  3xt/  —  a,5xy. 
8.  2a-3,3a+7.     7.  9a5  +  4,  4a;-9.      11.  0,  a;  +  4. 

4.  3a+7,9-4a.    8.  4a,  4a -2.  12.  2a; -6,0. 

In  Exercises  13-26,  subtract  the  first  polynomial  from  the 
second  and  check  the  work: 

13.  a;  — 2y  — 3«,  2x''2y-{-z. 

14.  4a;  — 8y +  2«,  4a;  — 6y  — 3«. 

15.  3  a  —  2  ^,  4  a  +  ^  4-  2  c. 

16.  6a  — 45-f  3c,  3a  — 6ft. 

17.  3a;«-a;-6,  6a;2  +  8a;-2. 

18.  7ar» -4a; +11,  8a;- 6ar» -13. 

19.  a  —  x  +  y,  b  —  x  —  y. 

20.  3a  — 2ft  +  c  +  6,  4a  — ft +  6c. 

21.  2a  +  2ft -2c -4,  a -3ft. 

22.  2a  — 3a;  +  4c,4a;  — 3a  — 3c— 11. 

23.  a  +  b  —  c,  c  —  a  —  b, 

24.  2a2-3aft+ft^3ft2-7a^  +  8aft. 
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25.  3a^  — 3a:V-3x3/»,  40^-5^3^ -y*- 

26.  a»-(j»~3a2o  +  3ac2,  5a«c  +  4c"  +  3a«  +  2(wr*. 

In  Exercises  27-35,  find  the  expression  which  added  to  the 
first  will  give  the  second : 

27.  «  — 2y +  «,  2x  +  5y  —  3«.       30.  a  — ft -f- 2c,  6. 

28.  7a;  — 9y--3«,  6a;  — 2y— 4«.      31.  aoc^+bx  +  c,  2bx^c. 

29.  6 a  —  4 ft  +  6  c,  6 a  —  3 ft.  32.  3 aft  +  c,  3a;y  —  «. 

33.  2a;  — 4y  —  «,  0. 

34.  a^-2ac  +  3(^,2c'^Sae  +  4:aK 

35.  2a;V  —  3a;y^,  j/^x  +  ya;^  —  «. 

In  Exercises  36-42,  find  the  expression  which  subtraicted 
from  the  first  will  give  the  second: 

36.  a;  —  2y  —  «,  3a;  —  2y  —  «. 

37.  a;^-7a;-10,  14a;-8-f3a;l 

38.  a;  —  y  —  «,  5a;  +  3y  —  8«. 

39.  4-8a;*,  ar»  +  6a;-6. 

40.  a*  +  aV  +  c*,  2  c*-  3  aV  -  4  a*. 

41.  3a  +  6ft  — c,  0. 

42.  4a  +  6ft  — Sy,  a -12. 

43.  Subtract  the  sum  of  </^  -f  2  aft  —  1  and  a*  -f- 12  aft  —  20 
from  a*  +  13  aft  -  30. 

44.  Subtract  the  sum  of  a  —  3  ft  -f  ^^  and  4a  +  5ft  —  6c4-4  ' 
from  a  —  ft  4-  c  —  a;. 

45.  From  the  sum  of  6x  -^-Sa^y  —  16a;y*and  —  6  a;  —  12a;y* 
+  7yx^  subtract  11a;  —  6  a;^y  +  7  y^x. 

46.  From    the  sum  of    4  aftc^  —  3  ab^c  +  2  a%c  and    6  ahe^ 
-5ab^c--4:  a%h  subtract  2  ab^  -  3  a%G  +  7  aft^c. 

47.  From  the  sum  of  3a;  —  4a;y  —  2«  and  7a;y  —  4 s  —  3 x 
take  the  sum  of  6  «  —  2  a;y  —  d?ho  and  9  a;  —  6  a*ftc  —  «. 
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Find  the  algebraic  sum  of : 

48.  (4aj-3y  +  6)  +  (3ic-j-5y-10). 

49.  (7o  +  5<^  — e)  — (4(j-f-5tZ— 9e). 

50.  (x'  +  2x  +  5)  +  i2x'  +  a?  -10)-(a:3  -  5a;  +  3). 

51.  (x  +  3y  -  2z)  +  (4:x  -  5i/  +  3z)-(Sx  ^  2y  -  6z). 

52.  (5x  +  S7J  -  z)  +  {4:9/  +  7 z)^(x  -  ij  +  3::). 

53.  4aj-3y4-7-(2a;-5y-4)  +  (4a:-8). 

54.  3c'-5d-e-(5o  +  6d  +  lle)-(5c  +  4:e). 

55.  3a  +  3Z»~4c-(-35-3(j-4)-(4a  +  a-8(j). 

56.  x»-c»  +  3«c^-3(rte-(a;«  +  c«-2c^-4«c2). 


CHAPTER  VI 

IDENTITIES  AND  EQUATIONS  OF  CONDITION 

31.  Kinds  of  equations.  Equations  are  of  two  kinds: 
identities  and  equations  of  condition. 

An  identity  is  an  equation  in  which,  if  the  indicated 
operations  are  performed,  the  two  members  become  pre- 
cisely alike,  term  for  term. 

4  •  6 

Thus,  4»5  +  3«4  =  8-5 -—  is  an  identity,  for,  if  we  perform 

o 

the  indicated  operations,  it  becomes  20  +  12  =  40  —  8,  or  32  =  32. 

Similarly,  2a  +  36  —  4  =  3a  —  26  +  (5  6  —  a  —  4)  is  an  identity, 
for,  if  we  perform  the  indicated  addition  in  the  second  member,  the 
equation  becomes  2a  +  36  —  4  =  2a  +  3&  —  4,  in  which  the  two 
members  are  alike,  term  for  term. 

An  identity  which  involves  letters  is  true  for  any  nu- 
merical values  of  the  letters  in  it. 

Thus  the  literal  identity  (a  +  3)^  =  a^  +  6  a  +  9  becomes,  when 
a  =  5,  (5  +  3)2  =  52  +  G  .  5  +  9,  or  82  =  25  +  30  +  9,  or  64  =  64.  If 
a  is  zero,  the  identity  becomes  (0  +  3)2  =  0  +  6  •  0  +  9,  or  9  =  9. 

An  equation  in  one  unknown  which  is  true  only  for 
certain  values  of  the  unknown  is  an  equation  of  condition, 
which  for  brevity  we  shall  usually  refer  to  simply  as  an 
equation. 

The  statement  4  a:  =  a:  + 12  is  true  only  when  a:  =  4.  If  4  is  sub- 
stituted for  ar,  the  equation  becomes  the  identity  4-4  =  4+ 12,  or 
16  =  16.  Clearly  the  statement  is  false  if  0,  or  3,  or  any  value 
other  than  4  is  put  for  x\  it  is  true  on  condition  that  x  be  4,  and 
on  no  other. 
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Similarly,  x*  —  5x  +  6  =  0i8  true  when  ar  =  2  or  when  x  =  3.  In 
the  first  case  x*-5x  +  6  =  0  becomes  2^  —  5  •  2  +  6  =  0,  or  4  —  10 
+  6  =  0,  or  0  =  0.  In  the  second  case  we  obtain  3^  —  5  •  3  +  6  =  0, 
or  9  — 15  +  6  =  0,  or  0  =  0.  Plainly  the  statement  obtained  is  false 
when  —  2  is  put  for  x,  for  then  it  becomes  (—  2)^  —  5(—  2)  +  6  =  0, 
or  4  +  10  +  6  =  0,  or  20  =  0.  Similarly,  any  value  other  than  2  or  3, 
when  put  for  x,  gives  a  relation  between  numbers  which  is  not  true. 

Every  equation  of  condition  may  be  regarded  as  asking  a  question. 
Thus  the  equation  3x  +  2  =  15  asks,  **What  number  when  multi- 
plied by  3  and  the  product  increased  by  2  gives  15  as  the  result?  " 

The  equations  used  in  solving  the  problems  on  pages 
46-48  are  equations  of  condition.  The  conditions  there 
expressed  in  ordinary  language  in  the  problems  were  trans- 
lated into  the  algebraic  language  of  equations. 

Instead  of  the  equality  sign,  the  sign  =  (read  is  identical 
tvithy  or  is  identically/  equal  to)  is  sometimes  used  for  em- 
phasis if  the  expression  is  an  identity. 

Thus  3  a  =  2  a  +  a  may  be  written  3  a  =  2  a  +  a. 

32.  Root  of  an  equation.  A  number  or  literal  expression 
which  being  substituted  for  the  unknown  letter  in  an 
equation  reduces  it  to  an  identity  is  said  to  satisfy  the 
equation. 

Thus  it  has  been  shown  that  4  satisfies  the  equation  4  x  =  x  +  12, 
and,  similarly,  the  literal  expression  3  a  satisfies  the  equation  x  —  5 
=  3  a  -  5. 

A  number  or  number  symbol  is  called  a  root  of  an  equation 
if  it  satisfies  the  equatioTu 

The  process  of  checking  the  solution  is  really  finding 
out  whether  the  result  obtained  is  a  root  of  the  equation 
or  not.  It  should  be  particularly  noted  that  after  the  root 
has  been  substituted  in  place  of  the  unknown,  the  equation 
of  condition  becomes  an  identity. 

BE 
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ORAL  EXERCISES 

In  Exercises  1-10,  state  which  expressions  axe  identities 
and  which  are  equations  of  condition: 

1.  3  +  7  =  13  — 3.  6.  2aj  =  4aj  — 3aj  +  aj. 

2.  2x  =  8.  7.  a; +  7  =  4 +a; +  3. 

3.  3a  — 5  =  2a.  8.  3a;  —  l  +  o; +1  —  4a;  =  0. 

4.  aj  +  l  =  l+a;.'  9.  a;  + 4t- 3a; +  2  =  6a;  — 8. 

5.  a;-2  =  2a;-3.  10.  3a;- 3  =  4a;  — 2  — a;  — 1. 

In  Exercises  11-20,  select  from  the  numbers  at  the  right 
of  each  equation  those  which  satisfy  that  equation: 

11.  4a; -12  =  0.  1,2,3. 

12.  2a;  =  a;  +  2.  1,  2,4. 

13.  a; +  3  =  4a;  — 6.  0,-1,3. 

14.  3a;-4  =  2a;  +  l.  -2,1,6. 

15.  a;  +  6  =  3a;  —10.  8,  5,  -  4. 

16.  a;  +  1  -  2a;  +  3  =  0.  7,  8,  -  3. 

17.  ar*  +  3a;  +  2  =  0.  -  1,  1,  0. 

18.  a;2- 16  =  6a:.  8,  -2,3. 

19.  4La^  +  4.x  =  S.  2,\,  3. 

20.  5ar*  =  3a;.  1,2,  0. 

Is  the  number  at  the  right  of  each  of  the  following  equations 
a  root  of  that  equation  ? 

21.  3a;  -  24  =  0.  8.  25.  a;^  _  ^g  =  4a;  +  5.  7. 

22.  4a;  — 15  =  a;.  3.  26.  3x  +  7  =  5a;  — 1.  4. 

23.  5a; -12  =  2a;.  2.  27.  f  +  by  +  4t  =  0.  2. 

24.  a;2  +  6a;  -  3  =  0.  4.  28.  «  +  3  =  2  «  -  1.  4. 

33.  Transposition.  In  solving  the  equation  5  a;  —  4  =  18 
we  add  4  to  each  member.  If  we  indicate  this  addition, 
the  equation  becomes 

5a;-4+4  =  18  +  4. 
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Now  in  the  first  member  —  4  +  4  =  0,  so  that  these  two 
numbers  may  be  omitted,  and  the  equation  becomes 

Upon  comparing  this  with  the  original  equation,  it  is  seen 
that  —4  has  vanished  from  the  first  member  of  the  original 
equation,  and  +  4  has  appeared  in  the  second  member  of 
the  new  equation. 

Again,  if  we  subtract  3y  from  both  members  of  the 
equation  6^^  =  3^  +  12, 

we  get  the  equation      6  y  —  3  y  =  12, 

which  differs  from  the  original  equation  only  in  having 
-  3  y  in  the  first  member  instead  of  +  3  y  in  the  second. 

It  ihuB  appears  that  a  term  may  he  omitted  from  one 
member  of  an  equation^  provided  the  same  term  with  its  sign 
changed  from  +  to  —  or  from  —  to  +  is  tvritten  in  the  other 
member.    This  process  is  called  transposition. 

Hereafter,  in  order  to  simplify  an  equation,  instead  of  sub- 
tracting a  number  from  both  members  or  addmg  a  number 
to  both  members,  as  illustrated  in  the  example  on  page  41, 
the  student  should  use  transposition,  as  it  is  usually  more 
rapid  and  convenient.  He  should,  however,  always  remem- 
ber that  the  transposition  of  a  term  is  really  the  subtraction 
of  that  term  from  each  member  of  the  equation. 

Like  terms  in  the  same  member  of  an  equation  should 
be  combined  before  transposing  any  term. 

Note.  Our  word  algebra  is  derived  from  the  Arabic  word  for 
transposition.  The  process  by  which  one  passes  from  the  equation 
px  —  q  =  a^  to  the  equation  px  =  x^  +  q  was  known  as  al-jelnr.  This 
is  the  first  word  in  the  title  of  an  Arabic  book  on  algebra  which  was 
translated  into  Latin.  For  some  reason  only  this  part  of  the  title 
remained,  and  by  the  early  part  of  the  seventeenth  century  al-jebr^  or 
algebra,  was  the  common  name  given  to  the  whole  subject. 
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ORAL  EXERCISES 

State  the  term  or  terms  which  must  be  added  to  both 
members  of  the  following  equations  in  order  to  transpose  the 
underscored  terms.  What  does  each  equation  become  after 
transposition? 

1.  a;2-6  =  4.  7.  2aj  +  3  +  3a;4-5  =  4«  +  6. 

2.  aj  +  12  =  4.  8.  5aj-2  — 3aj  +  6  =  7  — a. 

3.  aj  -  3  =  2.  .  9.  a^  +  4a;  =-  3. 
A.  a^+6x  =  5x-S.  10.  Sx-2=-of. 

6.  x^—  ^x  =  5.  11.  5a;^  —  4a;  =  3a;  —  1. 

6.  2a:^+3a;  +  l  =  2a;-4.      12.  8a;  -  2^2  =  4  -  4«a 

EXAMPLE 

Solve  the  equation  5a;  —  7  +  2a;  +  6  =  11  a;  —  5  —  6a;  + 12. 

Solution.  5a:-7+2a:  +  6=lla;-5-6a:  +  12. 

Combining  like  terms,  7a:  —  l  =  5ar  +  7. 

Transposing,  7a;  —  5a:  =  7  +  l. 

Combining  like  terms,  2  a:  =  8. 

Dividing  by  2,  a:  =  4. 

Check.  5a:-7  +  2a:  +  6=lla:-5-6a;  +  12. 

Substituting  4  for  a:,  20  -  7  +  8  +  6  =  44  -  5  -  24  +  12. 
Combining,  27  =  27. 

EXERCISES 

Solve  the  following  equations,  and  check  results : 

1.  4a;-l  =  3a;  +  3.  6.  4A; -h  1  -  2A;  =  4. 

2.  4a;  -f  6  =  a;  -  10.  7.  16  +  4x  -  4  =  a;  +  12. 

3.  _6y-2  =  l-9y.  8.  4a; -16  =  15 -a; -5. 

4.  6a; +  3 -2a;  =  27.  9.  6n  +  11  -  27i  =  6  -  4. 

5.  4y-|-3  =  2  +  5y.  10.  2a;  - 1  =  29  +  7a;, 
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11.  3  A;  4- 9  4- 5  Aj- 33  =  0.  15.  4:X +  3  =  15  +  2x  +  6. 

12.  3A-20-f-8A-24  =  0.  16.  3y  +  5  +  y  +  3  =  0. 

13.  6aj-13  +  2aj  +  3  =  0.  17.  9  -  8A +  2  =  3  -  4A. 

14.  a;  +  2-5x  =  -9aj  +  i2.  18.  S  -  5x  +  2  =  5 +7x. 

19.  8aj  — 3aj  =  15a;  +  4-13a;. 

20.  S +  7 y —13  =  y- 27— By. 

21.  3x  —  15  —  10xr-9  +  16x  —  21  =  0. 

22.  18-j-5a;  — 6-2aj+l  +  3aj  — 25  =  0. 

23.  0  =  18  — 4a;  +  27  +  9a;-3  +  16a;. 

24.  Sn  — 8  +  47i  +  5  =  7w  — 3  — 2n  +  6. 

ORAL  EXERCISES 

Represent  a  number : 

1.  Greater  by  4  than  x.  6.  Four  greater  than  a  +  b. 

2.  Greater  by  a  than  x,  7,  x  greater  than  a  +  ^. 

3.  Less  by  5  than  n.  8.  Seven  less  than  x  —  2y, 

4.  Less  by  5  than  n.  9.  a  less  than  2  0  —  b. 

5.  Three  times  2/.  10.  c  less  than  three  times  x. 

11.  a  greater  than  four  times  n, 

12.  Three  less  than  five  times  y. 

13.  Eight  greater  than  three  times  n. 

14.  One  part  of  10  is  4.   What  is  the  other  part? 

15.  One  part  of  x  is  5.   What  is  the  other  part? 

16.  One  part  of  8  is  y.  What  is  the  other  part? 

17.  One  part  of  n  is  p.  What  is  the  other  part? 

18.  One  part  of  x  is  a.  What  is  the  other  part? 

19.  One  part  oi  x  +  y  is  z.  What  is  the  other  part? 
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20.  The  sum  of  two  numbers  is  12.   If  one  of  them  is  5, 
what  is  the  other? 

21.  The  sum  of  two  numbers  is  12.   If  one  of  them  is  p, 
what  is  the  other? 

22.  The  difference  of  two  numbers  is  8.   If  the  greater  is  25, 
what  is  the  other? 

23.  The  difference  of  two  numbers  is  8.   If  the  greater  is  x, 
what  is  the  other? 

24.  The  sum  of  two  numbers  is  25.    If  one  of  them  is  a, 
what  is  the  other? 

25.  The  sum  of  two  numbers  is  s.    If  one  of  them  is  9, 
what  is  the  other? 

26.  The  sum  of  two  numbers  is  a.    If  one  of  them  is  «, 
what  is  the  other? 

27.  The  difference  of  two  numbers  is  6.   The  less  number 
is  4.  What  is  the  other? 

28.  The  difference  of  two  numbers  is  d.   If  the  less  of  them 
is  4,  what  is  the  other? 

29.  The  difference  of  two  numbers  is  d.   If  the  less  of  them 
is  w,  what  is  the  other? 

30.  What  is  the  excess  of  19  over  6?  9  over  n? 

31.  By  how  much  does  24  exceed  16?  24  exceed  x?  y  ex- 
ceed S?  a  +  b  exceed  12? 

32.  How  much  greater  is  45  than  18  ?   than  33  ?  than  a  ? 
How  much  greater  is  x  than  y? 

33.  How  much  less  is  15  than  32?  than  a?   How  much 
less  is  X  than  y? 

34.  By  how  much  does  a +  6  exceed  a?   a  +  6  exceed  b  ? 
4  a;  —  3  exceed  3  a;  ? 

34.  Translation    of    problems    into    equations.     In   the 

solution    of   problems   the    writing    of    the    equation    is 
nothing  more  than  translating  from  ordinary  speech  into 
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the   language   of   algebra.     Sometimes   it   is   possible   to 
translate  the  statement  of  the  problem,  word  by  word, 
into  algebraic  symbols. 
For  example, 

Four  times  a  certain  number,  diminished  by  6, 
4         X  n  -  6 

gives  the  same  result  as  the  number  increased  by  30. 
=  n  +  30 


PROBLEIKIS 

1.  What  nmnber  increased  by  16  is  equal  to  37  ? 
Hint.  n  +  16  =  37 

2.  What  number  diminished  by  23  is  equal  to  9  ? 

3.  To  what  number  must  28  be  added  so  that  the  result 
may  be  16  ? 

4.  Prom  what  number  must  15  be  subtracted  so  that  the 
result  may  be  24  ? 

5.  If  a  certain  number  is  doubled  and  the  result  dimin- 
ished by  13,  the  remainder  is  49.   What  is  the  number  ? 

6.  If  a  certain  number  is  doubled  and  the  result  increased 
by  16,  the  sum  is  12.   What  is  the  number  ? 

7.  If  a  certain  number  is  trebled  and  the  result  diminished 
by  16,  the  remainder  is  equal  to  the  original  number.  What  is 
the  number  ? 

8.  Three  times  a  certain  number,  less  23,  equals  twice  the 
number,  less  8.   Find  the  number. 

9.  Five  times  a  certain  number,  increased  by  12,  equals 
eight  times  the  number,  diminished  by  6.   Find  the  number. 

10.  Four  times  a  certain  number,  less  7,  equals  twice  the 
number,  plus  21.   Find  the  number. 

11.  What  number  is  as  much  less  than  90  as  it  is  greater 
than  16? 
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12.  What  number  exceeds  16  by  twice  as  much  as  52  exceeds 
the  number  ? 

13.  A  certain  number  added  to  14  gives  the  same  result  as 
that  obtained  when  this  number  is  subtracted  from  58.  What 
is  the  number  ? 

14.  If  9  is  added  to  twice  a  certain  number,  and  12  is 
subtracted  from  five  times  the  number,  the  results  are  the  same. 
Find  the  number. 

15.  Pive  times  a  certain  number,  plus  16,  equals  three  times 
the  number,  plus  10.    What  is  the  number  ? 

16.  The  sum  of  two  numbers  is  62,  and  their  difEerence 
is  10.    Pind  the  numbers. 

Solution.    The  greater  number  +  the  less  number  =  62. 
There  are  two  unknowns  in  this  problem,  but  both  can  be  repre- 
sented in  terms  of  the  same  letter,  thus : 

Let  n  =  the  less  number. 

Then  n  + 10  =  the  greater  number,  since  the  smaller 

is  10  less  than  the  greater. 

Placing  these  symbols  in  the  principal  statement^  we  have 

n  +  10  +  n  =  62. 

Combining,  2  n  + 10  =  62. 

Transposing,  2  n  =  62  — 10. 

Combining,  2  n  =  52. 

Dividing  by  2,  n  =  26,  the  less  number, 

and  n  + 10  =  36,  the  greater  nimiber. 

Check.  36  +  26  =  62,  36  -  26  =  10. 

17.  The  sum  of  two  numbers  is  58,  and  their  difference 
is  12.   Pind  the  numbers. 

18.  The  sum  of  two  numbers  is  8,  and  their  difference  is  42. 
Pind  the  numbers. 

19.  The  sum  of  two  numbers  is  21,  and  the  second  is  5 
greater  than  the  first.    Pind  the  numbers. 
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20.  The  sum  of  two  numbers  is  85,  and  one  exceeds  the 
other  by  41.    Find  the  numbers. 

21.  The  sum  of  three  numbers  is  55.  The  second  is  5 
greater  than  the  first,  and  the  third  is  17  greater  than  the  first. 
Find  the  numbers. 

22.  The  sum  of  three  numbers  is  16.  The  second  is  10  less 
than  the  first,  and  the  third  is  2  less  than  twice  the  first.  What 
are  the  numbers  ? 

23.  Find  three  consecutive  integers  whose  sum  is  90. 

24.  Find  three  consecutive  odd  integers  whose  sum  is  33. 

25.  A  rectangle  whose  perimeter  is  32  feet  is  three  times  as 
long  as  it  is  wid6.    Find  its  dimensions. 

26.  A  rectangle  whose  perimeter  is  102  feet  is  twice  as  long 
as  it  is  wide.   Find  its  dimensions. 

27.  The  length  of  a  rectangle  is  7  feet  more  than  twice  the 
width.   Its  perimeter  is  110  feet.    What  are  its  dimensions  ? 

28.  A  lawyer  can  afford  to  spend  only  $40  per  week  for 
office  help.  He  must  pay  the  office  boy  $5 ;  and  he  estimates 
that  the  stenographer's  work  is  worth  two  thirds  as  much  as 
the  bookkeeper's.   How  much  should  he  pay  each  ? 

29.  Mr.  Brown  can  allow  his  three  children  all  together  a 
dollar  and  a  half  per  week  for  spending  money.  In  order  to 
pay  his  car  fare  to  school  John  needs  50  cents  per  week  more 
than  Elizabeth,  while  James  requires  only  half  as  much  as 
Elizabeth.    What  allowance  will  each  child  receive  ? 

30.  A  farmer  offers  his  son  a  reward  if  he  will  shingle  the 
roof  of  the  barn  in  6  working  days.  The  roof  contains  120 
courses  of  shingles.  The  son  wishes  to  plan  the  work  so  that 
he  may  lay  each  day  two  courses  less  than  the  previous  day. 
How  many  courses  must  he  lay  the  first  day  ? 


CHAPTER  Vn 

PAHENTHESSS 

35.  Remoyal  of  parentheses.  In  solving  exercises  and 
problems  it  is  often  necessary  to  inclose  several  terms  in 
a  parenthesis.  Sometimes  it  is  necessary  to  inclose  this 
parenthesis  with  other  terms  in  a  second  parenthesis  or 
even  in  a  third.  To  avoid  confusing  the  dififerent  paren- 
theses, brackets  [  ]  and  braces  {  }  are  also  used. 

The  parenthesis,  the  brackets,  and  the  braces  are  called 
signs  of  aggregation.  For  convenience,  brackets  and  braces 
are  often  spoken  of  as  parentheses. 

Occasionally  the  vinculum,  or  bar,  is  used  in  the  same 
V7ay  as  a  parenthesis.    Thus  —  m  + 2a=— (w  + 2a). 

In  the  solution  of  equations  and  in  other  algebraic  work 
it  is  frequently  necessary  to  remove  all  signs  of  aggrega- 
tion. This  removal,  while  it  depends  only  on  the  princi- 
ples of  addition  and  subtraction  which  have  already  been 
learned,  requires,  nevertheless,  some  special  study  to  acquire 
speed  and  accuracy. 

The  value  of  12+ (5  — 3)  is  the  same  as  that  of  12 
+  5  —  3,  or  14.    Similarly,  a -{- (b  —  e')=  a  +  b  —  c. 

The  plus  signs  preceding  the  parentheses  in  12  +  (5  —  3)  and 
a  +  (b  —  c)  belong  to  these  parentheses  respectively  and  vanish 
with  them,  whereas  the  plus  signs  understood  before  5  and  h 
within  the  parentheses  are  supplied  when  we  write  12  +  (5  —  3) 
=  12  +  5  —  3  and  a  +  (b  —  c)  =  a  +  b  —  c.  In  the  expression  12 
+  (—  5  —  3)  the  sign  of  5  must  be  retained,  and  we  have  12  +  (—  5  —  3) 
=  12  -  5  -  3  =  4. 

64 
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Therefore  we  have  the 

Principle,  A  parenthesia  and  the  sign  before  it,  if  pluBy 
may  he  removed  from  an  expression  without  clmaging  the 
signs  of  the  terms  which  were  inclosed  by  the  parenthesis. 

In  the  expression  12  —  (5  —  3)  the  sign  before  the 
binomial  shows  that  (5  —  3)  is  to  be  subtracted  from  12. 
Hence  we  change  the  signs  of  the  terms  in  the  subtrahend 
and  find  the  sum  of  the  resulting  terms  and  the  minuend. 

Thus  12  -  (5  -  3)  =  12  -  5  +  3  =  10.  This  is  obviously  correct, 
for  12  -  (5  -  3)  =  12  -  2  =  10. 

Similarly,  a  -  (&  -  c)  becomes  a-b  +  c  when  the  signs  of  the 
subtrahend,  (b  —  c),  are  changed  and  the  result  is  added  to  a. 

The  minus  signs  preceding  the  parentheses  in  12  —  (5  —  3)  and 
a  —  (ft  —  c)  vanish  with  the  parentheses,  and  the  plus  signs  undei^ 
stood  before  5  and  h  within  the  parentheses  are  changed  when  we 
write  12  -  (5  -  3)  =  12  -  5  +  3  and  a  -  (6  -  c)  =  a  --  6  +  c. 

Therefore  we  have  the 

Princ^le.  A  parenthesis  and  the  sign  before  it,  if  minus, 
may  be  removed  from  an  expression,  provided  the  sign  of  each 
term  which  was  inclosed  by  the  parenthesis  be  changed. 

These  principles  may  also  be  applied  to  remove  the 
parentheses  used  to  inclose  the  numbers  in  Chapter  II. 

When  one  parenthesis  incloses  another,  either  the  outer 
or  the  inner  parenthesis  may  be  removed  first.  It  is  best 
for  the  beginner  to  use  the 

Ruk.  Rewrite  the  expression,  omitting  the  innermost  paren- 
thesis, changing  the  signs  of  the  terms  which  it  inclosed  if 
the  sign  preceding  it  be  minus  and  leaving  them  unchanged 
if  it  be  plus. 

Combine  like  terms  that  may  occur  within  the  new  inner- 
most parenthesis, 

Repeat  these  processes  until  ail  the  parentheses  are  removed. 
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EXAMPLE 

Remove  the  parentheses  from  8  —  (3  —  2  a)  +  (4  —  5  a). 
Solution.    8-(3-2a)  +  (4-5a)  =  8-3  +  2a  +  4-6a  =  9-3a. 

The  student  should  observe  that  the  removal  of  a  paren- 
thesis is  merely  the  performance  of  an  indicated  addition 
or  subtraction.  Thus  3  —  2  a  in  the  example  above  is  a 
subtrahend  which  is  to  be  taken  from  8  +  4  —  5  a  even 
though  it  comes  before  4  —  5  a. 

The  student  should  exercise  great  care  in  the  removal 
of  a  parenthesis  preceded  by  a  minus  sign.  Errors  in  this 
connection  are  common  and  they  persist  long. 

ORAL  EXERCISES 

Read  the  following  expressions  after  removing  the  paren- 
theses : 

1.  8  +(4  +  2).  5.  x-hQ/  +  z).  9.  a  -(a  -  b). 

2.  8-^(4  — 2).  6.  x+Qz  —  z).  10.  a +(- a -{-h). 

3.  8  -(4  -I-  2).  7.  x-(y-h  z),  n.  a-  +  y  +(x  -  y). 

4.  8 -(4 -2).  s.x-(y--z).  12.  a  -  b  ^(b  -  a). 

13.  a-3-(3-a  +  a;).  17.  -{Sa- c)-(2c  -  5a). 

14.  (a  — c)  — (c  +  a).  18.  a; —(2a  —  3a;  —  2c). 

15.  -(2a-^»)-^(25-a).  19.  (- a;  +  a)-(a  -  3aj). 

16.  — (a  — 3c)-f  (2  — a;).  20.  —(—a  +  x)-\-(—a  —  5x). 

EXERCISES 

Remove  the  parentheses  and  combine  like  terms : 

1.  14 -(6 -3)- 5.  3.  (7-5-f.2)-(6-4)-f.l2. 

2.  10+(7-4)-(9-7).    4.  lla-(4a-9a)-|-(6a-a> 

6.  (26-5a)-(4a-fi-7a). 

6.  a-(6-a)-f  (26-3c). 

?•  a  -  b  "(c  -  d)  +  (a  "  b)'-(b  --  c). 
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9.  ic.-(a;  r^  y  -  2«)-(3« +  2^  +  4)-f  (aj  -  6). 
lO;  7  -  [8  -  (3  -  10)]  -  (13  -  2b). 

Hint.   7-  [8  -  3  +  10]  -  13  +  25,  etc. 

Observe  that  we  may  first  remove  the  inner  parenthesis,  —  (8  — 10), 
and  also  remove  the  last  parentheses  at  the  same  time.  Doing  this  often 
saves  rewriting  and  decreases  the  probability  of  error. 

11.  8-[6-(4-6)]-(6-15). 

12.  12  -  (8  -  17)  -  [(4  -  1)  -  8]. 

13.  16-[3-(2-5)]4-(3-5)~(8-4). 

14.  a+[2a-(3a-26)]  +  (3^-2a). 

15.  a  +  [5a— (3ic-2a)]  — (4a  — 3aj). 

16.  2a-[6a-(5a;-4a)]  +  (8a-7a;). 

17.  How  many  parentheses  may  be  removed  the  first  time 
Exercise  18  is  rewritten  ?  Exercise  19  ?  20  ?  21  ?  22  ?  23  ? 
24?  2h? 

18.  (5a;-6y)-[-4a;-(4«-y)-2»]. 

19.  [3a;-(23^  +  «)]-[-(3y-2aj)+5a;]. 

20.  [(a  +  3)-(a;  -  5)]"-[a  +  3  +(x  -  6)]. 

21.  7-[-6-{-4+(9-10)}  +  ll]. 

22.  6a— [2a-h(--3a  +  4ft)-(a  — 8^)-f-4a]. 

23.  2a;  — 3y-[{3«-7a;-(3^-4«)-9x}  +  «]. 

24.  {4a-[2a-(8a  +  2i)  +  4]-(46-6)}. 

25.  -  6a; +  [15a;-{llaj- (2a; -7a;- 4) -3aj}- 22]. 

26.  (4y-7a;)-{3a;-[4a;-(7i/-4a;)-(-62/  +  3a;)]}. 

Sometimes  it  is  necessary  to  remove  some  of  the  signs  of 
aggregation  in  an  expression,  leaving  others.  In  the  following 
remove  the  parentheses,  retaining  the  brackets,  and  simplify 
the  results  as  much  as  possible : 

27.  [(a  +  ^i)+c],  [(a  +  5)-c]. 

28.  [4a;+(3«-6y)],  [4a;-(3«-5y)]. 
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29.  [(a  -  b)  +  (b  -'2a);\,  [(a  -  6)-(ft  -  2a)]. 

30.  [(3a-26)  +  (2ft-3a)],  [(3a- 2^)-(2^- 3a)]. 

31.  [(a  -  2  ^i)  + (3  c -(f)],  [(a -2  5) -(3  c -*(£)]. 

32.  [(4a:  -  3)  +  (5y  -  7)],  [(4x  -  3)-(5y  -  7)]. 

33.  l(x^  -  a^  +  (2/^  -  2  a«)],  l(x^ -««)-(/-  2a^]. 

36.  Inclosing  terms  in  parentheses.   Obviously, 

16  +  9  -  5  =  16  +  (9  -  5),  for  each  equals  20. 
Similarly,  a  +  b  —  c  =  a  +  (b  — c). 

That  the  two  preceding  expressions  are  equal  may  be 
seen  by  removing  the  parentheses  according  to  the  first 
Principle  on  page  65. 

These  processes  are  illustrations  of  the 

Principle.  One  or  more  terms  may  he  hiclo%ed  in  a  paren- 
thesis preceded  by  a  plus  sign^  toithout  changing  the  sign  of 
any  of  the  terms. 

The  expression 

17  +  8  -  3  =  17  -  (-  8  +  S),  for  each  equals  22. 
Similarly,  a-^-b  —  c  =  a  —  (^—b  +  c^y  > 

and  a  —  b'{-c  =  a  —  (b  —  c^. 

That  the  right  member  in  each  of  these  cases  is  another 
form  of  the  left  may  be  seen  by  removing  the  parentheses 
according  to  the  second  Principle  on  page  65. 

These  processes  are  illustrations  of  the 

Principle^  One  or  mx>re  terms  may  be  inclosed  in  a  paren- 
thesis preceded  by  a  minus  sign^  provided  the  sign  of  each 
term  thus  inclosed  is  changed^ 
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EXERCISES 

In  the  f  oUowing,  inclose  in  a  parenthesis  preceded  by  a  plus 
sign  all  the  terms  containing  the  letters  x  or  y,  and  inclose  in 
a  parenthesis  preceded  by  a  minus  sign  all  the  other  terms : 

1.  aj2-a2_2a.  3.  y^  -  9b^  +  6ah  ^  a\ 

2.  12a  +  a»-9-4a».  4.  10  ab -h  a^  -  a^  -  25  b\ 

5.  a?^p^4:l^  +  y^-a^--2xy. 

6.  ^4:ab+a?-^b^  +  i/-a^-2xy. 

7.  16x^-a2-16icy-4  +  4a-f42/* 

8.  a^^b'-lOxy-i-  12ab  -  SGa^  +  25y'. 

9.  2ab'^a^  +  a^  +  2xy--b^  +  y'. 

10.  a^-16ay-a^-f-16a  +  642/^-.64. 

11.  In  Exercises  1-4,  inclose  the  last  two  terms  in  a  paren- 
thesis preceded  by  a  negative  sign. 

12.  In  Exercises  5-10,  inclose  the  last  three  terms  in  a 
parenthesis  preceded  by  a  negative  sign. 


CHAPTER  VIII 

MULTIPLICATION 

37.  Product  of  terms  containing  unlike  letters.  The  stu- 
dent is  familiar  with  the  fact  that  the  factors  of  a  product 
may  be  written  in  any  order. 

For  example,  2-4  =  4.2. 

Similarly,  a  •  i  =  i  •  «. 

This  principle  is  called  the  Commutative  Law  of  Mul- 
tiplication. 

Further,  2  a^  x  3  =  2  x  3  x  a^  =  6  a^, 

and  2ax36  =  2x3xaxJ  =  6a6. 

Similarly,  Gar^.  5y8  =  6  •  5  .a:^.  y8  =  30ar^/. 

Also,  4  a6  .  3  22  =  4  •  3  .  a6  .  22  =  12  abz^ 

Up  to  the  present  we  have  assumed  that  the  various 
operations  of  multiplication  in  any  product  may  be  per- 
formed in  any  order. 

That  is,  (3  .  2)  4  =  3  (2  .  4)  =  24.  In  general  terms 
a(b  •  c)  =  (a  •  b^ e.  This  merely  tells  us  that  a  multiplied 
by  the  product  of  b  and  e  is  the  same  as  the  product  of  a 
and  b  multiplied  by  c.  This  principle  is  called  the  Asso- 
ciative Law  of  Multiplication. 

Biographical  Note.  Sir  William  Rovoan  Hamilton,  It  is  strange 
that  of  all  the  topics  treated  in  this  book  the  last  to  be  thoroughly  under- 
stood by  mathematicians  are  those  appearing  in  the  first  chapters.  But 
in  all  the  sciences  it  is  often  most  difficult  to  answer  the  questions  that 
at  first  sight  seem  quite  obvious.  Any  child  can  ask  what  electricity  is, 
but  the  wisest  scientist  cannot  tell.   He  can  only  explain  what  electricity 
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does.  It  is  easy  to  ask  how  the  earth  came  to  be  revolving  around  the 
sun  with  the  moon  revolving  around  it,  but  even  the  deepest  students  of 
astronomy  differ  in  their  theories  of  how  it  came  to  be.  And  so  in  mathe- 
matics, long  after  many  of  the  more  complicated  processes  of  algebra 
were  completely  understood,  the  simple  laws  of  operation  of  numbers 
were  surrounded  with  haze.  One  of  the  men  who  did  most  to  clarify  the 
nature  of  these  laws  was  Sir  William  Rowan  Hamilton  (1806-1866).  He 
was  bom  in  Dublin,  Ireland,  where  he  lived  most  of  his  life.  He  was  a 
precocious  boy,  and  at  the  age  of  twelve  was  familiar  with  thirteen  lan- 
guages. He  devised  kinds  of  numbers  that  do  not  follow  the  same  laws 
as  those  that  we  use  in  algebra,  and  so  threw  a  flood  of  light  on  the  nature 
and  properties  of  these  common  numbers.  He  waJ9  the  first  to  recognize 
the  importance  of  the  Associative  Law,  and  called  it  by  that  name.  Most 
of  his  works  are  very  advanced  in  character  and  are  difficult  to  read. 

38.  Product  of  terms  containing  like  letters.  By  the  defi- 
nition of  an  exponent  (p.  9),  c^=^a  •  a,  and  c^^a  •  a  •  a. 

Therefore  fj^y.d^^a'ay.a^a^a'^a^  —  a2+«. 

Similarly,  J  x  6»  x  ^  =  &x  J.J.  Jx  J.&.6.5.6  =  ^8=6i+8+». 

In  like  manner  3' x  3*  xS'*  =  3- 3x3- 3- 3. 3x3- 3- 3- 3- 3  =  3" 

=  3a  +  *  +  ». 

Also,  ay^  X  y*  =  a^  =  ay2+«, 

and  2a6x  3aa  =  6a»6  =  6ai+26, 

and  4  3^yz  x  5  ary»  =  20  arVz  =  20  a;a+y +»2. 

Therefore  we  have  the 

PrvndpU.  The  exponent  of  any  letter  in  the  product  i% 
equal  to  the  sum  of  the  exponents  of  that  letter  in  the  factors. 

This  is  expressed  in  general  terms,  thus: 

The  law  of  signs  for  the  multiplication  of  positive  and 
negative  numbers,  given  on  page  27,  applies  to  literal  terms 
as  weU. 

Thus  +  2  a^  X  (+  3  a^)  =  +  6  a\ 

+  2  a«  X  (-  3  a«)  =  -  6  a^ 
-  2  a«  X  (+  3  flS)  =  -  6  aT. 
-2a3x(-3a»)=  +  aa'. 

SB 
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For  the  multiplication  of  two  monomials  we  have  the 

Ruk.  Obeying  the  rule  of  signs  for  multiplication^  write  the 
product  of  the  numerical  coefficients  followed  by  all  the  letters 
that  occur  in  tJte  multiplier  and  the  multiplicand^  each  letter 
having  as  its  exponent  the  sum  of  the  exponents  of  that  letter 
in  the  multiplier  and  the  multiplicand. 

ORAL  EXERCISES 

Perform  the  following  indicated  multiplications : 


1.  (3)  (-6). 

2.  (-2)  (7). 

3.  (-8)  (-3). 

4.  (-4x)(5). 

5.  3  a;  •  5x. 
16.  (-2a:2)(3a;»). 
17-  (3  x*)  (- 2  x*^). 

18.  (4  x*)  (- 5  a;*). 

19.  (- 3  ««)  (- 4  a;*). 

20.  (-6ar^)(4a;). 

26.  (r-^x)\ 

27.  (7)  (-5  a). 

28.  (3  a)  (-8). 

29.  {-2yf. 

38.  {^a^xy: 

39.  (-  2  a)  (-  4  a«). 

40.  (5a*)(8a«). 

41.  {-^x)K 

42.  (««)(-.  16  a). 

43.  (- 4  a«)  (- 6  a«). 

44.  (+3y)«. 

45.  (4.x)(by){^xy). 

46.  {Zx){-2yf. 


6.  7? 

7.  3? 

8.  x^ 

9.  x^ 


x' 


x\ 

7?, 


10.  cc'  •  x^ 


11.  ic* .  a;'. 

12.  -ar».(aj*). 

13.  --a^.(-a?). 

14.  -x^.(-3«»), 

15.  -ic^.(2ar«). 

21.  (- 7  a;)  (- 2  ««). 

22.  (+ 2  a^)  (- 3  a%;). 

23.  (-4a»a;)(+2a;*). 

24.  (- 5  a^aj)  (- 7  aa;). 

25.  (+3aV)(4aV). 

30.  (-9a)(-10).        34.  (-lla;)(3a;). 

31.  (-3aa:)^  35.  (7aj)(-3a:). 

32.  (4  a)  (-5  a).  36.  \- a)\ 

33.  (^^ahcf,  37.  \-'2a)\ 
47.  r--3a^)^ 

3aj»)(-2/). 

5a:V)(-2a:»). 

~6a;V)l 

2aar*)8. 

5  a8)  (~  4  a^  (-  3  a). 
-2a2)(3a«)2. 

3  aoi)  (-  2  a*»)  (-  7  oaf). 


48. 
49. 
50. 
51. 
52. 
53. 
54. 
55. 
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39.  Multiplication  of  a  polynomial  by  a  monomial.  Clearly 
2  (5  +  3)  is  equivalent  to  2  •  5  +  2  •  3,  each  expression  being 
equal  to  16, 

Similarly,  a(b  +  c)=ab  +  ac.  This  principle  is  called  the 
Distributive  Law  of  Multiplication. 

Therefore,  for  the  multiplication  of  a  polynomial  by  a 
monomial,  we  have  the 

Rule.  Multiply  each  term  of  the  polyrvamial  hy  the  monomial 
and  write  in  sticcession  the  resulting  terms  with  their  proper 
signs. 

Example.       3a:*— 2ary  +  4y  —  5a  —  6 

2£y 

Product,     6  aH*y  —  4  a:y  +  8  xy^  — 10  axy  — 12  ocy 

EXERCISES 

Multiply : 

1.  a: +  2  by  2.  8.  6ar*  —  2  a;  —  4  by  aj". 

2.  a;  —  4  by  aj.  9.  —  4 a:^  +  6 a?  —  6  by  6a^. 
8.  ar»  +  5  by  2x.                     10.  2a;2  -  3aj  —  2  by  -  4aj^. 

4.  3a^  +  4by2a;.  11.  a«- 3ar»~  4  by  -  6a;^ 

5.  a:^  — 2a;  by  ar'.  12.  2a;  — 3ar»- 2a;«  by-2a;». 

6.  y*-3y  +  2by3y.  13.  1  xy -x^- yhy  ^xy. 

7.  l^-hf  +  ^y-lhjf.  14.  a;^-2a;y  +  y*by  -  Sa;^. 

15.  a*  -  a^^^  +  2'*  by  -  a%\ 

16.  —aV  —  2aa;  +  Ti' by —4a6a;. 

17.  7a;»~8ar*  +  12x-6by-4a?». 

18.  —  9a2— 12aa;  +  42a;2by  3aa;». 

Perform  the  multiplication  indicated : 

19.  7(2a;-3).  22.  -9(-4a  +  *). 

20.  6a;(a;-y).  23.  -  3 a; (2 a;  -  7). 
31.  -8(33; -7).  24.  6a;^(9a;»-' 4x). 
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• 

26.  -3(aj^-2aj-6).  28.  («« - oa?  +  a^ (- 2 a^a). 

26.  5xy(a?—ex  +  9).  29.  -  7ab(aa^  —  bx  +  c), 

27.  -'Sx(ax-bx-Sca^).      30.  4a;*(- 3a;  H-Ta;^- »*). 

40.  Multiplication  of  polynomials.  Clearly  (5-f-3)(7-4) 
=  8  •  8  =  24.  The  multiplication  may  also  be  performed 
OS  follows:  (5  +  3)  (7-4)=5  (7- 4)  +  3  (7- 4)=  35 
--20  4-21-12  =  24. 

Similarly,  (2  a;  +  3)  (4 a:  -  5)  =  2 a;(4  a;  -  5)+ 3 (4 a;  -  5) 
=  8a:2_i0a;  +  12a;-15,  or  8a^5  +  2a;-15. 

In  general  terms  (a-f-6)(t?  +  cr)=  a(c-|-rf)+6(c-hcr) 
=  ac-[-ad  +  bc  +  bd. 

This  gives  for  the  multiplication  of  polynomials  the 

Ruk.  Multiply  the  multiplicand  by  each  term  of  the  multi- 
plier in  turri,  and  add  the  partial  products. 

Example.  3  a:  —  2 

2a:  +3 


Multiplying  by  2  a:,        6  a:^  —  4  a:         =  first  partial  product. 
Multiplying  by  +  3,  +  9a^--  6  =  second  partial  product. 

Complete  product,  Car^  +  Sx  —  6  =  sum  of  partial  products. 

EXERCISES 

Multiply : 

1.  a;  +  4  by  a;  +  3.  9.  3aj  -  2  by  2a;  -  3. 

2.  2a; +  3  by  a; +  3.  10.  -  3a;  +  11a  by  5a;  —  a. 

3.  4  a;  -h  7  by  3  a;  -f  2.  11.  aa;  —  fta;  by  ca;  +  dx. 

4.  3  a;  —  5  by  3  a;  +  8.  12.  —  ex  -|-  e^  by  ^a;  —  cx\ 

5.  3  a; -2  by  2a; -1-3.  13.  4a;  -  32^  by  6  a; -f  Sj^. 

6.  6  — 4a  by  5a  — 7.  14.  a;^  —  5a;  +  6  by  a;  —  3. 

7.  2x  +  yhyx  +  Sy,  16.  3a;2- 3a;  -  7  by  2x  +  4. 

8.  2a;  — 32/ by  3a;  — 2y.       16.  x^  —  xy -{- 'f  hj  x -\r  y. 
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17.  ah?  —  2  dht  4-  4  a^  by  cwc  +  2  a. 

18.  3a:»-aj^- 6a;  by  2a;»-.6a;^ 

19.  2a:2-7a;  +  12byar»-3aj-i6. 

20.  aj^-2a;-3byaj2-2aj-3. 

Expand : 

21.  (3a;»  -  6aj  -  l)(2a;  -  3).  24.  (3y  -  2/»  -  2)». 

22.  (^  -  3a;  -  2)(ar^  -  2a;  +  3).  25.  (4a;  -  2a;^  -  6)'. 

23.  (f^ZtJ^2)\  26.  (3a;»-4a;4-7)l 

41.  Powers.  A  power  of  a  number  is  the  product  ob- 
tained by  using  the  number  as  a  factor  one  or  more  times. 

For  example,  8,  or  2',  is  the  third  power  of  2 ;  81,  or  3*,  is  the 
fourth  power  of  3 ;  and  32  a:*,  or  (2  x)^^  is  the  fifth  power  of  2  ar. 

42.  Arrangement.  A  polynomial  is  said  to  be  arranged 
according  to  the  deBceindirig  powers  of  a  certam  letter  when 
the  exponents  of  that  letter  in  successive  terms  decrease 
from  left  to  right.  Thus  ia^—bx^  —  Qx  +  i  is  arranged 
according  to  the  descending  powers  of  x.  Again,  4  —  2  y 
+  y^  and  rr^  —  3  x^y  +  3  x^  —  j^  are  arranged  according  to 
the  asce7i4ing  powers  of  y. 

Whenever  it  is  possible  to  arrange  the  multiplier  and 
the  multiplicand  in  the  same  order  with  respect  to  the 
same  letter  it  should  be  done,  as  the  addition  of  the 
partial  products  is  then  much  more  easily  performed. 

43.  Degree.  The  degree  of  a  term  with  respect  to  any 
letter  which  does  not  appear  in  the  denominator  is  deter- 
mined by  the  exponent  of  that  letter  in  the  term. 

Thus  X,  3  xy,  and  4  a^xz  are  of  the  first  degree  in  x,  and  3  x^  is  of 
the  second  degree  in  y. 
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The  degree  of  a  term  with  respect  to  two  or  mare  letters 
which  do  not  appear  in  the  denominator  is  determined  by 
the  sum  of  the  eooponents  of  those  letters  in  that  term. 

Thus  5  3^y  is  of  the  fourth  degree  in  x  and  y ;  4  a^hc^x^y  is  of  the 
sixth  degree  in  a,  h,  and  c. 

44.  Check  of  multiplication.  The  work  of  multiplication 
can  be  checked  by  giving  a  small,  convenient  numerical 
value  to  each  letter  involved  and  finding  the  correspond- 
ing numerical  values  of  the  multiplier,  the  multiplicand, 
and  the  product.  The  product  of  the  numerical  values  of 
the  multiplier  and  the  multiplicand  should  equal  the 
numerical  value  of  the  product. 

The  least  positive  integer  which  gives  a  reliable  check 
by  the  method  outlined  above  is  the  number  2.  This  is 
true  only  when  one  letter  is  involved.  If  more  than  one 
letter  is  involved,  the  check  is  not  certain  if  2  is  substi- 
tuted for  each  letter. 

The  number  1  is  very  convenient  to  use  in  checking, 
but  it  will  not  check  exponents,  since  0^  =  7?  ^0^  =  0?^^ 
etc.,  if  a:  =  l. 

EXAMPLE 

Multiply  3  aj*  —  6  -4-  £c^  —  2a;  by  X*  —  6  —  6aj,  and  check  result : 

Solution  and  check.  Arranging  both  multiplier  and  multiplicand 
in  descending  powers  of  x  and  multiplying,  we  obtain : 

3a:8  +  a^«-2a:-5        =24  +  4-4-5=        19    (If  a:  =  2) 

a^-bx-Q =Jt-10-6       =-12 

3a:S+        x^-     2x3-   5^2  __  228 

-   15a;*-      5a:8+10r^  +  25x 

-    183:8-    6a:g+123:  +  30 

Product,      Za^-   14a:*-   25a:3-      a;2  +  37a:  +  30 

Product,   96     -224     -200    -  4     +74+30    =-228   (Ifx  =  2) 

Since  —  228  is  obtained  in  both  steps  of  the  check,  the  result 
is  correct. 
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:4;<:H:iMkM; 


ORAL 

1.  Arrange  3«^— 8a;*  —  7  —  a*  —  2a;  in  descending  order. 

2.  Arrange  a* + ^*  -|-  6  a?}?' — 4  aft* — 4  a^h  in  descending  order 
with  reference  to  the  letter  h  \  with  reference  to  the  letter  a. 

3.  Why  should  multiplier  and  multiplicand  be  arranged  in 
the  same  order  before  attempting  to  multiply  ? 

4.  What  is  the  value  of  a'^^  and  of  c?h^  if  a  =  5  =  2  ? 

5.  What  point  in  checking  does  the  preceding  question 
bring  out  ? 

6.  If  1  or  0  is  correctly  substituted  for  the  letter  or  letters 
in  a  check  of  multiplication  and  the  two  results  do  not  agree, 
is  the  multiplication  necessarily  incorrect  ? 

7.  Why  is  a  check  of  multiplication  unreliable  when  the 
number  1  is  sulDstituted  for  the  letter  or  letters  involved  ? 

8.  If  one  interchanges  the  multiplier  and  multiplicand  and 
performs  the  multiplication  a  second  time,  would  this  give  a 
check  on  the  first  ?   Explain. 


EXERCISES 

Multiply,  and  check  every  fifth  exercise : 

1.  3ar»— 6a;  — 2by  2a;-3. 

2.  3a;*H-2a;-7by  2ar'-5a;-3. 

3.  ar»  +  2a;  — 4by  a;^-t-2a;4-4. 

4.  3a*-8a-l  by  a*+2a-3. 

5.  2a;»-7a;-2by  itself. 

6.  2x»-  3a;  +  2  by  itself. 

7.  a*  —  1^  a  +  I  by  a^  —  a  -t- 1. 

8.  a;*  — a;y  4-y*by  a;"-t-a;y +  3/*. 

9.  3a;»-f  6ar^- a; +  2  by  a;*  — 2a; +  3. 

10.  a~3-a«-2a"by  2a-3a*-l. 

HiHT.  Arrange  multiplier  and  multiplicand  in  descending  order  first. 

11.  3a-a«+6by  4a-3a*-6. 
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Expand : 

12.  (aj«-aj-6)(3a;^-2aj-4). 

13.  (3a;-ir»  +  ar*-6)(5-iC^-3a;). 

14.  [3a;-2a-(2a-3a;)][3aj-2a4.(2a-3a;)]. 

15.  (4a  — 6a^+7  +  a«)(3  +  a'~a+-a^. 

16.  (5x-3  +  Sa^(S-'5a?+2a^-Qx). 

17.  (x'-2xy  +  Sf)(a^+2xt/-i'Sy^, 

18.  (x^y  —  i/^x)  (4:Xi/  —  5  x^y)  (3  a^y  —  2  a:y^. 

19.  (x^  +  y^  +  z^  —  xy  —  xz  —  yz)(x  +  y  +  z). 

20.  (a  +  ^  +  c)\  23.  (2a  -  45  +  3)^ 

21.  (2a -35  + 4c)*.  24.  (a  -  25  4- 3c  -  4<^». 

22.  (c  +  e^  -  \)\  25.  (a;  +  y  +  »)•. 

Expand  and  collect  like  terms  in : 

26.  (a;  4-  2  yf-^  (x  -  2  y)\  31.  (4  a;  -  3  j/)'  -  (2aj  +  6  y)'. 

27.  (x  -  3)8  4-  (3  -  a;)«.  32.  (x  -  3)'  -  (2  x  -  1)1 

28.  (x  +  y)'  +  (a;  -  y)«.  33.  (2 aj*  -  3  a)  (2  aj*  +  3  a)« 

29.  (2aj-3a)«-(3a-2a;)».      34.  (a^^5)(a^+  4:)-(a^+x^. 

30.  (oaj  -  5  ay)« -  (ax  -  ay)«.      35.  [a  +  (a*+3)][a-  (a*+  3)]. 
36.  [a-(a;«-3)][a+(ar»-3)]. 

87.  [aj-a-f(ar^-2)][(x-a)-(a«--2)]. 

88.  (2x  ~3)(3a^- 5a;)- (4a;* ~3a;)(2 a; -7)-(3a;-6)«. 


CHAPTER  IX 

PARENTHESES  IN  EQUATIONS 

45.  Simple  equations  involving  parentheses.  In  handling 
parentheses  it  is  very  easy  to  acquire  careless  habits,  which 
are  difiScult  to  overcome.  Accuracy  in  such  work  demands 
especial  care  in  removing  each  parenthesis  that  is  preceded 
by  a  minus  sign. 

EXAMPLE 

Solve  the  equation  3  (2  x  +  1)  -  (4  a:  -  7)  =  16. 

SoluUon.  3  (2  x  +  1)  -  (4  x  -  7)  =  16. 

Remoying  parentheses,     6a:  +  3--4a:  +  7=16. 


Combining, 

2a: +  10  =16. 

Trannposing, 

2a:  =  6. 

Dividing  by  2, 

a:  =  3. 

Check. 

3(2. 3+1) -(4. 3 -7)  =  16. 

Simplifying, 

21  -  5  =  16, 

or 

16  =  16. 

EXERCISES 

Solve  and  check : 

1.  2(aj  +  3)  =  12.  8.  16  +  2(4y-7)-12y  =  0. 

2.  5(aj-l)=30.  9.  5aj  -  4(4  -  a;)-ll  =  0. 

3.  4(aj  +-  6)  =  16.  10.  2(aj  +  1) -  3  =  3(x  -  1). 

4.  2(3-x)-f  1  =  2.  11.  4(2a;-5)-f-15  =  3(x+10). 

5.  5(x--3)  +  14  =  4.  12.  3(aj  +  6)+8  =  5(6-f-a;). 

6.  6(aj-7)+8a;  =  4.  13.  7(aj  +  5)=  4(a;  +  8)+ 3. 

7.  4(4aj.-l)  +  3=a;.  14.  7(y  -  2)- 2(3 +  y)=  0. 

79 
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15.  9y~3(2y-4)=2(5-y)  +  7. 

16.  2?i-9(27i  +  4)=2(y*-9). 

17.  7a;-12-2(x-6)  =  a;-14 

18.  5(3A-l)-7A  =  3(A  +  7)-.l. 

19.  (n  -  4)(n  +  8)=  7  -(3  -  n)(n  +  5). 

Solution.  Expanding,       (n«  +  4  n  -  32)  =  7  -  (15  -  2  n  -  n*). 
Removing  parentheses,       n*  +  4  n  —  32  =  7  — 15  +  2  n  +  n*. 
Subtracting  n^  from  each  member,  and  combining, 

4n-32=-8  +  2n. 
Transposing  and  combining,  2  n  =  24. 

Dividing  by  2,  »  =  12. 

Check.  (12  -  4)  (12  +  8)  =  7  -  (3  - 12)  (12  +  5). 

Simplifying,  8  •  20  =  7  -  (-  9  •  17) ; 

that  is,  160  =  7 -(-153), 

or  160  =  160. 

20.  (a:  +  3)2-(x  +  6)«=-40. 

21.  (x  + 2)^ -(a; -4)^  +  48  =  0. 

22.  (2aj-4)(3a;-6)=6a:*  +  72. 

23.  (a;  +  4)(aj  +  6)  =  (a;  +  18)(a;  +  13). 

24.  (7i4-2)(7i-f  3)  =  (A-6)(A--2). 

25.  (Aj-7)(5  +  A:)~(7c-6)(Aj  +  7)4-5  =  0. 

ORAL  EXERCISES 

1.  The  length  of  a  rectangle  is  a;  —  3  and  its  width  is  4. 
What  is  its  area?  its  perimeter? 

2.  The  length  of  a  rectangle  is  a  and  its  breadth  is  b. 
What  is  its  area?  its  perimeter? 

3.  Express  as  a  product  the  areatf  a  rectangle  whose  length 
is  3  aj  +  2  and  whose  breadth  is  aj  —  1.  What  is  its  perimeter  ? 

4.  Each  of  three  sheep  cost  $40.  What  was  the  cost  of  all? 

5.  Each  of  n  horses  cost  $200.   What  represents  the  cost 
of  all? 
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6.  Eaoh  of  a  books  cost  b  cents.  What  represents  the  cost 
of  aU? 

7.  What  is  the  total  cost  of  x  hats  at  a  dollars  each^  and 
y  Iiats  at  h  dollars  each  ? 

8.  What  is  the  cost  of  h  horses  at  a;  + 15  dollars  each? 

9.  Represent  the  total  cost  of  a  chairs  at  j/  +  4  dollars 
each,  and  h  chairs  2X  z^2  dollars  each. 

•     10.  A  is  w  years  old.  What  will  be  his  age  6  years  hence? 
«  years  hence?  What  was  his  age  6  years  ago?  a  years  ago? 

11.  A's  age  in  years  is  three  times  B's.  If  B  is  a;  years  old, 
represent  A's  age  (a)  now,  (b)  7  years  hence,  (c)  4  years  ago, 
(d)  the  sum  of  their  ages  4  years  hence. 

12.  A's  age  is  2  w  —  3  years.  What  will  be  his  age  12  years 
from  now?  h  years  from  now?  What  was  his  age  7  years  ago? 
a; years  ago? 

13.  A  and  B  each  have  d  dollars.  If  A  gives  B  five  dollars, 
how  much  will  each  then  have? 

14.  A  and  B  each  have  x  +  25  dollars.  If  B  gives  d  dollars 
to  A,  how  much  will  each  then  have? 

15.  If  A  has  a?  +  25  dollars,  and  B  has  2  a;  -|-  8  dollars,  express 
as  an  equation  each  of  the  following  statements : 

(a)  A  has  as  many  dollars  as  B. 
(5)  A  and  B  together  have  ^^250. 

(c)  A  has  $15  less  than  B. 

(d)  If  A  gains  $75  and  B  loses  $20,  they  have  equal  amounts. 

16.  If  A's  age  is  n  years,  B's  3^  +  5  years,  and  C's  2  »  —  4 
years,  express 

(a)  the  ages  of  A,  B,  ^d  C  six  years  hence; 

(b )  the  ages  of  A,  B,  and  C  five  years  ago. 

Express  each  of  the  following  statements  as  an  equation : 

(c)  The  sum  of  the  ages  of  A  and  B  six  years  hence  will 
be  60  years. 
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10.  The  difference  of  the  squares  of  two  consecutiye  integers 
is  35.   Find  the  integers. 

11.  The  difference  of  the  squares  of  two  consecutive  integers 
is  71.   Find  the  integers. 

12.  The  difference  of  the  squares  of  two  consecutive  odd 
integers  is  104.   Find  the  integers. 

13.  The  square  of  an  integer  plus  the  square  of  the  next 
consecutive  integer  is  17  less  than  twice  the  square  of  the 
greater  integer.    Find  the  integers. 

14.  The  difference  of  the  squares  of  two  consecutive  odd 
integers  is  48.    Find  the  integers. 

15.  The  product  of  two  consecutive  odd  integers  is  42  less 
than  the  square  of  the  greater  integer.   Find  the  integers. 

16.  The  product  of  two  consecutive  even  integers  equals 
44  increased  by  the  square  of  the  smaller.   Find  the  integers. 

17.  A's  age  in  years  is  three  times  B's,  and  C  is  10  years 
older  than  B.  The  sum  of  their  ages  is  45  years.  Find  the 
age  of  each. 

18.  A's  age  in  years  is  twice  B's,  and  C  is  7  years  older 
than  A.  Six  years,  hence  the  sum  of  their  ages  will  be  85 
years.   How  old  is  each  ? 

19.  A  is  10  years  older  than  B,  and  C  is  6  years  younger 
than  B.  Six  years  ago  the  sum  of  their  ages  was  40  years. 
Find  the  age  of  each. 

20.  A  is  2  years  more  than  twice  as  old  as  B,  and  C  is 
7  years  younger  than  A.  In  6  years  .the  sum  of  their  ages 
will  be  75  years.   Find  the  age  of  each. 

21.  A  is  now  50  and  B  is  36  years  old.  How  many  years 
ago  was  A  three  times  as  old  as  B? 

22.  A  is  now  19  years  old  and  B  is  54.  In  how  many  years 
will  A  be  exactly  half  as  old  as  B  ? 
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23.  A  is  30  years  older  than  B.  In  20  years  A  will  be  twice 
as  old  as  B.  Find  the  age  of  each  now. 

24.  A  is  three  times  as  old  as  B.  In  15  years  A  will  be 
twice  as  old  as  B.   Find  the  present  age  of  each. 

25.  A's  age  is  8  years  more  than  twice  B's  age.  Sixteen  years 
ago  A  was  four  times  as  old  as  B.  Find  the  age  of  each  now. 

26.  A  square  has  the  same  area  as  a  rectangle  whose  length 
is  8  inches  greater,  and  whose  breadth  is  4  inches  less,  than  the 
side  of  the  square.   Find  the  dimensions  of  each. 

Solution.  By  the  conditions  of  the  problem, 

the  area  of  the  square  =  the  area  of  the  rectangle. 
Let  s  =  the  length  of  the  side  of  the  square  in  inches. 

Then        «  +  8  =  the  length  of  the  rectangle  in  inches, 
and  5  —  4  =  the  breadth  of  the  rectangle  in  inches. 

Now  the  area  of  the  square  is  s  •  s,  or  s^,  square  inches,  and  the 
area  of  the  rectangle  is  (s  +  8)  (5  —  4),  or  s^  +  4  5  —  32,  square  inches. 

Therefore  8^  =  s^  +  is -32.    .  (1) 

Solving  (1),        5  =  8,  the  length  of  the  side  of  the  square ; 

«  +  8  =  10,  the  length  of  the  rectangle, 

and  5  —  4  =  4,  the  breadth  of  the  rectangle. 

Check.  The  area  of  the  square  is  8  •  8  =  64  square  inches,  and  the 
area  of  the  rectangle  is  also  IG  •  4  =  G4  square  inches. 

27.  A  square  field  has  the  same  area  as  a  rectangular  field 
whose  length  is  15  rods  greater,  and  whose  breadth  is  10  rods 
less,  than  the  side  of  the  square.  Find  the  dimensions  of  each 
field. 

28.  A  tennis  court,  for  singles,  is  3  feet  shorter  than  three 
times  its  breadth.  The  distance  around  the  court  is  210  feet. 
Find  the  length  and  the  breadth  of  the  court. 

29.  A  tennis  court,  for  doubles,  is  6  feet  longer  than  twice 
its  breadth.  The  perimeter  of  the  court  is  228  feet.  Find  the 
dimensions  of  the  court. 
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30.  The  breadth  of  a  basket-ball  court  is  20  feet  less  than 
its  length.  The  perimeter  of  the  court  is  80  yards.  Eind  the 
dimensions. 

31.  The  perimeter  of  a  rectangular  athletic  field  is  780  feet. 
Its  length  is  5  yards  less  than  twice  its  breadth.  Find  the 
dimensions. 

32.  In  a  rectangle  24  feet  broad  and  30  feet  long  a  grass- 
plot  is  to  be  laid  out,  surrounded  by  a  flower  bed  of  uniform 
width.  It  is  desired  that  the  perimeter  of  the  grassplot  be 
exactly  one  half  that  of  the  entire  rectangle.  How  wide  should 
the  flower  bed  be  made  ? 

33.  The  value  of  15  pieces  of  money,  consisting  of  nickels 
and  dimes,  is  90  cents.   iFind  the  number  of  each. 

Solution.  By  the  conditions  of  the  problem, 

the  value  of  the  dimes  +  the  value  of  the  nickels  =  90  cents. 
Let  d  =  the  number  of  dimes. 

Then  15  —  d  =  the  number  of  nickels. 

Now  10  d  =  the  value  of  the  dimes  in  cents, 

and  5  (15  —  d)  =  the  value  of  the  nickels  in  cents. 

Therefore      10  rf  +  6  (15  -  cT)  =  ^^'  G) 

Solving  (1),  </  =  3,  the  number  of  dimes, 

and  15  —  (/  =  12,  the  number  of  nickels. 

Check.  3  .  10  +  12  .  5  =  30  +  60  =  90. 

34.  The  value  of  35  coins,  consisting  of  dimes  and  quarters, 
is  $6.50.   Find  the  number  of  each. 

35.  The  value  of  30  coins,  consisting  of  nickels  and  dimes, 
is  $2.60.   Find  the  number  of  each. 

36.  A  collection  of  nickels,  dimes,  and  quarters  amounts  to 
$10.80.  There  are  5  more  nickels  than  dimes,  and  the  number 
of  quarters  is  double  the  number  of  nickels  and  dimes  together. 
Find  the  number  of  each. 


CHAPTER  X 

DIVISION 

47.  Division  of  monomials.    The  rule  for  division  of 
numerical  terms  was  stated  on  page  29. 
Just  as  2  -J-  3  is  written  J,  so  a  -*-  J  may  be  written  as 


a  fraction,  -  • 

n 

Similarly, 

x^ 

and 

2a  :  36  =  ^f. 
36 

But 

---'""TF-T? 

By  the  definition  of  an  exponent  (p.  9), 
o^  =  a  •  a  •  a  •  a  •  a  and  a^=a  •  a. 

Then  oe-f- a^^ilh±:±ll  =  oS,  or  a»-». 

Similarly,   2«-i-  28=^x^x^^2x2x2  ^  g,^  ^^  ^e-s 

and  a3?-^Qfi==     '       ,  '^ ^axj  or  oa^^"^. 

In  like  manner    6  Jy^-s-  2  y8=  3  J^,  or  3  J  •  ^■'^. 
These  examples  illustrate  the 

Principle.  The  exponent  of  any  letter  in  the  quotient  is 
equal  to  its  exponent  in  the  dividend  minus  its  exponent  in 
the  divisor, 

BE  57 


88       COMPLETE  SCHOOL  ALGEBRA 

The  foregoing  principle  expressed  in  general  terms  is 

What  this  equation  means  when  5  =  a  and  when  b  is  greater  than 
a  will  be  explained  later. 

From  what  precedes  we  see  that  ax^^a?=^^^=^a. 

Hence  a  letter  which  has  the  same  exponent  in  divisor 
and  dividend  should  not  appear  in  the  quotient. 

The  law  of  signs  in  division  may  be  indicated  as  follows: 

+  aJ  -5-  (—  fl)  =  —  6. 

—  aJ  -5-  (+  a)  =  —  6. 

—  aJ  -J-  (—  a)  =  +  6. 

2a 
Now  —  12a-i-66=—  ---  •   Here  the  quotient  is  a  fraction,  and 

0 

the  minus  sign  indicates  that  the  fraction  is  negative. 

3a: 
Similarly,  9x-i-(—  3y)= , 

y 

and  -  24aV  ^  (-  6  2«)  =  +  ^. 

For  the  division  of  monomials  we  have  the 

Rule.  Divide  the  numerical  coefficient  of  the  dividend  hy 
the  numerical  coefficient  of  the  divisor^  keeping  in  mind  the 
rule  of  Bignafor  division. 

Write  after  this  quotient  all  the  letters  of  the  dividend  except 
those  having  the  same  exponent  in  divisor  and  dividend^  giving 
to  each  letter  an  exponent  equal  to  its  exponent  in  the  dividend 
minus  its  exponent  in  the  divisor. 

If  there  are  any  letters  in  the  divisor  unlike  those  in 
the  dividend^  write  them  under  the  preceding  result  as  a 
denominator. 
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ORAL  EXERCISBS 

Perform  the  indicated  division : 

1.  -20 -+-2.  15.  -18a;^-^(-6a:*). 

2.  12-*- (-3).  16.  -S5ax^-h5ax\ 

3.  __36-^(-4).  17.  12  oa;^ -*-(- 3  5aj«). 

4.  8a«-j-a2.  18.  14  a«6 -«- (- 2  aft). 

5.  a^-^aK  19.  -  28  ay* -*- (- 7  cy»). 

6.  —a"-f-al  20.  -  28  aW -f- (- 4  a^x^. 

7.  aj6  -5-  (-  aj).  21.  70  xY  -}-  (- 14  icV). 

8.  —  cc* -5- (- a:«).  22.  16  ac^ir -s- 2  aa:c*. 

9.  aa^-^(-aa;).  23.  48  ooj*  ^  (- 16  &c*). 

10.  —  aV^a*r.  24.  -  36  ^y -s- (- 6  icy ). 

11.  -  a^arc  -f-  caj.  25.  63  c«e^*  -^  (-  9  cd*). 

12.  aVc*  ^  a^x.  26.  64  a^ft^  -f-  (- 16  aft^). 

13.  _  8  a«  -f-  2  a\  27.  -  28  a«ft"  -4-  (-  7  a*ft*). 

14.  9  ar»  ^  (-  3  a).  28.  -  36  a^xb"^  -*-  9  a^xb\ 

._     15  xV*  ^.     -17a^ft»  __     -lla^ft^c"^ 

^^-   75^'  ^^-     34a^ft«  '  ^^-       66 ac^     ' 

42g^y"  39a;"y"  ,.    49  aV*yt^ 

48.  Division  of  a  polynomial  by  a  monomial.  In  multi^ 
plying  a  polynoniial  by  a  monomial  (p.  73)  we  multiply 
each  term  of  the  polynomial  by  the  monomiaL  In  division 
of  a  polynomial  by  a  monomial  we  reverse  the  steps  of 
multiplication  and  divide  each  term  of  the  poljrnomial  by 
the  monomiaL 

Thus  (ax  +  hx')  -s-a?  = 1 =  a  +  J. 

Again.    i^zi2|+li^J2^%,_6, 
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Therefore,  for  the  division  of  a  polynomial  by  a  monomial 
we  have  the 

Ruk.  Divide  each  term  of  the  polynomial  hy  the  monomial 
and  turite  the  partial  quotients  in  succession. 

ORAL  EXERCISES 

Perform  the  indicated  division : 

a*  *       —  3  a  *        —  3  aa^ 

a^c  —  a^         •  8  a;  — 12  aj* .  ^    ac -\- ah 

2. — •  5. •  8.  • 

or  —  4  05  a 

^    6a5«--4a;  ^    6aaj-10aV         ^    25 a:V  +  30 art/* 

3.  5 6.  ~ 9.  '^ ^. 

2  aj  2  oaj  —  oxy 

^^- Tb^ ^^-  ^0 

,,     14  aj  V  -  28  aj*?/  ,^    aaj*  —  ^aj«  +  car* 

"•  — 7ary    ■  •         ^*-  — i:^^ 

,«    4ajV-8ajV+12ajV      ,^    16 a^^^ 4- 9 a*^« - 30 a«S* 
12. T-=T ^-     15.   Q    a/a ' 

_^    16 a*^>^  ~  24 a^V'  -  48 a^^ 

,  ^    85  xyz  -  51  a^?/«^  + 102  aj  V"  - 1^0  a^y«« 

!••  ttt; ^ — ' 

+ 17  xyz 

4(a?  +  3)+a(a;4-3)  3a;(3a;  +  4)>-4y(3a; -h4). 

a;4-3  '  3aj  +  4 

^^    2(a;+l)+3a;(a;H-l)       23.  (^  -  ^)<^ -(«  -  ^)a? 
aj  +1  *  a  —  6 

jj^^  (a  +  a:)^2(a  +  ar)«  ^^    21(x  ^  y^  ^  ^Hx  -  y? 
a-\-x  *  —  7(a  — y)* 

(a4.^^)*--.3(g4.Z^)»  -5(gc^~2(^)«+g(gc'-2<Q 

(a +  6)^  '  5(a(r»-2d) 
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49.  Division  of  one  polynomial  by  another.  The  process 
of  dividing  one  polynomial  by  another  is  illustrated  in 
the  following : 


1.  Divide  a?-'5x  +  6hjx  —  S. 


Solution.   x«--5ar  +  6 


a:  —  3  =  Divisor  Check,   a?  —  8 


X  —  2  =  Quotient  x  —2 


-2a:  +  6  afl-^x 

-2a:  +  6  -2ar  +  6 


x«  -  5  X  +  6 
2.  Divide  16a;  -|-  12ir'  -  16  -  22 a;^  by  2a;  -  3. 

Solution.   12aJ»- 22r»  +  16a:-15 
12aJ»-18ar« 


-  4  a:* +  16  a: 

—  4ia^+    Qx 


2  a:  —  3  =  Divisor 


6^j-2a:  +  5  =  Quotient 


+  10X-15 
+  10a:-15 


Check. 


6a^»- 

-2a; 

+  5 

2a:  - 

-3 

12aJ»- 

-    4 

x^  +  lOa: 

- 

-18 

x^+   Qx- 

-15 

12aH»-22x«  +  16a:~15 

The  method  of  dividing  one  polynomial  by  another  is 
expressed  in  the 

Rule.  Arrange  the  dividend  and  the  divisor  according  to  the 
descending  (or  ascending^  powers  of  some  common  letter,  called 
the  letter  of  arrangement. 

Divide  the  first  term  of  the  dividend  by  the  first  term  of  the 
divisor  and  write  the  result  as  the  first  term  of  the  quotient. 

Multiply  the  entire  divisor  by  the  first  term  of  the  quotient^ 
write  the  result  under  the  dividend,  and  subtract,  being  careful, 
to  vrrite  the  terms  of  the  remainder  in  the  same  order  as  those 
of  the  divisor. 
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To  find  the  second  term  of  the  quotient^  divide  the  first 
term  of  this  remainder  by  the  first  term  of  the  divisor^  and 
proceed  as  before  until  there  is  no  remainder^  or  until  the 
remainder  is  of  lower  degree  in  the  letter  of  arrangement 
than  the  divisor. 

Check  for  division.  The  product  of  the  divisor  and  the 
quotient  should  equal  the  dividend. 


Divide  the  following  and  check  Exercises  1,  2,  3,  12,  17, 
and  18: 

1.  a2  +  10x4-24bya;  +  4.  9.  4ic^-8aaj-h3a2by 2a;-3a. 

2.  a;^-2a;-15byaj-f-3.  10.  a;*- 8 ar^+ 6 aj  + 12 by  x- 2. 

3.  a?  +  x-^hj  x-2.  11.  8a;»-12ir2+6x-lby2a;-l. 

4.  3a;2+5a;  +  2byaj+l.  12.  ic«- 11a;  -  6  by  a;  +  3. 
6.  2a2-3a-2by2a  +  l.  13.  «»- 14a;  -  8  by  a;  -  4. 

6.  5a;2-22a;  +  8bya;-4.    14.  a;«-2ar^-5a;  +  6  by  a;-.3. 

7.  6ar*-fl9a;-7by3a;-l.    15.  a;»-5a;  +  2  by  a;^  +  2a;-l, 

8.  3a;^-ax-2a2bya;-a.    16.  a;«-lla;  +  6bya;2  4-3a;  — 2. 

17.  a5*-lla;*+2a;-f  12bya;=  +  2a;-4. 

18.  a;"+8bya;  +  2.  20.  27a;»4- 8a«  by  3a;  +  2a. 

19.  8a;*  +  l  by  2a;  +  l.  21.  ax-Jf-^a-hx  —  ^bhyx  +  Z. 

22.  3  005  —  ay  —  6  5a;  +  2  Jy  by  2  6  —  a. 

23.  28aa;  +  9ny  —  21ay  —  12wa;  by  3y  — 4a;. 

If  there  is  no  remainder,  we  have  seen  that  the  process 
of  division  may  be  expressed  as  follows: 

Dividend     ^     ^.     ^ 
--—- ; =  Quotient 

Divisor 
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If  there  is  a  remainder,  the  following  relation  holds : 

Dividend     t^  _x-  i         ^-     ..  .  Remainder 

-=— — : =  Partial  quotient  +  — ttt-: 

Divisor  Divisor 

This  last  corresponds  to  what  is  done  in  arithmetic  in 
dividing  17  by  5,  which  is  written  ^=:=S^.  This  means 
that  J^  =  3  + 1^,  the  plus  sign  being  understood. 

General  check  for  division,  (a)  When  the  division  is  exact. 
Multiply  the  divisor  by  the  quotient.  The  product  should 
be  the  dividend. 

(J)  When  there  is  a  remainder.  Multiply  the  divisor  by 
the  partial  quotient  and  add  the  remainder  to  the  product 
obtained.    The  result  should  be  the  dividend. 

Note.  We  saw  on  page  1  that  it  is  customary  to  represent  the 
product  of  two  letters  by  placing  one  after  the  other  with  no  sign 
between  them.  Thus  ab  means  a  times  h.  But  addition,  not  multi- 
plication, is  implied  by  placing  the  fraction  f  after  the  number  3. 
This  practice  comes  down  to  us  from  the  Arabs,  who  denoted  all 
additions  by  placing  the  number  symbols  in  succession  without  any 
sign  of  operation.   The  later  Greeks  also  had  the  same  notation. 


EXERCISES 

Divide  the  following  and  check  Exercises  1, 7, 11, 14,  and  22 

1.  Gar* -13a: +  6  by  2a; -3. 

2.  25a;*  +  30ar»- 7  by  5a;«  + 7. 

3.  6x^+lla;  — 35by  2a;  +  7. 

4.  19a  +  12a^-21by  4a-3. 
Hint.  Rearrange  the  terms  in  the  dividend. 

5.  -S  +  x'-f  4a;- 2ar' by  a; -2. 

6.  a« -  3 a^b  +  3ab^ -  b^  hj  a-  b. 

7.  a;» -  15a;2  +  65a;  +  63  by  a;  -  7. 

8.  5ar*  +  5a;-25a;«-l  by  5a;^-l. 

9.  2a;"-14a;«  +  14a;-hl2by  2a;-4 
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10.  6aj»-18aj-f-12by  3aj-3. 

11.  4a^  +  16a;4-12b7ar*  +  a;  — 3. 

12.  6a?-2iB^  +  10a;  +  18by  3a»-4a;  +  9. 

13.  3a»  +  28a»  +  29a-140by  3a-5. 

14.  —  37aj--6x»-24  +  23ar»by  2ic-3. 

15.  2a^  +10xt/  -  4:x  -  20yhj  2x  +  10i/. 

16.  4:0^  +  3 ex  -\-  S ax  +  6 ac  hj  4kx  +  3 c, 

17.  53a  +  8-53a^  +  12a»by  4a«~7a-l. 

18.  -15a«  +  56a"-99a+70by  3a»-7a  +  10. 

19.  3aj*  +  lla;«-3ar*  +  17a;-T4byflj-3aj*-4. 

20.  6  an  -\-15  xj/  —  10  711/  —  9  ttx  hy  3  X  —  2  n. 

21.  23a^  +  a*-65a4-lla*-140bya^-5. 

22.  25a:*-10ar*  +  36a;  +  72by  5a;-6. 

23.  4a»  +  1  +  a*  +  4  a  4-  6a«  by  1  +  a»  H-  2a. 

24.  40x-31ar»  +  21  +  a;*-4aj«bya;*-3-7aj. 

25.  a*  -  8a»  +  24a^  —  32a  + 16  by  a"  -  4a  +  4. 

26.  224a;  -  42a;2  +  lOoj*  -  27a»  -  419  by  9  +  2a;»  —  5x, 

27.  005  —  6cy  —  25a3  +  45y  +  3ca?  —  2ayby2y  —  X. 

28.  x^  +  aV  +  a*  by  a^  —  ax  +  a\ 

29.  a*  +  45*  +  3a2^«by2&2  +  a»-a5. 

30.  x^  --  4:a^j/^  -{-  Sy^  hy  x^  +  2y^  +  2xj/. 

31.  9a*  +  49J*  +  29a262i3y  7ja^3^2_|.4^ 

32.  a;*  —  3^  by  ic  —  y.  38.  a*  +  y*  by  aj  +  y. 

33.  a*  — 125&*  by  a  —  5b.  39.  a;*  +  3/*  by  aj  —  y. 

34.  aj*  — 16  by  a; +  2.  40.  a^  —  i/^hyx  +  y. 

35.  aj^—l  by  x  —1.  41.  a*  —  y*  by  a;  —  y. 

36.  a«  +  3435«by  a»  +  75.  42.  27 a;« + 8 n^ by 3 ar»-f  2 ti*. 

37.  8a«~64x»by  2a-4ar».  43.  /- SjT*- 3000by y-5. 


CHAPTER  XI 

EQUATIONS  AND  PROBLSMS 

50.  Equations  involving  literal  coefficients.  The  most 
general  form  of  an  equation  in  one  unknown  is  that  in 
which  the  unknown  occurs  with  literal  coefficients.  The 
simplest  general  form  is  ax  =  b,m  which  x  is  the  unknown. 
The  solution  of  such  equations  involves  no  new  principle. 
It  is  merely  necessary  to  perform  the  usual  operations  with 
letters  instead  of  with  ordinary  numbers.  This  should 
cause  no  difficulty,  since  in  algebra  the  letters  are  really 
nothing  but  symbols  for  numbers,  and  should  be  used  in 
all  operations  as  freely  as  if  they  were  integers. 

In  solving  equations  whose  coefficients  involve  letters 
the  answers  obtained  will  usually  involve  these  same  let- 
ters.  Only  in  exceptional  cases  may  one  expect  to  obtain 
the  root  of  such  an  equation  in  purely  numerical  form. 

In  the  followi^)ig  exercises  the  unknown  is  represented 
by  a  letter  near  the  end  of  the  alphabet,  as  x  or  y,  while 
the  letters  in  the  coefficients  and  known  terms  are  taken 
from  the  beginning  of  the  alphabet. 

ORAL  EXERCISES 
Solve  for  the  unknown : 

1.  a;  —  a  =  0.  6.  x  —  a  =  b.  11.  bx  =  ctb. 

2.  aj  —  2 c  =  3 c.  7.  3x  =  6a,  12.  aa;  =  a^  +  a. 

3.  «-4-55  =  75.  8.  52^  =  10c.  13.  2y  =  2a  +  45. 

4t.  X  —  a  =  a.  9.  7  z  =  21b,  14.  3  ay  =  6  ab. 

5.  x  +  Sa  =  a,  10.  ax  =  a.  15.  Sx  =  6a-\-Sb. 
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16.  2aj  — 6a  =  45.  19.  (a  +  b)x^a  +  b. 

17.  ay'-ab  =  2a.  20.  (a  -|-  b)t/  =  (a  +  by, 

18.  2ay  +  4:ab  —  10ab.  21.  (a -'b)x=^  (a-b)(a+b). 

22.  (a  +  b)(a'-'  c)x  =  (a  +  b)(a  —  c). 

23.  (a  —  &) {a  -f-  &)aj  =  2 ah{a  ■i-b)(a  —  b). 

EXERCISES 

Solve  for  the  unknown,  and  check : 

1.  3a  — a  =  aj  +  5«- 

Solution.  3a:  —  a  =  ar  +  5a. 

Transposing,  3a?  —  a:  =  5a  +  a. 
Combining,  2  ar  =  G  a. 

Dividing  by  2,  ar  =  3  a. 

Check.  3»3a  —  a  =  3a  +  5a, 

or  8  a  =  8  a. 

2.  bx  +  b  —  4:b,  11.  be  —  ex  =  4: be, 
Z.  x  +  a^a  +  b,            12.  5(b  +  x)  =  10b. 

^.  7/^b  =  a  —  b.  13.  6(o-ar)  +  18c  =  0. 

5.  3  oaj  +  4  a  =  7  a.  14.  ^o;  — •  (5  +  c)  =  6  5  —  c. 

6.  c»  +  c*  =  6c2.  15.  a;  +  2(6-c)  =  4c  +  2ft. 

7.  oaj  +  fl^  =  ac.  16.  3  ax  —  a^  =  2  aaj  —  ac. 

8.  4:bx-l^=5b\  17.  4cy-3ac  =  6ac  +  2cy. 

9.  aV+3ca;  =  7aV.  18.  3cy+2Z^c=  6^c +2c7/-3ao. 
10.  5a^  +  Ga2  =  a2.  19.  4. by  --  T a%  =  6 ab""  +  3 bj/. 

20.  ax  —  4  a  =  a^  +  4  —  2  cc. 

Solution.  oar- 4a  =  a^+4  —  2x. 

Transposing,  aa:  +  2a:  =  a2  +  4a  +  4. 

Writing  the  coefficients  of  ar  as  a  binomial, 

(a  +  2)a:  =  a2  +  4a  +  4. 
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Dividing  both  members  by  the  coefficient  of  x, 

a^  +  4  a  +  4 

x  = • 

a  +  2 

Performing  the  division,        x  =  a  +  2. 

Check.  Substituting  a  +  2  for  x  in  the  original  equation, 

a(a  +  2)-4a  =  a2+4-2(a  +  2). 
Expanding,         a^+2a  —  4a  =  a2+4  —  2a  —  4, 
or  a^  —  2  a  =  a^  —  2  a. 

21.  ax^-hx^  ao  +  be,  23.  a^x  + 1  —  a*  —  a;  =  0. 

22.  5  oiK  -f  4 «B  =3  5  a5  4-  4  c6.       24.  ax  +  2ab  =  2a^  -i-bx, 

25.  oa?  —  a'  —  4  =  3  a  —  ic. 

26.  ax  —  ac  +  bc  =  2ao  —  5bc  +  2bx. 

27.  4:l/^(?+'(a'\-bx)c=:(a  —  bx)c. 

Hiirr.  Perform  the  indicated  multiplications  first. 

28.  (x  +  a)(x  +  b)=a^  +  2a^  +  Sab. 

29.  15(x  — a)— 6(x  +  a)=  S(5 a- Sx). 

51.  Uniform  motion.  If  a  man  walks  for  8  hours  at  the 
rate  of  3  miles  per  hour,  he  will  walk  in  all  8  x  3,  or 
24,  miles.  If  a  train  runs  for  12  hours  at  the  rate  of  45 
miles  per  hour,  the  total  distance  traversed  is  12  x  45,  or 
540,  miles.  These  examples  illustrate  uniform  motion.  In  all 
problems  of  uniform  motion,  the  elements  involved  are 

(a)  Time,  measured  in  seconds,  minutes,  hours,  etc. 

(6)  Rate  of  motion  (velocity),  or  the  distance  traveled 
in  a  unit  of  time  (one  second,  one  hour,  one  day,  as  the 
case  may  be). 

(c)  Distance  (total),  measured  in  feet,  inches,  miles, 
meters,  etc. 

If  a  body  moves  uniformly  for  a  time  t,  at  a  rate  r, 
and  covers  in  all  a  distance  rf,  then  the  numbers  repre- 
sented by  dj  r,  and  t  are  connected  by  the  equation 

d^rxt  (1) 
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This  relation  or  formula  gives  an  insigkt  into  the  power 
of  the  algebraic  method.  By  means  of  arithmetical  num- 
bers alone  we  can  express  the  relation  which  holds  between 
the  time,  the  rate,  and  the  distance  only  for  a  particular 
ease.  By  means  of  the  literal  equation  (1)  we  express  the 
relation  which  is  true  not  merely  for  one  case,  but  for 
countless  cases.  In  fact,  it  holds  whenever  we  are  dealing 
with  uniform  motion,  whatever  numerical  values  d,  r, 
and  t  may  have. 

The  use  of  letters  enables  us  in  this  way  to  express  a 
law  in  general  terms,  and  hence  to  include  in  one  short 
expression  a  more  perfect  idea  of  the  relation  implied  by 
uniform  motion  than  could  be  given  by  many  equations 
involving  only  arithmetic  numbers. 

ORAL  EXERCISES 

1.  Sound  travels  in  air  about  1100  feet  a  second.  A  soldier 
observes  the  shower  of  earth  thrown  up  by  an  exploding  shell, 
and  10  seconds  later  hears  the  sound  of  the  explosion.  How 
far  was  he  from  the  place  where  the  shell  struck  ? 

2.  A  man  observing  a  woodman  fell  a  tree  hears  the  sound 
of  the  ax  three  fifths  of  a  second  after  the  blow.  How  far 
apart  are  the  two  men  ? 

3.  How  far  does  an  automobile  travel  if  it  runs 

(a)  18  miles  per  hour  for  5  hours  ? 

(b)  16  miles  per  hour  for  h  hours  ? 

(c)  m  miles  per  hour  for  h  hours  ? 

(d)  20  miles  per  hour  for  ^  +  4  hours  ? 
(  e)  2 a;  —  4  miles  per  hour  for  t  hours  ? 

4.  What  is  the  rate  of  an  automobile  if  it  runs  uniformly 

(a)  200  miles  in  8  hours  ?      (c)  m  miles  in  h  hours  ? 

(b)  m  miles  in  8  hoiurs  ?         (d)  200  miles  in  a?  +  3  hour^  ? 
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5.  An  automobile  travels  a  distance  ef  at  a  rate  of  20  miles 
an  hour.  Another  car  runs  50  miles  farther  at  25  miles  an 
hour.  Bepresent  the  number  of  hours  required  by  each  car  for 
its  trip.  If  the  first  car  required  the  same  tiine  as  the  other, 
what  equation  involving  d  can  be  formed  ? 

6.  In  a  naval  engagement  the  opposing  battle  cruisers  were 
fighting  at  a  distance  of  ten  miles.  If  the  average  velocity  of 
the  shells  was  2640  feet  per  second,  how  many  seconds  did 
they  remain  in  the  air  ? 

7.  An  automobile  runs  20  miles  per  hour  for  t  hours,  and 
a  second  one  runs  14  miles  per  hour  for  t  +  2  hours.  Eepre- 
sent  the  distance  each  travels.  Eorm  an  equation  which  states 
that  the  distances  traveled  by  each  are  the  same. 

8.  James  travels  t  miles  per  hour  for  8  hours,  and  John 
travels  t  —  S  hours  at  the  rate  of  12  miles  per  hour.  Kepresent 
the  distance  each  travels.  What  equation  in  t  may  be  formed 
if  both  travel  the  same  distance  ? 

9.  James  travels  from  A  to  B  in  ^  hours  at  12  miles  an 
hour.  John  leaves  A  just  2  hours  after  James,  and  traveling 
16  miles  per  hour  reaches  B  at  the  same  time  as  James.  Eep- 
resent  the  distance  James  travels,  the  distance  John  travels, 
and  state  the  equation  in  t  which  may  be  formed. 

10.  Two  automobiles  leave  two  towns  225  miles  apart  at 
the  same  time  and  travel  toward  each  other.  One  travels 
m  miles  per  hour,  while  the  other  travels  5  miles  per  hour  less. 
They  meet  in  5  hours.  Kepresent  the  time,  the  rate,  and  the 
distance  for  each.  What  will  represent  the  sum  of  the  dis- 
tances traveled  ?   What  equation  in  m  may  be  formed  ? 

11.  Two  cars  run  200  miles,  one  in  t  hours,  the  other  in 
1  hour  less  time.  Represent  the  rate  of  each  car  in  miles  per 
hour.  If  the  rate  of  one  is  4  miles  per  hour  more  than  the 
other,  what  equation  in  t  can  be  formed  ?  If  the  rate  of  one  is 
twice  the  rate  of  the  other  ? 
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EXAMPLES  IN  TJNIFORH  MOTION 

1.  A  pedestrian  traveling  4  miles  per  hour  is  overtaken  14 
hours  after  leaving  a  certain  point  by  a  horseman  -who  left  the 
same  starting  point  8  hours  after  the  pedestrian.  Pind  the 
rate  of  the  horseman. 

Solution.  This  is  a  problem  in  uniform  motion,  involving  the 
distance,  the  rate,  and  the  time  of  a  pedestrian  and  of  a  horseman 
respectively.  By  a  careful  reading  of  the  problem  one  discovers  that 
the  time  for  each  was  a  different  number  of  hours,  that  each  went 
at  a  different  rate,  but  that  each  traveled  the  same  distance.  Hence 
the  equation  will  be  formed  by  expressing  d  in  terms  of  r  and  t  for 
both  the  pedestrian  and  the  horseman  and  then  equating  the  two 
expressions  for  d. 

By  the  conditions : 


f ,  or  time  in  hours 

r,  or  rate  in  miles 
per  hour 

Distance  in  miles, 

Pedestrian 

14 

4 

56  =  4  X  14 

Horseman 

6 

X 

6'X 

Hence 
and 
Check. 


6  a;  =  56, 
x  =  9^. 
4-14  =  56;   9^.6  =  56. 


Biographical  Note.  Sir  Isaac  Neuron,  Sir  Isaac  Newton  (1642- 
1727)  was  probably  the  keenest  mathematical  thinker  who  ever  lived. 
He  was  the  son  of  a  farmer  of  slender  means,  and  as  a  boy  was  rather 
lazy.  It  is  said,  however,  that  his  complete  victory  over  a  larger  boy  in  a 
fight  at  school  led  him  to  feel  that  perhaps  he  could  be  equally  success* 
f  ul  in  his  studies  if  he  really  tried.  His  ambition  and  interest  being  once 
roused,  he  never  ceased  to  apply  himself  during  the  rest  of  his  long  life. 

His  most  important  scientific  achievement  was  the  discovery  and  verifi- 
cation of  the  laws  of  motion.  In  his  great  work  called  the  "Principia" 
he  showed  by  mathematical  reasoning  that  all  bodies,  great  and  small, — 
the  planet  revolving  around  the  sun,  as  well  as  the  apple  falling  from  the 
tree,  — follow  the  same  laws.  His  greatest  discovery  in  pure  mathematics 
was  that  of  a  method  called  the  calculus,  which  is  the  basis  of  most  of  the 
advances  in  mathematics  and  in  theoretical  physics  made  since  his  time. 
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But  important  as  was  Newton's  mathematical  work,  his  most  signifi- 
cant contribution  to  mankind  was  an  idea,  —  the  idea  that  the  world  in 
which  we  live  is  not  independent  of  the  rest  of  the  universe,  but  that 
every  smallest  particle  of  matter  is  connected  with  the  most  remote  planet 
and  star ;  that  we  cannot  think  of  the  earth  as  the  center  of  all  things,  but 
that  we  merely  occupy  our  place  in  a  system  governed  by  universal  law. 

2.  Two  men,  A  and  B,  start  from  the  same  place  at  the  same 
time  and  travel  in  opposite  directions.  B  goes  twice  as  fast  as  A. 
In  9  hours  they  are  54  miles  apart.   Find  the  rate  of  each. 

One  can  conveniently  represent  the  conditions  of  this  problem 
in  the  form  of  a  table,  as  follows  : 


i,  or  time  in  hours 

r,  or  rate  in  miles 
per  hour 

I>i  stance  in  miles, 

A 

9 

r 

9r 

B 

9 

2r 

18  r 

Since  the  men  are  54  miles  apart  at  the  end  of  the  given  time, 
the  sum  of  the  distances  traveled  is  54. 

Hence  18  r  +  9  r  =  54, 

or  r  =  2,  and  2  r  =  4. 

Check.       4  =  2-2;  9x2  +  9x4  =  54. 

It  should  be  particularly  noted  in  choosing  letters  for 
the  unknowns  that  it  is  not  enough  to  say,  for  instance, 
let  X  equal  the  distance,  or  let  t  equal  the  time.  This 
means  nothing  unless  the  unit  of  distance  and  the  unit 
of  time  are  also  stated.  The  unknown  distance  is  either 
a  number  of  feet,  or  miles,  or  some  other  unit  of  length, 
and  the  unknown  time  is  a  number  of  seconds,  or  hours,  or 
some  other  specific  unit  of  time.  A  similar  remark  is  perti- 
nent each  time  a  letter  is  taken  to  represent  the  measure 
of  any  quantity. 

The  student  should  make  a  table  for  each  of  the  follow- 
ing problems,  similar  to  those  given  in  the  examples. 
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PROBLEMS 

Li  Problems  1-7,  A  and  B  start  from  the  same  place  at 
the  same  time  and  travel  in  opposite  directions. 

1.  A  goes  6  miles  per  hour  and  B  goes  9  miles  per  hour. 
In  how  many  hours  will  they  be  90  miles  apart  ? 

2.  A  travels  three  times  as  fast  as  B.  In  6  hours  they  are 
120  miles  apart.   Find  the  rate  of  each. 

3.  A  travels  4  miles  more  per  hour  than  B.  After  8  hours 
they  are  144  miles  apart.   Find  the  rate  of  each. 

4.  A  goes  3  miles  less  per  hour  than  B.  After  9  hours  the 
distance  between  them  is  189  miles.   Find  the  rate  of  each. 

5.  B  goes  4  miles  less  per  hour  than  A  and  travels  two 
thirds  as  fast  as  A.  Find  the  rate  of  each.  After  how  many 
hours  will  the  distance  between  them  be  180  miles  ? 

6.  A  travels  2  hours  and  stops.  B  travels  5  hours  at  a  rate 
double  A's  rate.  Then  they  are  144  miles  apart.  Find  their 
rates  and  the  distance  each  has  traveled. 

7.  Both  A  and  B  travel  the  same  distance,  B  in  9  hours, 
A  in  6.  B's  rate  is  4  miles  per  hour  less  than  A's.  Find  the 
rate  of  each,  and  the  distance  each  traveled. 

In  Problems  8-13,  A  and  B  start  at  thje  same  time  from 
two  points  192  miles  apart  and  travel  toward  each  other  until 
they  meet.    Find  the  rate  of  each: 

8.  If  they  travel  at  the  same  rate  and  meet  in  8  hours. 

9.  If  A  travels  2  miles  less  per  hour  than  B  and  they  meet 
in  12  hours. 

10.  If  B  travels  three  times  as  fast  as  A  and  they  meet  in 
12  hours, 

11.  If  they  meet  in  9  hours  and  B  travels  42  miles,  more 
than  A. 
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12.  If  they  meet  in  6  hours  and  B  goes  4  miles  more  per 
hour  than  A. 

13.  If  they  meet  in  12  hours  and  A  travels  6  miles  more  per 
hour  than  B. 

In  Problems  14-16,  A  and  B  start  at  the  same  time  from 
two  points  144  miles  apart  and  travel  toward  each  other  until 
they  meet.  Find  the  number  of  hours  from  the  start  until  the 
time  of  meeting : 

14.  If  B  goes  4  miles  more  per  hour  than  A  and  travels 
twice  as  far  as  A. 

15.  If  A  travels  6  miles  per  hour  and  B  travels  9  miles 
per  hour,  but  B  is  delayed  4  hours  on  the  way. 

16.  If  A  is  delayed  3  hours  and  B  is  delayed  6  hours,  and 
their  rates  are  16  miles  and  8  miles  per  hour  respectively. 

17.  The  distance  from  Kansas  City  to  St.  Louis  is  285  miles. 
A  i)assenger  train  running  45  miles  per  hour  leaves  Kansas 
City  for  St.  Louis  at  the  same  time  a  freight  train  running 
12  miles  per  hour  leaves  St.  Louis  for  Kansas  City.  In  how 
many  hours  will  they  meet  ? 

18.  A  starts  from  a  certain  place  and  travels  4  miles  per 
hour.  Six  hours  later  B  starts  from  the  same  place  and 
travels  in  the  same  direction  at  the  rate  of  6  miles  per  hour. 
How  many  hours  does  B  travel  before  overtaking  A  ? 

19.  Two  bicyclists  108  miles  apart  start  at  the  same  time 
and  travel  toward  each  other.  One  travels  10  miles  per  hour, 
the  othen  12  miles  per  hour.  The  latter  is  delayed  2  hours  on 
the  way.  In  how  many  hours  will  they  meet,  and  how  far  has 
each  traveled  ? 

20.  A  passenger  train  starts  2  hours  later  than  a  freight 
train,  from  the  same  station  but  in  an  opposite  direction.  The 
rate  of  the  passenger  train  is  42  miles  per  hour  and  the  rate 

BB 
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of  the  freight  train  is  24  miles  per  hour.  In  how  many  hours 
after  the  passenger  train  starts  will  the  two  trains  be  246  miles 
apart? 

21.  A  messenger  going  at  the  rate  of  8  miles  per  hour  has 
journeyed  2  hours  when  it  is  found  necessary  to  change  the 
message.  At  what  rate  must  a  second  messenger  then  travel 
to  overtake  the  first  in  8  hours  ? 

22.  A  man  having  4  hours  at  his  disposal  wished  to  ride  as 
far  out  of  town  as  possible  on  a  trolley  car  whose  rate  is 
10  miles  per  hour,  and  to  return  on  foot  at  the  rate  of  3  miles 
per  hour.  On  the  way  back  he  can  take  a  short  cut  and  save 
one  mile.   How  long  a  time  may  he  ride  on  the  car  ? 

The  velocity  of  a  bullet  continually  decreases  from  the 
instant  it  leaves  the  gun.  This  is  due  to  the  resistance  of  the 
air.  Li  the  following  problems  consider  the  velocity  of  sound 
to  be  1100  feet  per  second : 

23.  Two  and  one-half  seconds  after  a  marksman  fires  his 
rifle  he  hears  the  bullet  strike  the  target,  which  is  550  yards 
distant.   Find  the  average  velocity  of  the  bullet. 

24.  One  and  three-quarters  seconds  after  a  marksman  fires 
his  revolver  he  hears  the  bullet  strike  the  target  50  rods  dis- 
tant.  Find  the  average  velocity  of  the  bullet. 


CHAPTER  XII 

IMPORTANT  SPECIAL  PRODUCTS 

52.  The  square  of  a  binomial.    The  multiplication 

a  +b 
a  +5 
a^-f-     ab 
+     gft  +  y 

gives  the  formula 

This  may  be  expressed  in  words  as  follows : 

J.  77ie  square  of  the  mm  of  two  terms  is  the  square  of  the 
first  term  plus  twice  the  product  of  the  two  terms  plus  the 
square  of  the  second  term. 

Similarly,  (a  -  ft)*  =  a«  -  2  a6  +  6», 

which  may  be  expressed  in  words  as  follows: 

IT.  The  square  of  the  difference  of  two  terms  is  the  square 
of  the  first  term  minus  twice  the  product  of  the  two  terms  plus 
the  square  of  the  second  term. 

Study  the  application  of  I  and  II  in  the  following: 

EXAMPLES 

1.  (a;  +  l)*=a^-f  2aj-fl.  3.  (3  +  a)^=  9  +  6a  +  a^ 

2.  (y-2)*=2^-4y-f-4.  4.  (5-m)^=25-10m4-w^. 

5.  (3a  +  6)^=9a«+6a5  +  ft« 

105 
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ORAL  EXERCISES 

Expand  the  following  by  I  or  II,  page  105 : 

1.  (a  +  1)\  7.  (6  +  x)\  13.  {a  -  c)\ 

2.  Q)  +  2)\  8.  (9  -  d)\  14.  (a  +  2  hf. 

3.  (x-5)^.  9.  (11 -2^)^  15.  (3 «-«)«. 

4.  (y  +  10)^  10.  {x  +  a)\  16.  (px-yf. 

5.  {z-12f.  11.  (y  +  ^^)^.  17.  (ll  +  m)\ 

6.  (2  +  x)\  12.  (m  -  n)^  18.  (12  m  -  w)l 

State  two  equal  binomials  whose  product  is : 

19.  w2  +  4m  +  4.  22.  cP--12<£4-36. 

20.  a^  + 10  aj  + 25.  23.  A^^  14  A +  49. 

21.  a^— 6a  +  9.  24.  64-16m  +  m«. 

Find  the  value  of  the  following : 

25.  (5  +  2)1 

Solution.    (5  +  2)2=  52+  2  .  5  .  2  +  22  =  25  +  20  +  4  =  49. 

26.  (10  +  1)1  27.  (9  +  2)1 

28.  (10  -  3)2. 

Solution.    (10  -  3)2  =  102-  2  .  10  .  3  +  32  =  100  -  60  +  9  =  49, 

29.  (12  -  2)\  33.  (53)1  38.  (29)1 

30.  (14-4)2.  34,  (103)2.  Hint.  (29)2  = 

31.(21)2.  35.(109)2.  (80-1)2  etc. 

Hint.  (21)2  ^  35,  (201)2.  39.  (48)  . 

(20 +1)2  etc.  37.(504)2.        .  ^0.  (98)2. 

32.  (32)2.  V      J  41^  (993^2^ 

EXERCISES 

Expand  the  following : 

1.  (2c-3cf)2.       5.  (7ar*  +  22/)2.  9.  (12 aZ>2  -  3 c)2. 

2.  (5  aj  -  2  yf,       6.  (5  ^2  -  3  y)\  10.  (5  a%  -  2  a2)2. 

3.  (3  a  -  2  62)2.       7,  (9  a2  ^.  2  ^,^2  ^^^  (_  2  a2c*  +  3 ccP)\ 

4.  (4 a;  +  5  2^)2.      8.  (11  a%  +  2)2.  12.  (-4^-3  xsf)\ 
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Make  any  changes  which  are  necessary  in  the  following  so 
that  each  numerator  will  be  the  square  of  its  denominator : 

Lo*  : •  Iv. — -— ^ • 

o  -\-m 

a*-4-10ag--25 

a^  +  5 
9ar'-6a;  +  l  ; 

3ic-f  1 
4a^  +  12a^  +  9y 

2a-Sb 
4a;^-20a:V-f  25y^ 
2x'-5y 

^g    -^      ^^^      ^  ^^    4 X*  ^  20 a:^y  + 25 2^ 

5  —  X  '  6y  —  2a:^ 

53.  The  product  of  the  sum  and  the  difference  of  two  terms. 


14.  ■ 20. 


15.       ^     .   7      -  21. 


aj  +  y 

a^  4- 10a +  25 

ic^  +  12  X  -h  36 

03  —  6 

2-1- aj 
25-10aj-x« 

16.  = TT 22. 


17.      ^..  .     ' 23. 


The  multiplication  n  A-h 

a  —h 
a^  +  ab 

gives  the  formula  (a  +  6)  (a  —  ft)  =  a"  —  6*. 

This  may  be  expressed  in  words  as  follows: 

m.  The  product  of  the  sum  and  the  difference  of  two  terms 
equals  the  difference  of  their  squares  taken  in  the  same  order 
as  the  difference  of  the  terms. 

The  pupil  should  study  the  application  of  III  in  the 
following : 

EXAMPLES 

1.  (a;  +  l)(aj-l)={r^-l.      3.  (a +x)(a  -  x)=z  a^  -  a^. 

2.  (6-aj)(6+aj)  =  25-a^.      4.  (2c-.y)(2c  +  y)=4c2-y«. 

5.  (c»-3)(c2  +  3)=c*-9. 
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ORAL  EXERCISES 

Perform  the  following  indicated  operations : 

1.  (a  +  2)(a-2).  15.  (2a +  Sb(?)(2a  ^  SbcF). 

2.  (w  +  7)  (m  -  7).  16.  (a  4-  3  a%)  (a  -  3  a%). 

3.  (A  +  9)(A-9).  17.  (Ia->t2x)(2x-la). 

4.  (6  +  f)(6-#).  18.  (5a; +  3y)(3y- 5a). 

5.  (l-a;)(l  +  a;).  19.  (5m^  -  4n)(5w2  +  4n). 

6.  (€  +  d){c-d).  20.  (2a^>  +  3c)(2ai--3c). 

7.  (x  +  ^y){x-^y).  21.  (9 cc^^  -  2) (9 ce^  +  2). 

8.  (5  a; +  2?/)  (5  a; -2  2^).       22.  (10m»2-3j9)(10w7i^+3jo). 

9.  (l4-4a;)(l-4a;).  23.  {4.0" -^lP)-i-{2a  +  ^by 

10.  (9a-l)(9a4-l).  24.  (9a;2-252/»)H-(3a;-5y). 

11.  (2  4-3r)(2~3r).  25.  {A.a'V^ -  (?)^{2al  -  c). 

12.  {x^  -  4)  (a;^  +  4).  26.  (49  -  x^)  -^  (7  +  x^. 

13.  (7x^  +  2y)(7a;^-22^).  27.  (25a;*  -  4) -^(5a;2  +  2). 

14.  (4a:«+3a«y)(4a;«-3a;V).  28.  (36  a*  -  49) -t- (7+ 6  a^. 

State  two  binomials  whose  product  is : 

29.  m^-9.  33.  81-jt?l  37.  25aj^-4y^. 

30.  (?  -  16.  34.  100  -  h\  38.  9  a^  - 16  6^ 

31.  49 -ml  35.  a^  ~  4.x\  39.  36^2-1. 

32.  m*  -  49.  36.  a?-^f.  40.  1-49  x^. 

Find  the  value  of : 

41.  (12  -  2)  (12  +  2).  43.  (30  -f  1)  (30  -  1). 

42 .  (40  +  3)  (40  -  3).  44.  (50  -  2)  (50  -f  2), 

45.  22  X  18. 

Hint.   22  x  18  =  (20  +  2)  (20  -  2)  etc. 

46.  13  X  7.      48.  43  x  37.       50.  71  x  69.     52.  96  x  104. 

47.  23  X  17.    49.  64  x  66.       51.  83  x  77.     53.  91  x  109. 
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54.  The  product  of  two  binomials  having  a  common  term. 
The  multiplication 

X  +6 

+  6j:  +  g6 


gives  the  formula 

Cjr  +  fl)Cx+6)  =  jr*  +  (a+6)jr  +  a*. 
This  may  be  expressed  in  words  as  follows: 
IV,    The  product  of  two  bijwmtals  having  a  common  term 

equals  the  square  of  the  common  term,  plus  tite  algebraic  sum 

of  the  unlike  terms  multiplied  by  the  common  term,  plus  the 

algelraic  product  of  the  unlike  terms. 

The  pupil  should  study  the  application  of  IV  in  the 

following : 

EXAMPLES 


2 

(.-2)(«-3)  = 

■^  +  (- 

2-3) 

+  6..«"-6»  + 

3.  (»-6)(/.  +  2)  = 

»■  +  (- 

-6  +  2)»-10-»'-3. 

ORAL  EXERCISES 

Multiply  the  following  mentally : 

1.  (a,  +  2)(»  +  l). 

9.  («-5)(«-2). 

2 

(<i  +  3)(c  +  2). 

10 

("i -'■)('- «)■ 

3 

(A  +  4)(»  +  6). 

(»-8)(»  +  9). 

4 

(«  +  6)(.  +  S). 

(»  +  10)(.-3) 

5 

(•  +  r)(.  +  2). 

(«-')(" 

6 

(.  +  6)(«  +  4). 

(rt  +  «)(, 

7 

(«-2)(;.-3). 

(i  +  i)C 

8 

(c_3)(=-4). 

16 

(a:  +  .)(: 
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EXERCISES 

Write  the  quotients  for  the  following  by  inspection  and 
check  by  multiplication: 

X. 


2. 


x  +  S 

a^ 

+  7  a  +  10 

a  +  2 

a^ 

+  lla-f-10 

a +  10 

524.75  +  6 

^  +  1 

c" 

-6c  +  8 

c-2 

^ 

-9c +  14 

c-7 

a^ 

-3aj  +  2 

3. 


4. 


5. 


6. 


'''        x^2  '"'        r-lOs 

55.  The  product  of  two  binomials  of  the  form  {ax+b) 
(cx  +  d).    The  multiplications 

6  a? +15  a;  acQfi-\-  box 

+  14  a: +  35       and  +  adx-^hd 


o* 

x  +  2 

9. 

a«-.3a-28 

a-7 

10. 

aa-.3a5+2ft» 

a  —  h 

11. 

a^  —  xy  —  ^1^ 

x  —  3y 

12. 

m^  —  4  mn  —  21  n^ 

m  +  3  71 

13. 

r»-_7rs-18s« 

r-9« 

14 

y»«.r5-90s^ 

6  2^2 +  29  a; +35  aca?  +  (6(?  +  arf)a;  +  6d 

show  that  in  the  product  of  any  two  bmomials  of  the  form 
(ax  +  b^(cx  +  d) 

(a)  the  first  term  is  the  product  of  the  first  terms  of 

the  binomials, 

(6)  the  second  term  is  the  sum  of  the  cross  products,  and 
(c)  the  third  term  is  the  algebraic  product  of  the  second 

terms  of  the  binomials. 
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EXAMPLES 

1.  (3aj  +  2)(4a5  +  5)  =  12a;«  +  8a;  +  16a;  +  10 

=  12aj2  +  23aj  +  10. 

2.  (6a  +  l)(3a-2)  =  16a«  +  3a-.10a-2 

=  15a«-7a-2. 


8.  (46-3)(6H-2)=4Z»»  +  66-6. 


Write  the  products  in  the  following: 

1.  (2a  +  l)(a  +  3).  11.  (7  A  +  3)(4A  -  5). 

2.  (3a  4-  2)(a  +  6).  12.  (5A  -  4)(5  A  -  4). 

3.  (x  +  4)(2ic  +  3).  13.  (6  Aj  -  6)(5  Aj  -  6). 

4.  (2x  +  3)  (a;  +  7).  14.  (3  +  m) (4  +  2 m). 

5.  (2c  +  3)(c  +  8).  15.  (7  -  n)(7  -Sn), 

6.  (4(?  +  3) (4 c  +  3).  16.  (2 a  -  5)(3 a  +  25). 

7.  (5w  +  2)(5m  +  2).  17.  (5a  +  9c)(2a  -  9c). 

8.  (4m-l)(2m  +  3).  18.  (2ar»- 7y)(3a;2  -  2y) 

9.  (6»-3)(37i-5).  19.  ((y^'-5d)(5c'  +  2d), 
10.  (2n  +  7)(3»-2).  20.  (4c  + 9f£^(2c  -  SeT^. 

ORAL  REVIEW  EXERCISES 

Perform  the  following  indicated  operations : 

1.  (m-\-2ry.  7.  (a  +  3c)(a  —  3c). 

2.  (h  --Sky.  8.  (5a  +  l)(5a  -  1). 

3.  (2  a  4- 13)^  9.  (5  n^  -  jf^\ 

4.  (6s  -  5ry.  10.  (3r5^  +  2s)^ 

5.  (a^  +  Sxy.  11.  (2aj4-3y)(2a;-3y). 
■  6.  (2m  -  3n«)*.  12.  (4  A%  -  5  A»)^ 
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13.  (5x'^z)(5x'  +  z). 

14.  (--5a'(^-2cy. 

15.  (31)^. 

16.  (4:9f. 


17.  (a +  3)  (a +  2). 

18.  (a  -  9)  (a  -  4). 

19.  (7w^  +  3)(7mSi-3). 

20.  (4ay2  +  5  «2) (4 xf  -  6«^. 


21.  (x  +  y)(x'  +  7/)(x^y). 

Hint.  Multiply  the  product  of  the  first  and  third  binomials  by  the 
second  binomial. 

22.  (a  -  2)  (a^  +  4)  (a  +  2). 

23.  (w  +  n)(m2  +  ri^(7?i  — w)(m*  +  n*). 

24.  (x"  +  l)(a^-  1) (x*  +  1) (x'  H-  1). 

25.  [(a  +  ^')4-c][(a-f  ^)-c]. 

26.  [(a;  +  2/)+2][(x-fy)-2]. 


27.  (aj-f  2a)(aj  +  a). 

28.  (2c  +  l)(c  +  2). 

29.  (3  ^2  +  4)  (2  6?^  +  6). 

30.  (x-y)(x'\-Sy). 

31.  (c-3<^(c-<^). 

32.  (A"  4-  2  A;)  (A«  -  3  A;). 


33.  (3a^  +  4)(3a«4-4). 

34.  (a2  +  35)(2a^-&). 

35.  (5  x^  -  y)  (5  ar^  -  2/)- 

36.  (4  c^  +  (^2)  (4  c»  -  t^^. 

37.  (4ir^~2a«)(4x2-3a»). 

38.  (5x-2/*«^(2aj-f-32^«^. 


39.  (a^  4"  2  am  +  wi*) -7- (a  +  m). 

40.  (a;^-4y^-^(a;-2y). 

41.  (a»-3a4-2)-*-(a-2). 

42.  (49-14X+  ic^-5-(7-x). 

43.  (c2-6c-f  6)-i-((j-3). 

44.  (9c2-4)-»-(3c  +  2). 

45.  ((^-16(^-17)^(6^  +  1). 

What  is  the  quickest  way  to  multiply : 

46.  (x  -h  y)(x  +  y)(x  —  y)(x  --  y)? 

47.  (x"  +  a^(x  -h  a)(aJ*  4-  a*)(x  -  «)? 

48.  (4aj»-Ha^(2aj  +  a)(16x*  +  <^*>(2« 


6. 

IC! 

e 
1 


-a)? 


9p« 


ik 


CHAPTER  XIII 

FACTORING 

Definitions.  Factoring  is  the  process  of  finding  two 
or  Aiore  expressions  whose  product  is  equal  to  a  given 
expression. 

Many  simple  exercises  in  factoring  were  solved  in  the 
pn3ceding  chapter  in  connection  with  the  rules  of  multi- 
plication there  given.  In  fact  the  process  of  factoring  is 
tte  reverse  of  multiplication. 

The  subject  of  factoring  is  extensive.  In  this  chapter 
we  shall  consider  only  the  more  common  forms  of  factor- 
able expressions,  using  only  such  factors  as  have  integers 
as  coefficients. 

If  a  polynomial  cannot  be  expressed  as  the  product 
of  expressions  other  than  itself  and  1,  it  is  said  to  be 
prime. 

57.  Square  root  of  monomials.  In  factoring  it  is  often 
necessary  to  find  the  square  root,  the  cube  root,  and  other 
roots  of  monomials. 

The  square  root  of  a  monomial  is  one  of  the  two  equal 
factors  whose  product  is  the  monomial. 

Since  +  2  •  +  2  =  4  and  —  2  •  —  2  =  4,  the  square  root  of  4  is  ±  2, 
which  means  both  plus  2  and  minus  2. 
Similarly,  the  square  root  of  9  is  ±3  and  the  square  root  of  a^  is  ±  a. 

That  is.  Every  positive   number   or  algebraic  expression 

has  two  square  roots  which  have  the  same  absolute  value  but 

opposite  signs* 

118 
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It  is  customary  to  speak  of  the  positive  . 
a  number  as  the  principal  square  root,  and  if  no  sig 
the  radical,  the  principal  root  is  understood. 

Thus  VI  =  2,  not  -  2 ;  -  V4  =  -  2,  not  +  2.  ^ 

When  both  the  positive  and  the  negative  square  iPts 
are  considered,  the  double  sign  must  precede  the  radxJRiL 

Since       a:'  •  a:^  =  (—  a:')  (—  a:')  =  x^,  then  ±  Vx^  =  ia?'. 

^that  is,  The  exponent  of  any  letter  in  the  square  roSqt  of 
a  monomial  is  one  half  the  exponent  of  that  letter  in^the 
monomial,  \ 

Hence  for  extracting  the  square  root  of  a  monomial 
-where  both  positive  and  negative  factors  are  desired  we 
have  the 

Rule,  Write  the  square  root  of  the  numerical  coefficient  pre- 
ceded hy  the  double  sign  ±  and  followed  by  all  the  letters  of 
the  monomial,  giving  to  each  letter  an  exponent  equal  to  one 
half  its  exponent  in  the  monomial. 

A  rule  much  like  the  preceding  holds  for  fourth  root, 
sixth  root,  and  other  even  roots. 

Thus  ±>^8rc«=±3c2,and  ±v^=±a«. 

In  the  chapters  on  Factoring  and  Fractions,  where  square 
roots  arise,  only  the  principal  square  root  will  be  ^cpELsidered. 

According  to  the  definition  of  square  root,  the  two 
factors  of  a  term,  either  of  which  is  its  square  root,  micst 
be  equal.    Consequently  they  must  have  the  same  sign. 

58.  Cube  root  of  monomials.  The  cube  root  of  a  mono* 
mial  is  one  of  the  three  equal  factors  whose  product  is 
the  monomial 

Since  3.3.3=27,  ^27  =  3. 

And  as        -3- -3.-3  =  - 27,     \^-  27  =  -  3; 
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« 

That  is,  The  cvbe  root  of  a  monomial  ha%  the  Bome  ngn  at 
the  monomiid. 

Since  «*  •  x*  •  «*  =  x^^,  "Vs^  =  «•. 

Similarly,  as      a*«*  •  a*x*  •  cfix^  =  a^V,      Vd^afi  =  a*a:*. 

That  is,  2%«  exponent  of  any  Z^^er  m  ^A«  cube  root  of  a 
term  is  one  third  of  the  exponent  of  that  letter  in  the  term. 

Hence  for  extracting  the  cube  root  of  a  monomial  we 
have  the 

Rule.  Write  the  cube  root  of  the  numerical  coefficient  pre- 
ceded by  the  sign  of  the  monomial  and  followed  by  all  the 
letters  of  the  monomial^  giving  to  each  letter  an  exponent  equal 
to  one  third  of  its  exponent  in  the  monomial. 

A  rule  much  like  the  preceding  holds  for  fifth  root, 
seventh  root,  and  other  odd  roots. 

Thua  V^^=''2,  Vz^^x^,  and  \^128  x^=:2(x*. 

ORAL  BZSSCISB8 

Find  the  value  of  the  following : 


1.  VP. 

13.  V49r»»". 

14.  VlOOo»J». 

25.  V9  •  26  •  81. 

2.  •y/7'. 

26.  VTO*(n*)*. 

8.  Ve«. 

15.  Vl44ay'- 

27.  Va»(6«)*. 

4.  ■y/B^.2'. 

16.  V196A%»». 

28.  V4a!»(y»)« 

S.  V9 . 6". 

17.  V121«»6V. 

29.  V2»..(7*)*. 

6.  V4iB». 

18.  V226c«'d». 

80.  V3» .  (2*)*. 

7.  V9o*. 

18.  V289a«ftV. 

81.  Va!*  •  (i/y. 

8.  Vl6a?, 

20.  V361a;y«». 

82.  V26  •  2» .  »^. 

8.  V26a!". 

21.  V225m"»V. 

22.  V2» .  3* .  6». 
28.  VlO*.^.x«», 

83.  2V^. 

10.  V4aV. 

34.  6  Va» .  2» 

11.  V36aV. 

85.  7Va^.3«.y*. 

IS.  -VUmW. 

84.  V6*.2«.9. 

86.  •^. 
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37.  ■^(-  2)\  44.  ■^/126^.  51.  4^iV°- 

38.  ■^(-  8)  .  2«.  45.  ■v^343  •  a»^«.  52.  y/¥^. 

39.  -v^S*^.  46.  -^(-  x)» .  5».  53.  ^v''3*5«. 

40.  ^v^'sTs'.  47.  4^(-  3)« .  8^  •  c»  54.  "v^. 

41.  -v^-  27  .  8.  48.  "^1000  •  r».  55.  -^32  x«>. 

42.  V2r^\  49.  ^-  729  .  9» . «".  56.  ■^-  243  a^. 

43.  ^-^  64  .  a«.  50.  •^^.  57.  -^4  .  2»a^6". 

59.  Pol3rnomials  with  a  common  monomial  factor.  The 
type  form  is  ab  +  ac^ad. 

Since  ab  -{-  ac  ^  ad  =  a(b  +  c  —  rf), 

we  have,  for  factoring  expressions  having  a  common  mono- 
mial factor,  the  following 

Rule,  Determine  hy  inspection  the  monomial  factor  which 
is  the  product  of  all  numerical  and  literal  factors  common  to 
all  terms  of  the  polynomial. 

Divide  the  polynomial  by  this  monomial  factor. 

Write  the  quotient  in  a  parenthesis  preceded  by  the  mono* 
micU  factor. 

EXAMPLE 

Factor  10  ab^  - 15  b\ 

Solution.   The  common  monomial  factor  of  both  terms  is  seen 
to  be  5  b^.   Dividing  the  biuomial  by  5  b^,  the  quotient  is  2  a  —  3  6. 
Therefore  10  ab^  -16b^  =  6h^(2a-^b). 

ORAL  EXERCISES 

Factor  the  following: 

1.  2aj  +  2.     6.  7aj-14.  11.  2Z»  +  2c.     16.  20 o+ 18 erf. 

2.  3a; +  6.     7.  10 a; -(-20.  12.  5r-105.    17.  25m -20 wn. 

3.  2a  — 4.     8.  5m  — 15.  13.  6a;  — 43^.    18.  27aj  —  36a;y. 

4.  3c  +  9.     9.  10-2?i.  14.  10a'-f2y.  19.  30r-12r5. 

5.  5c-10.  10.  12 -6a.  15.  16a-46.    20.  35^  +  4s^. 
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Write  the  prime  factors  of  the  following : 

1.  Sax'-^lSa.  12.  Sj/^+6i/c-Si^. 

2.  8x«+8aj.  13.  a^  +  a*-a*+2a. 

3.  2a;*-6ar».  14.  fir*  4-lOr +  16r*. 

4.  oJ'l^+a^hK  15.  6a*- 12a*-f  6a  -  18a«. 

5.  3/^5- 27 r*.  16.  16 m» -  32 m^w  +  24  wW 

6.  lOa^-  4x1  17.  -  a%  ^  2 aly^ '\- a'b^ 

7.  18  a;^  +  27  +  9  a;.  18.  Solve  for  a,  oa;  =  a  (wt  +  w). 

8.  x^^a?+  x\  19.  Solve  for  x,  ax  =  ab  +  ae, 

9.  2  <J*  —  18  c  +  2  c".  20.  Solve  for  y,  ny  =  nr '\- ns  +  nt. 

10.  4  a:^  —  8  oa;  +  20  a:.      21.  Solve  for  y,  my=mh—mk—mL 

11.  5 a^  + 10 a*  —  25 a».     22.  Solve  for  z,az=^2a'- a*  +  a*. 

60.  Polynomials  which  may  be  factored  by  grouping  terms 
and  taking  out  a  common  binomial  factor.  The  type  form  is 

ax+ay+bx+by. 

Plainly     ax  +  ay  -{-hx  +  by  =^  a(x  +  y^+  l(x  +  y). 

Dividing  both  terms  of  a  (a;  +  y)  +  J  (a?  -f  y)  by  (x  +  y), 
the  quotient  is  a +  6. 

Therefore    aa;  +  ay  -f  ^a;  +  6y  =  (a;  -|-  y)  (a  +  6). 

EXAMPLE 

••'»■■■ 
Factor  2xy  +  Sah  +  6ay  +  bx. 

Solution.  2xy  +  Sab  +  Qay  +  bx  = 

2xy  +  6ay-{-  Jar  +  3  a&  = 
2  y  (z  +  3  a)  +  ^>(a;  +  3  a)  = 
(ar+3a)(2y  +  6). 
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The  preceding  example  illustrates  the 

Ruk.  Arranffe  the  terms  of  the  polynomial  to  he  factored 
in  groups  of  two  or  more  terms  each,  such  that  in  each  group 
a  monomial  factor  may  he  written  outside  a  parenthesis^ 
which  in  each  case  contains  the  same  expression. 

Rewrite^  placing  these  mxmomial  factors  outside  parentheses. 

Then  divide  hy  the  expression  in  parenthesis  and  write  the 
divisor  as  one  factor  and  the  quotient  as  the  other. 

Polynomials  which  may  be  factored  by  grouping  terms 
according  to  the  foregoing  rule  usually  contain  either 
four,  six,  or  eight  terms. 

It  is  important  to  note  that  one  can  obtain  two  apparently  differ- 
ent sets  of  factors  for  a  given  expression.   Thus 

(tti  —  r)  (f»  —  2  ar)  =x  (r  —  m)  (2  a:  —  n), 

for  each  pair  by  actual  multiplication  gives  mn  ^  nr -^  2  mx  +  2  rx. 

An  inspection  of  the  expression  shows  that  the  binomials  of  the 
first  pair  are  the  negatives  respectively  of  those  in  the  second  pair ; 
hence  either  pair  of  factors  is  correct. 

The  relation  that  the  process  of  factoring  bears  to  the 
processes  of  multiplication  and  division  of  monomials  and 
polynomials  should  be  constantly  kept  in  mind.  In  multi- 
plication we  have  two  factors  given  and  are  required  to 
find  their  product.  In  division  we  have  the  product  and 
one  factor  given  and  are  required  to  find  the  other  factor. 
In  factoring,  however,  the  problem  is  a  little  more  difficult, 
for  we  have  only  the  product  given,  and  our  experience 
is  supposed  to  enable  us  to  determine  the  factors.  For 
this  reason  a  very  careful  study  of  various  typical  forms 
of  products  is  necessary. 

There  is  no  simple  operation  the  performance  of  which 
makes  us  sure  that  we  have  found  the  prime  factors  of  a 
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given  expression.    Only  insight  and  experience  enable  us 
to  find  prime  factors  with  certainty. 

A  partial  check,  however,  that  may  be  applied  to  all 
the  exercises  in  factoring,  consists  in  actually  multiplying 
together  the  factors  that  have  been  found.  The  result 
should  be  the  original  expression. 

ORAL  EXERCISES 

Factor  the  following : 

1.  5(x  +  y)  +  c(x  +  y).  7.  Sx(2x^y)^  5y(2x-y). 

2.  a(2b  +  c)+ c(2b +  c),  8.  m(m— 5n)— 2  7i(7?i  — Sw). 

3.  w(a  +  3aj)  — n(a-f  3a;).  9.  2a(a  —  J)— 3  6(a  —  5). 

4.  2aj(a;-2y)  — y(a;  — 2y).  10.  6aj(a;  —  3)+ 3(aj  -  3). 

5.  Sr(8+7t)-(s+7ty  11.  4r(r-7)-7(r-7). 

6.  2mCm  +  n)  +  Sn(n+m).  12.  7 8(s  ^  t)— 2t(8  —  t). 

13.  9??i(m  —  2n)-f- 4»(m  —  2n). 

14.  7aj(3aj-4y)-2y(3a;-4y). 

15.  lla^(a-3^)-5c(a-3ft). 


Factor  the  following : 

1.  2 a(a  —  x)  +  S(x  —  a). 

Hun*.  This  can  be  written  2  a  (a  ~  2)  —  3  (a  —  x). 

2.  7m(m  —  2n)— 2(271  — m). 

3.  Sh(5h-k)-k(k-5h)-hk(5h-k). 

4.  7x(2x-'5y)—2y(2x  —  5y)  +  (5y--2x). 

5.  (3a  — 2a;)+9a(-2a;4-3a)+aj(2aj  — 3a). 

6.  ah  +  bh  +  ak  +  bk. 
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7.  mr  -{- nr  -j- ms  +  ns^  13.  mh  —  nh  +  mk  —  nk, 

8.  2ae  +  bC'\-2ad  +  bd.  14.  2ax  —  6a]/  +  bx  —  Sby. 

9.  S  ac  -^  ex  +  9  ay  -\-  3  xy.        15.  ar  —  cr  -\-  ds  —  cs. 

10.  6  oa; -h  15  ^x-j- 4  ay  4-10  &y.      16.  mr  —  nr -\- ms  —  ns, 

11.  2a*»  +  a^a!  +  2aaj  +  ic^.  17.  2Aaj  -  2  A;a;  +  %  -  %. 

12.  6A8  +  4:A%-}-3M'^  +  2A;».     18.  3 x*  -  3 ar^y -f  xy  -  y^. 

19.  2a«-6a262-|-a^»«-3ft^ 

20.  5r»-2rs2  4-107^5 -4s«. 

21.  20a;«--5a;y  +  4a;y-2^. 

22.  6  ac-'Sc-\- 2  ad  — d, 

23.  8aa;+155y— 12ay—10Jaj. 
Solution.    8  oa;  +  15  &y  — 12  ay  — 10  5a:  = 

8  aa:  - 12  ay  - 10  hx  + 15  %  = 
4a(2ar-3y)-5ft(2a:-3y)  = 
(2a?-3y)(4a-56). 

24.  ac  ^bc  —  ad-\-  bd.  29.  2a«  -  Ga^^^  _  ^2  +  354. 

25.  ac  -  acZ  -  ^>c  +  «►(? .  30.  10a*-25a86»+5&*-2a^. 

26.  2am— 6&m-3a7i+9^>?i.  31.  14a;*— 36aa;2+10a  — 4aj^. 

27.  Shx-15kx-hy  +  5ky.  32.  30a;*  -  10x^+1  -  3aj«. 

28.  a;«-3a;y-2a;y +  6y*.  33.  a^»*  -  2&«- 5a^ +10. 

34.  Solve  for  a;,  x(a  +  b)=r(a  +  ft)+  s(a  +  5). 

35.  Solve  for  x,  rrvx  +  nx  —  mr  -^  nr  ■\-  ms  -{-  ns. 

Hint.  In  the  preceding  equation,  and  in  similar  ones,  the  value  of  the 
unknown  should  be  obtained  by  the  use  of  factoring.  Mental  division 
should  be  employed,  not  ordinary  long  division. 

36.  Solve  for  y,  ay  -\- by  =^  ac -\- be  —  ab  —  b\ 

37.  Solve  for  «,  kz  —  lz=:  hk  —  hi  —  k^  +  Ik. 

38.  Solve  for.  y,  cy  -\-  ad  —  a6  =  dc  —  ce  +  ay, 

39.  Solve  for  m,  2  A;  +  A^  —  mk  =  kl  +  2h  —  mh. 
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61.  Trinomials  which  are  perfect  squares.  Here  the  type 

This,  by  page  105,  gives  us  the  two  expressions: 

a^^2(d>  +  V^  =  (a-by. 

If  an  algebraic  expression  is  the  product  of  two  equal 
factors,  it  is  said  to  be  a  perfect  square. 

A  trinamicUy  arranged  according  to  the  descending  powers 
of  one  letter,  is  a  perfect  square  if  the  first  and  third  terms 
are  positive  and  if  the  absolute  value  of  the  middle  term  is 
tunce  the  product  of  the  absolute  values  of  the  square  roots  of 
the  other  two  terms. 

Thus  in  the  type  form  above,  the  middle  term  2  aft  =  2  •  Vo^ .  VP. 
Similarly,  the  trinomial  4  x^  —  20  xy^  +  25  y*  is  a  perfect  square, 
since  the  middle  term  20 xy^-2'  VT^ .  V25y*  =  2-2x'6y\ 


ORAL  EXERCISES 


Form  perfect  trinomial  squares  by  supplying  the  missing 
terms  in  the  following : 


1.  a^^(?)-\-x\ 

2.  c"H-  (?)  4-  25. 

3.  ^ +(?)-{- 16 1\ 

4.  h'+ (?)  +  !. 
6.  1-f  (?)  +  4A'*. 

6.  9x«-(?)  +  4. 

7.  (;2+2c(^-f(?). 
.8.  a«-2aaj  +  (?). 

9.  2^-6y  +  (?). 
10.  r»H-2r4-(?). 


11.  aj»-4aj  +  (?). 

12.  x^+10x  +  (?), 

13.  (r»-8c4-(?). 

14.  w^-12n  +  (?) 

15.  w^-20n  +  (?) 

16.  aj^-18a:  +  (?) 

17.  a^-26a;  +  (?) 

18.  4r«-4r-|-(?) 

19.  9a^+6x-{-(?) 

20.  9a^-6a  +  (?) 
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21.  16  a^-  24  a;  +  (?).  24.  (?)  + 10  r  +  25. 

22.  16  a?^- 40 «  +  (?).  25.  (?)-18aj  +  81. 

23.  25a?  -  60aj  +  (?).  26.  (?)  -  8a;  +  x«. 

For  obtaining  one  of  the  two  equal  factors  of  a  perfect 
trinomial  square  we  have  the 

Ride.  Arrange  the  terms  of  the  trinomial  according  to  the 
descending  powers  of  soms  letter  in  it* 

Extract  the  square  root  of  the  first  and  third  terms  and 
connect  the  resvlts  hy  the  sign  of  the  middle  term. 

Before  applying  the  foregoing  rule  one  should  never 
forget  to  observe  whether  the  expression  to  be  factored 
is  a  perfect  trinomial  square  or  not. 

ORAL  EXERCISES 

Factor  the  following : 

1.  ar*+4a5  +  4.  13.  (?-\-2c-\'l. 

2.  ^2+65  +  9.  14.  l-2aj+a?. 

3.  c"-8(j  +  16.  15.  4aj^4-4aj  +  l. 

4.  a*+10a  +  25.  16.  9c^+6c  +  l. 

5.  cr»-10e^  +  25.  17.  9c"+12c  +  4 

6.  A*- 12 A +  36.  18.  16aj*+8aj+l. 

7.  49-14a;  +  a;^  19.  16ar»- 24a;  +  9. 

8.  64  + 16 w  +  m\  20.  25a;^-  20a;  +  4 

9.  81-18m  +  m2.  21.  9  +  42 a?  +  49 aj». 

10.  »^-20»4-100.  22.  16  — 24aj  +  9a*. 

11.  A;»-22A;  +  121.  23.  25  -  40  a;  + 16 a;*. 

12.  144  -  24y  +  y«.  24.  49  +  70a;  +  2^7?. 
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Write  the  factors  for  the  following  : 

1.  dt^  +  ers  +  s".  10.  121a»-44a5  +  46« 

2.  4a*  +  4aaj  +  »*.  11.  81  x*  + 126 xy  +  49 y«. 

3.  9aj*— 6xy  +  3r^.  12.  36 a?  +  25 y^  ^  60 xy. 

4.  16a*-8a;m  +  wl  13.  169a^  +  9^  -  78a*. 

5.  m^  +  10mn  +  25n\  14.  49rf»  +  210cd  +  226c». 

6.  25y*-.103^  +  a^.  15.  196a'' -UOab +  25b\ 

7.  81a«+18a*  +  *».  16.  9a%^-12a*  +  4. 

8.  m*  —  26  7?in  + 169  n*.  17.  16  A;^  +  56  ca;  +  49. 

9.  9h^-^60hk+100k\  18.  9 ttM  -  24: mnp  +16 p\ 

It  is  only  in  the  beginning  of  factoring  that  polynomials 
are  classified  for  the  student.  In  the  practical  work  of 
handling  fractions  and  solving  equations  he  must  deter- 
mine for  himself  the  type  of  the  polynomial  to  be  factored 
It  is  therefore  very  important  that  he  fix  in  mind  the 
various  types  and  the  manner  of  factoring  each.  More- 
over,  he  should  remember  that  the  polynomials  which  arise 
in  practice  often  have  three  or  more  factors.  Miscellaneous 
review  exercises  afford  excellent  practice  in  recognizing 
types  and  in  determining  all  the  prime  factors. 

At  this  point  the  suggestions  given  on  page  135  wUl 
prove  helpful,  though  only  the  first  three  of  the  types  there 
given  have  as  yet  been  considered. 

SXVIEW  EXERCISES 

Separate  into  prime  factors : 

1.  aj*4-6iB*  +  9a:.  6.  a*-}-2a*x  +  aa^. 

2.  2a?  +  Ax +  2.  6.  2c»- 20c«  +  50c. 

3.  a^-10aj*-|-26a;.  7.  100 x  -  80 x* -f- 16 «•. 

4.  a*  +  2a^b  +  a^.  8.  9Sc  +  2Sc?  +  2(f. 
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9.  80r-40r2  +  5r».  13.  126  c'd^ -{-Ult^d -\- 27 cd\ 

10.  246a^-140a;*  +  20a«.  14.  2  ac  +  4  ca  +  2  ay -f  4  ay. 
11*  4:5m^  —  e0mn  +  20n\  15.  2ax  -  6bx -^2ai/ —  6by. 
12.  2  ax  +  4:  aa^  +  2  aa:^.        16.  37?ir  — 6  7ir+15ms  — 30n«. 

17.  12  aft  —  6  fto  —  6  005  +  3  CSC. 

18.  Solve  for  a;,  ax  +  «»  =  w  (a  +  c)  —  w(a  +  c). 

19.  Solve  for  a?,  (a  +  b)x  =  a^  +  2  ab  +  b\ 

20.  Solve  for  m,  mA  —  mA;  =  h^  —  2  hh  +  A;*. 

21.  Solve  for  n,  nr  —  2  tw  =  r^  —  4  rs  +  4  5^. 

22.  Solve  for  y,  ky  —  4:kl  —  l^  =^  4tk^  —  ky  —  ly, 

23.  Solve  for  y,  acy  —  ac?^  —  acr*  =  ac?y  —  2  ace?. 

24.  Solve  for  «,  2  ac?c  —  ac^  =  acP  —  ae?«  +  aez, 

62.  A  binomial  the  difference  of  two  squares.  The  type 
form  is  a«-&». 

By  page  107,        a^-V^=(a-\-  5)  (a  -  by 

Hence  we  have  the 

Rule.  Regarding  each  term  of  the  binomial  as  positive^ 
eoctract  its  square  root 

Add  the  two  square  roots  for  one  factor^  and  subtract  the 
second  from  the  first  for  the  other, 

EXAMPLES 

1.  Factor  c*  —  d\ 

Solution,   c*  —  rf*  =  (c^  +  d^)  (c^  —  d^),  by  application  of  the  rule ; 

=  (c^  +  d^)  (c  +  d)  (c  —  d),  by  application  of  the 
rule  to  c^  —  d^. 

2.  Factor  81  a«  -  16  y^. 

Solution.    81  a8  - 16  y^^  =  (9  a*  +  4  y^)  (9  a*  --  4^) 

=  (9 a*  +  4y«)(3 a^  +  2y«)(3  a^ -  2y»). 


* 

FACTOEING 

12f 

Factor: 

ORAL  EXERCISES 

I.  c"-  d?. 

8. 

4x^-25. 

15.  169  a^- 

-100d«. 

2.  a^  -  4. 

9. 

9a;2-43r'. 

16.  25  a:*- 

36  y*. 

3.  A2__i. 

10. 

16x*-y». 

17.  36  a;*- 

49  y». 

4.  4m2-l. 

11. 

9c2-64e?2 

18.  16  a;*- 

121  a\ 

5.  9-7-2 

12. 

100  a^- 121^.1 

19.  64  a;*- 

81  «l 

6.  1-H 

13. 

121  aj2  -  49  if. 

20.  100  a;^ 

-1212^*. 

7.  1      4^-2. 

14. 

144  c^  -  121  c?l 

21.  144a;^- 

-  169  f. 

Solve  for  x, 

22.  a:  (a +  3) 

==a- 

-  9.              24. 

a;(A;  +  7)=^^ 

-49. 

23.  aj(c-5)  = 

=  (r» 

-  25.             25. 

a;(2  +  c)=4- 

-A 

EXERCISES 

Factor  the  following : 
1.  a*  -  h\  6.  81  -  c*. 


2.  a;*  - 1. 

3.  a*  — 16. 

4.  r*  -  81. 

5.  16a* -1. 


•16 


11.  C*tZ*-l. 

12.  c«  -  81. 

13.  c«  -  ^». 

14.  a*i8-ia 

15.  a;*3^  -  «*. 


7.  625  a;* -1. 

8.  626 -a*. 

9.  625  a;*  -  16  y\ 

10.  a^-c 

16.  (a;  4- 2/)' -  ;:r». 
Hint,    (x  +  y)2  —  z^  _.  [(j.  +  y)  +  -j]  [(g;  4.  y)  _  -j]  etc. 

17.  (x  -  2^)2  -  2h.  20.  4(x  -  9)2  -  9  a^. 

18.  (2a;  +  5)^  -  A.f.  21.  9(a  -  5)^  -  25^^. 

19.  (3a-7)2-a;l  22.  25a;»(c  +  tZ)^- 93/*. 
23.  4a2_(2(j-£f)a. 

Hint.   4a2  —  (2c  — d)2  =  [2a  +  (2c  —  d)]  [2a— (2c- d)]  etc. 

24.  25ar»  -  (a  -  3  h)\  26.  81  a^  -  4(c*  +  2)1 

25.  49a«-(3x  +  2)^  27.  100  -  a«(^  +  c)». 


1 
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28.  121  a^  _  4  j2  (^  _  3  ^9^2  33^  25  a?V  -  9  (a  +  hf. 

29.  fz^-(y  +  z)\  84.  4c*cP  -(c  -  2d)\ 

80.  &^-{c-e)\  85.  16  c«e^*  -  (a^  +  a)". 

81.  c^c^^  -  (c^  -  tf)l  86.  25  c*c^^  -  3^(c  +  (i)« 

82.  9t a%»  -  4  (a  -  «•)».  87.  49 1^^  -  9  (r«  -  «*)«. 

Some  polynomials  of  four  or  six  terms  may  be  arranged  as 
the  difference  of  two  squares  and  factored  as  in  the  preceding 
exercises. 


Factor : 

1.  a:^-h2icy  +  3^-«*. 

Solution.   ar«+2a:y  +  y«-2«  = 

(ar  +  y  +  ?)  (x  +  y  —  2). 

2.  a?^  +  2a;  +  l  — y".  4.  c' -  10c  +  25  -  4£p. 

3.  a^— 6a  +  9-«'^  5.  4a*  +  4a  +  l-9^. 

6.  16  +  24a+9a^-25^c^. 

7.  4a»-12a^  +  95*-95*. 

8.  25aj»  +  4y»-20a:y-16«l 

9.  9a^  +  25y*-81«*  — 30a^. 

10.  60a5-25c*  +  9i^  +  100a*. 

11.  l-14a62  +  49a26*-5*. 

12.  4  -  20a^V  +  25  a%V  -  4c». 

13.  9aj^--30a:y  +  25y^-16«*. 

14.  16a;«-:8a;V  +  y*-«^ 

15.  ^^  —  m*  +  2  wn  —  r?. 

Solution.   /a-m«  +  2mn-n«  = 
/«-(m2-2mfi  +  n2)  = 

P  +  (m-n)][/-(m-.n)]  = 
(/  +  OT  —  n)  (/  —  m  +  n). 


FACTORING  12T 

16.  «*-42^  +  4y«-«*.  18.  c"-4o^-12a5-9d». 

17.  «»-2/'  +  10y«-26«2.  19.  4c2-a»-f  lOa^-26^. 

20.  9d*  — a«  +  6a^-9tf». 

21.  16tf*-.25»>*  +  10mn-nl 

KEVIBW  EXERCISES 

Factor: 

1.  005*— ay*.  10.  5aV— 45c*. 

2.  a*(j  — 45'c.  11.  aV— 2aV+ oic. 
8.  a*+6a'6  +  9a^.  12.  aaf'-a^x. 

4.  <^  +  2d*+^.  13.  2a*-162x. 

6.  &^-  25  rfl  14.  a:V  - 1^  «y*- 

6.  26«*-30«»+9<5*.  15.  ha'^'-h. 

7.  2aj*— ISa^^.  16.  of—x]^. 

8.  r^  +  2 7^  +  r».  17.  32aj*- 1250. 

9.  a»6-6aV+9a^*.  18.  3«(a; +y)^-12«». 

19.  20aj*  +  20a^+6a;*+5a^. 

20.  8»^— 8r*(3«  +  ^)^ 

21.  8  a*  -  12  a%c  -  18  d^W^  2  aV. 

22.  Solve  for  x,  a;(a  +  2)  =  a'—  4. 

23.  Solve  for  y,  5^  4-  5  y  ==  h^—  2h. 

24.  Solve  for  «,  «(c*+  25)  (c  -  5)  =  c*^  625. 

25.  Solve  for  w,  mh^—  mhk  =  A*—  AH 

26.  Solve  for  n,  acn  +  2  c  —  a*c  =  2  en  —  2  c. 

63.  The  quadratic  trinomial.    The  type  form  is 

jf  +  hx+c. 

For  many  trinomials  of  this  type  two  binomial  factors 
may  be  found  of  the  form  (x  +  r)(x  +  s).  The  method 
of  factoring  to  be  used  is  the  reverse  of  the  method  of 
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multiplying  two  binomials  .given  on  page  109.   From  a 
study  of  the  four  examples  there  given  it  is  evident  that 

(1)  The  first  term  of  each  binomial  factor  is  the  equ/ire 
root  of  the  first  term  of  the  trinomial* 

(2)  The  second  terms  of  the  binomials  are  those  forCtors 
of  the  last  term  of  the  trinomial  whose  algebraic  sum  equals 
the  coefficient  of  the  middle  term  of  the  trinomial. 

EXAMPLES 

1.  Factor  a^  + 12  a;  +  32. 

Solution.  a^+12x  +  ^2  =  (x  +  T)(x  +  T), 

It  is  necessary  to  find  two  numbers  whose  product  is  +  32  and 
whose  sum  is  +  12. 

Now  32  =  1 .  32  =  2  .  16  =  4  .  8. 

The  first  two  pairs  are  rejected,  for  each  fails  to  give  the  sum 
+  12.  The  third  pair  of  factors  of  32,  namely  4  and  8,  gives  the 
correct  sum. 

Therefore  x^  + 12  a:  +  32  =  (a;  +  8)  (x  +  4). 

2.  Factor  a«  - 11  a  +  24. 

Solution.  Since  24  is  positive,  its  two  factors  must  have  the  same 
sign;  since  —11  is  negative,  both  factors  must  be  negative.  Now 
24  =  1  •  24  =  2  •  12  =  3  •  8  =  4  •  6.  By  inspection  of  these  products, 
—  3  and  —  8  are  found  to  be  the  required  numbers. 

Therefore  a»  - 11  a  +  24  =  (a  -  3)  (a  -  8). 

3.  Factor  c^  —  c  —  42. 

Solution.  The  product  —  42  is  negative ;  hence  the  required  factors 
have  unlike  signs.  The  sum,  —  1,  being  negative,  the  negative  factor 
of  —  42  must  have  the  greater  absolute  value.  Now  42  =  1  •  42  = 
2  .  21  =  3  .  14  =  6  .  7.   We  see  that  6  +  (-  7)  =- 1. 

Therefore  c«- c-42  =  (c  +  6)(c-7). 
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.«:Hri»^f:i>: 


Factor: 

1.  a^  +  5a  +  6.        6.  A^-16A  +  16.    11.  ««  +  2«-36. 

2.  <?  +  7c'hl2.        7.  »^-8w  +  16.      12.  ««-65  +  9. 

3.  iK»  +  4aj  +  4.         8.  A;*-17^  +  30.     13.  fi  +  t-42. 

4.  ay^-Sx  +  12.      9.  w^-lOm  +  25.  14.  aj*  +  5x-14 
6.  m^-13m+S0.   10.  r»-6r -14        15.  lOa-39  +  a^ 

16.  a*-4a«-5.  17.  a* -14a* +  49. 

18.  -a^-haj4-20. 

Solution.   By  taking  out  the  factor  —  1,  we  may  factor  as  usuaL 

-  a:*  +  X  +  20  =- 1  (x8  -  or'-  20)  =- 1  (a:  -  5)(a:  +  4) 

=  (5  -  a:)  (^  +  4). 

Note  that  (—1)  is  not  retained  as  a  factor  in  the  final  result. 

19.  —a;* -a; +  12.  80.  -4«  — 21  +  «l 

20.  —  m*  -  8  w  +  9.  31.  27  +  6aj  -  a*. 

21.  -2a  +  63-al  32.  a*+27w-3r«. 

22.  20  -  m  —  ml  33.  w*  +  2m7i  -  99n'. 

23.  24  +  2»  -  n\  34.  A"-  3  AA;  -  130H 

24.  80-2r-r».  35.  A;" -  4 A:Z  +  4 Zl 

25.  a^-x  -72.  36.  r*  +  16 rs  -  100 «*. 

26.  a*-a-110.  37.  5hk  +  ^-S6h''. 

27.  a"  +  12a  +  36.  38.  r»5* -  3 rs^  -  40 ^. 

28.  c«-50  +  6c.  39.  a*5«  +  8 a5c  +  7 c«. 

29.  Af  -  55  +  6A.  40.  33^  —  m^* -  8 wnj?. 

REVIEW  EXERCISES 

Factor  the  following: 

1.  ic*  +  7a;»  +  12ajl  6.  16a»-4a*l 

2.  a*  -  12a«  +  36al  7.  20(^  -  5c^*. 

3.  2a^  +  10a;-48.  8.  6a»-20a:2^. 

4.  5c«  +  15c*-140o.  9.  r*s  +  10 r^s*  +  21  rs*. 

5.  3/11*  + 66m"  +  363ml  10.  2 h''k^  + 2 h^k^- 12 hk^ 
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11.  2r*-162r..  15.  5r*<-40r»««  +  60r«<». 

12.  45  mV  -  20  mn\  16.  39  d^^  10  cd*  -  c*d*. 

13.  2a;V+10icy  +  12fljy«.  17.  18aj*  +  7te*- AjV. 

14.  4:d'd-\-4:(^d^-  24c*rf».  18.  8a6c»  +  aV^c* -65<f. 

19.  6  aA^  +  3  h^c  + 18  aAA;  +  9  chk. 

20.  30  mW  — 10  mr  -I-  45  m^Ti  — 15  m. 

21.  2a»  +  4a%H-2ad*-2a^. 

22.  3c»  +  6c2c^  +  3ec?*-12c. 

23.  4  a:*  —  4  xy^  —  8  xyz  —  4  a;«^. 

24.  Solve  for  ic,  aj(a  +  2)  =  a*  +  5  a  +  6. 

25.  Solve  for  y,  yTn-  —  2^  =  m*  —  4m  +  3. 

26.  Solve  for  «,  r«  +  r  =  r*  +  5«  —  20. 

27.  Solve  for  r,  ar  +  3  oc  —  a*  =  2  cr  +  2^*. 

28.  Solve  for  s,  2flw  +  a*  +  a*  =  6a^  +  a^«. 

64.  The  general  quadratic  trinomial.    The  type  form  is 

ax^  +  bx  +  c. 

For  many  trinomials  of  this  type,  two  binomial  factors  of 
the  form  (hx  +  K)  (mx  +  n)  may  be  found.  The  method  of 
factoring  such  trinomials  is  illustrated  in  the  following: 


(1) 


1.  Factor  2aj*  + 5a; +  3. 

Solution.  2ar3  +  5ar  +  3=(?a;  +  ?)(?a:  +  ?).      T^>^*         ^x 

To  get  the  proper  factors  we  must  supply      2  a:*  +  ?  a; 
such  numbers  for  the  interrogation  points  in  ^  7  j;  ^.  3 

(1)  and  in  (2)  as  will  give  (3).  2a:«+6ar  +  3     (3) 

2  ar*  for  the  product  of  the  first  two  terms  of  the  binomials, 
+  3  for  the  product  of  the  last  two  terms  of  the  binomials,  and 
+  5  a;  for  the  sum  of  the  cross  products. 

Now  2a:3  =  2a:.x, 

fmd  +8  =  1-8. 
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The  factors  1  and  3  may  be  substituted  for  the  interrogat&oa 
points  in  (1)  and  (2)  in  either  of  the  following  ways:, 

2  a:  +  1     /T  *N         2  a;  +  3     ,^  . . 

x  +  S     (Incorrect)  ^^^     (Correct) 

The  first  pair  is  rejected,  for  it  fails  to  give  a  product  having  the 
required  middle  term,  +  5  ar.  The  second  pair  gives  the  correct 
product.  :•! 

Therefore  2x^  +  6x  +  S  =  (2x  ■\-^)(x +  1). 

2.  Factor  3  aj^  -  aj  - 10. 
Solation.     ^x^  =  ^X'X 

-10  =  l.-10  =  -1.10  =  2.-5  =  -2.6. 

Test  the  following  pairs  of  binomials : 
3ar  +  l         a:  +  13ar-l         a;-13a:  +  2      a:  +  2    3ar-2      ar-r2 
X  — 10    3a:-- 10    ar  +  lO    3a:  +  10    x-5    3a:-5       ar  +  5    3x  +  6 

Only  the  last  pair  gives  the  desired  product. 
Therefore  3x2- a? -10  =  (a;  -  2)  (3  a:  +  5). 

After  a  little  practice  it  will  usually  be  found  unnecessary  to  write 
down  all  of  the  pairs  of  binomials  that  do  not  produce  the  required 
product. 

If  none  of  the  pairs  gives  the  required  product,  the  given  trino- 
mial is  prime. 

EXERCISES 
[Factor : 

1.  Say^^Tx  +  2.  7.  10  ar*  4- 13  cc  -  3. 

2.  2x^-\-lx  +  &.  8.  6c2  +  7(?-20. 

3.  3ar»4-8ar  +  5.  9.  10ar*  +  9a;  +  2. 

4.  2a2-9a  +  10.  10.  Qx'-\-bx'-^. 

Hiirr.   Since  the  last  term  is  w^  2  a:^  +  13  a; -|- 18. 

positive  and  the  second  negative, 
only  negative  factors  of  10  need 
be  considered.  13.  5  a;^  -^  38  a;  —  16. 


12.  3e^2-10cf-25. 


6.  5a*-2a-3.  14.  10aj^  +  Ta;-6. 

6.  6a*  +  7a-5.  15.  4 ifc^-f  20  A; -h  21. 
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16.  9a:»  +  3aj-2.  28.  50 a*  +  5 a^ -- 3. 

17.  16c»-8c-3.  29.  6  +  7ic«-5a*. 

18.  10^  -  7Z  - 12.  30.  12  +  17ar»  +  6a^. 

19.  12ar'-8aj-15.  3^^  a^-^Zah^-2h\ 

20.  14^-39r  +  10.  32.  a»  + 2a6  -  8^1 

21.  21  a;"  -  61  a:  -  30. 


33.  i?-cd-'12d^, 

34.  2a:^  +  6a:y  +  23^. 

35.  2a*--5a^  +  2ft«. 


22.  25««- 15s +  2. 

23.  36a^-36aj  +  5. 

24.  36a*  +  23a-3. 

25.  49a:«-21.  +  2.  36.  3 .»  - 10 a.y  +  3 3^. 

26.  2+a.-15a:^.  ^7.  10  «:«  -  27  a:y  +  5  y». 

27.  12a:*  +  a:«-20.  ^8.  12x»  +  23ary  -  23/«. 
Hint.  12x4  +  x^-.20=  39.  30 a:^  -  13 a:y  -  y». 

12  (xa)«  +  x»  -  20.  40.  30  a:^  +  109  xy  +  30  3^. 

REVIEW  EXERCISES 

'Factor  the  following: 

1.  4a:*  +  10aj  +  4.  5.  27 a^  -  36 aj*  + 12 «*. 

2.  3a^  +  18x^  +  27a;.  6.  8 a;* -f  2 «»  -  1. 

3.  20a;*  -  60a;«  +  45x».  7.  60a:»  -  350*  -  60a;. 

4.  50  aa:*  - 140  oa;  +  98  a.  8.  3  a; ^  -  4  a; V  +  a;/. 

9.  12  aV  +  21  a;y  -  6  a;/. 

10.  5xV  +  10a;y-75a;y'. 

11.  6a:V  +  12aA;  +  4nc*-f  8aa»-. 

12.  —  18  CL3^  —  45  a^y  —  6  aa;''  —  15  a^ 
18.  45a:y  +  21a;V-6a?. 

14.  Solve  for  r,  r (a  +  1)  =  2  a*  +  3  a  -f- 1. 

15.  Solve  for  «,  sb  +  80  =  b^ -be  ^2<^. 

16.  Solve  for  a,  2  Aa:  =  6  ^«  -f-  A  —  2  +  a. 

17.  Solve  iox  y^cy  —  0(1  —  2  (^^dy  -^^d^. 
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65.  A  binomial  the  sum  or  the  difference  of  two  cubes. 
The  type  form  is  /i»  -4-  m 

cfi-^-Jfi  divided  by  (a +6)  gives  the  quotient  a^  —  ab  +  b^y 
and  cfi—lfi  divided  by  («— J)  gives  the  quotient  a^+ab-^-V^. 

Therefore     cfi  +  1fi=(a  +  b)  {c?  -  aJ  +  6^),  (1) 

and  a8-68  =  (a-6)(aaH-ai  +  J^).  (2) 

Formulas  (1)  and  (2)  above  may  be  expressed  in  words 
as  follows: 

(1)  The  factoTB  of  the  sum  of  the  cvhes  of  two  terms  are 
(a)  a  binomial  tbhich  is  the  sum  of  the  terms  and  (6)  a 
trinomial  in  which  the  terms  are  the  sqtiare  of  the  first  term 
minus  the  product  of  the  first  and  the  second  term  plus  the 
square  of  the  second  term. 

(2)  The  factors  of  the  difference  of  the  cubes  of  two  terms 
are  (a)  a  binomial  which  is  the  difference  of  the  terms  and 
(h)  a  trirumtial  in  which  the  terms  are  the  square  of  the  first 
term  plus  the  product,  of  the  first  and  the  second  term  plus  the 
square  of  the  second  term. 


1.  Factor  a»  -f  27. 

Solution.   a»  +  27  =  a»  +  3»  =  (a  +  3)  (flS  -  a .  3  +  3«) 

=  (a  +  3)(a«-3a  +  9). 

2.  Factor  27  a«  -  64  b\ 

Solution.   27  a«  -  64  ft^  =  (3  ^2)8  _  (4  j,y 

=  (3  a2  -  4  6)  [(3  ay  +  (3  a«)  (4  h)  +  (4  6)«] 
=  (3  a2  -  4  5)  (9  a#  4  12  a«6  +  16  62). 
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.♦.^-.HriWKM: 


Factor  the  following : 


1. 

a^  +  y*. 

7. 

8-aj». 

13. 

8aj«3/»  +  l 

2. 

m*  —  n". 

8. 

64-f  y«. 

14. 

216  -  a^. 

3. 

a»  +  8. 

9. 

27  +  8a». 

15. 

m*  +  n^. 

4. 

ft»-64. 

10. 

m*  ^  7i'. 

16. 

aj*+y*. 

5. 

(f  +  Sd\ 

11. 

125aj"-y». 

17. 

a^  +  y". 

6. 

m«  — 125n». 

12. 

1-27  m  V. 

18. 

64x*  +  /. 

19.  a* +  64. 

20. 

m*- 

-n« 

Hint.  This  expression  may  be  regarded  either  as  the  difference  of  two 
cubes,  (m^)?  —  (n^)',  or  as  the  difference  of  two  squares,  (m*)^  r-  (n*)*. 
Since  the  difference  of  two  squares  is  one  of  the  simplest  type  forms  to 
factor,  one  should  always  use  it  when  possible. 

Thus  m^  —  n^  =i  (m'  +  n^)(m^  —  n')  etc. 

21.  V-3/«.       23.  a:«-64/.      25.  64a:^-l.      27.  aj^-l. 

22.  «•  -^  64      24.  1  -  a\  26.  a^  -  b\         28.  3^-  »•. 

REVIEW  EXERCISES 

1.  x^  +  xf^.  5.  a;*-2a»-f27aj-54. 

2.  2x*y-2xi/\  6.  a^-7a»  — 8. 

3.  2a* -54a.  7.  aj^°-64a;*. 

4.  5aj«-4aa^.  8.  3aj*  +  2a^-24aj  — 16. 

9.  Solve  for  a,  Saj  —  ace  =  27  —  a*. 

10.  Solve  for  a,  &c  —  8  =  ft*  —  2  X. 

11.  Solve  for  a;,  c^  —  27  =  c*  -|-  3ca;  —  9x. 

12.  Solve  for  r,  a'  -|-  aV  =  8  —  2  ar  —  4  r. 

13.  Solve  tor  «,  oft*  +  as  -^  a  =  ab*  —  cUr^s. 


FACTORING  186 

66.  General  directions  for  factoring.  Since  no  general 
method  of  factoring  can  be  stated  in  a  few  simple  rules, 
the  process  must  be  learned  by  means  of  such  type  forms 
and  typical  solutions  as  are  given  in  the  preceding  pages. 
When  once  these  have  been  thoroughly  mastered,  readi- 
ness in  factoring  expressions  which  are  represented  by 
them  becomes  a  matter  of  experience.  Usually  a  studen,t 
finds  it  comparatively  easy  to  factor  a  list  of  exercises 
classified  under  a  particular  type  form,  yet  a  list  of  mis- 
cellaneous exercises  he  finds  difficult.  This  usually  indi- 
cates inabiUty  to  determine  the  type  of  an  expression  from 
its  appearance.  Until  the  student,  by  careful  study  of  the 
type  forms,  has  acquired  the  ability  to  do  this,  he  will 
make  Uttle  progress.  There  are  many  types  that  are  not 
included  in  this  book,  which  the  student  who  continues 
the  study  of  algebra  will  meet  later. 

The  following  suggestions  will  prove  helpful  in  solving 
the  types  here  considered : 

J.  Fir9t  look  for  a  common  monomial  factor^  and  \f 
there  is  one  (other  than  i),  separate  the  expression  into 
its  greatest  monomial  factor  and  the  corresponding  poly- 
nomial factor, 

H.  Then  hy  the  form  of  the  polynomial  factor  determine 
with  which  of  the  following  types  it  should  he  classed  and 
use  the  methods  of  factoring  applicable  to  that  type. 

1.  ax+ay  +  bx+by.  4.  jc*  +  6x+c. 

2.  cP±2db  +  V.  5.  flJC*-^fer-^c. 

3.  (f-V.  6.  a»±6». 

m.  Proceed  again  as  in  U  tvith  each  polynomial  factor 
obtained  until  the  original  expression  has  been  separated  into 
its  prime  factors. 


186      COMPLETE  SCHOOL  ALGEBRA 

HI8CEI.LANS0US  BXERCI8E8 

Factor: 

1.  aB«-4aj.  18.  3 +  15a;  -  2aa:  —  lOoo*. 

2.  2a«  +  4a% -H2a^l  19.  x^- 27a;*- x»- ^  27. 
8.  aa^+aa?y  +  ah^  +  a^.  20.  a»-h3a%-a^*  -35«. 

4.  4 «*+  400 ««- 116 a;«.  21.  20 a;V  +  38 xY  -  30 a^. 

5.  2ciC*  +  2ca;*-12ca;.  22.  8aa;*- 2a  -  20a;^H- 5. 

6.  6a«-10a2ft-75a5».  28.  9a^  +  46«-12a6-4x2y*. 

7.  10x*-5a»-30a:».  24.  4a^- a^y- 4ay +  3^. 

8.  6a;^  +  40a:\  25.  a^  +  3/* -  4 a^ -  2 xy. 

9.  ar«y  +  3a«  +  8y  +  24  26.  a*- 4a;y +  ay- 4^*. 

10.  ar*-4aj»-8a»  +  32.  27.  »^+«»-6aj*. 

11.  16aj*-8aj»-2a;  +  l.  28.  1  -  a^^+aJ*-**. 

12.  a»-26a»-a«+26.  29.  1- 4a;«+ 8aj»- 32a;*. 

13.  -  46  aW  -  3a*a;«  +  18a'^a;.  30.  x^-  8 a;*+  16 x\ 

14.  9a;^-30aa;/+25aV.  31.  2a;V+4a;*y+2xy-2a;y». 

15.  a;^  -  63  aj«  -  64.  32.  8aV  -  8ay"+ 2y»- 2y. 

16.  a;*-64y«.  33.  4  a;*  4- 4  a;»- 4  a;«+ar*. 

17.  6x*-7a?t/-5f.  34.  a«- 13a*-f  36al 

35.  a;y -4a;V  +  3a;*y»- 12  ar*/. 

36.  Solve  for  XfCix  +  ad  +  bd  —  ac  +  bo^bx. 

37.  Solve  for  a;,  aa;  +  ^a;  +  3  =  a  +  &  +  3x. 

38.  Solve  for  a;,  lOr  —  25  —  5a;  =  7^  —  nc. 

39.  Solve  for  a;,  4  c?^  +  2  c^  —  cr*  =  —  ex. 

40.  Solve  for  «,  4r2  +  9  +  3«  =  2r«  +  12r. 

41.  Solve  for  a;,  w  +  42  —  7a;  =  m^  —  mx. 

42.  Solve  for  Xy  a  + 15 +  6x  =  2a^  — 2 ax. 

43.  Solve  for  a;,  — 3c  —  a;  =  2c^  —  2cx  —  2. 

44.  Solve  fora;,  6^^  —  12r4-4a;  =  r*  —  r^  +  4ra;-.& 

45.  Solve  for  y,  a'  —  c*  =  ay  —  cy. 


CHAPTER  XIV 

SOLUTION  OF  EQUATIONS  BY  FACTORINQ 

67.  Simple  equations.  A  simple  or  linear  eqaation  in  one 
unknown  is  one  which  may  be  put  in  such  a  form  that 

(a)  the  unknown  does  not  appear  in  any  denominator; 
(6)  only  the  first  power  of  the  unknown  is  involved. 

Thus  3a:  —  4=7,  2n  +  5  =  4n  +  l,  ax +  5  =  0,  are  simple  equa- 
tions, (x  —  1)  (x  +  3)  =  (a?  +  4)  (x  —  6)  is  also  a  simple  equation, 
since  on  multiplying  out  it  becomes  x*  +  2x  —  3  =ar*  —  2x  —  24, 
from  which,  after  transposition,  we  get  4  x  +  21  =  0. 

In  the  preceding  chapters  only  simple  equations  have 
been  considered 

68.  Quadratic  equations.  A  quadratic  equation  in  one  un- 
known is  one  that  may  be  put  in  such  a  form  that 

(a)  the  unknown  does  not  appear  in  any  denominator ; 
(6)  the  second  but  no  higher  power  of  the  unknown 
is  involved. 

Thus  x»  +  4x  — 5  =  0,  3x*— 4  =  6x4-6,  axa  +  6x+c  =  0,  are 
quadratic  equations. 

A  quadratic  equation  is  often -called  an  equation  of  the 
second  degree. 

The  term  in  a  quadratic  equation  which  does  not  involve 
the  unknown  is  called  the  constant  term. 

69.  Solution  of  equations.  The  methods  of  factoring 
given  in  Chapter  XIII  enable  us  to  solve  many  quadratic 
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equations.  In  the  solution  of  equations  by  factoring,  use 
is  made  of  the  following 

Principle.    If  the  product  of  two  or  more  factors  is  zero^, 
one  of  the  factors  must  he  zero. 

Two  or  more,  or  even  all,  of  the  factors  may  be  zero,  but 
the  vanishing  of  one  is  student  to  make  the  product  zero. 
Consider  the  equation,  in  factored  form, 

(a:-2)(a:-4)=0.  (1) 

If  this  equation  is  to  be  solved,  all  of  the  numbers  which 
satisfy  it  must  be  found.  That  is,  we  must  find  every 
yalue  of  x  for  which  the  product  on  the  left  of  (1)  is  zero. 
If  the  product  is  to  equal  zero,  the  foregoing  principle  re- 
quires that  one  of  the  factors  be  zero.  Hence  any  value  of 
a;  which  satisfies  (1)  must  make  either  a?— 2  =  0  or  a;— 4  =  0. 
Hence  x  must  equal  either  2  or  4.  On  substituting  2  for  x  in 
(1)  we  obtam  (2- 2)(2-4)  =  0,  or  0 .  (-2)  =  0.  Hence  2 
is  a  root  of  (1).  On  substituting  4  for  x  in  (I)  we  obtain 
(4  -  2)  (4  -  4)  =  0,  or  2  .  0  =  0.  Hence  4  is  a  root  of  (1). 
A  moment's  inspection  makes  it  clear  that  2  and  4  are  the 
only  roots  of  the  equation. 

ORAL  EXERCISES 

For  what  value  of  x  is  each  of  the  following  expressions 
equal  to  zero? 

1.  a?  — 2.  3.. a;  — 8.  6.  3aj-12. 

2.  x  +  5.  4.  aj  +  10.  6.  2aj  +  4 

1.  What  is  the  value  of  2  x  0?  of  (-  2)  x  0?  of  9  x  0? 
of  Ox  21? 

8.  Make  a  general  statement  which  includes  all  the  results 
of  Exercise  7. 
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What  is  the  valae  of : 

9.  (a;-l)(x-2)  whena;  =  3?  1?  0? 

10.  (aj  — 4)(x-3)  whenaj  =  3?  2?  4? 

11.  (aj-3)(a;  — 5)  wheiia;=-l?  3?  6? 

12.  (2aj  +  l)(3a;-l)  whena;=-l?  J?  0? 

13.  aj(a;  —  1)  when  aj  =  0?  1?  2? 

14.  (x  -  l)(x  ^2)(x^  3)  when  «  =  !?  2?  3? 

15.  3aj(a;  +  2)  whena;=:— 2?  0?  2? 

In  Exercises  16-22,  which  of  the  numbers  at  the  right  of 
each  equation  is  a  root  of  that  equation? 

16.  (x  -  S)(x  - 1)=  0.  1,  2,  3. 

17.  (x  +  2)(x  -  4)=  0.  -  4,  -  2,  2,  4. 

18.  aj(3aj-2)=0.  0,1,2. 

19.  (2x  + 1)(»  +  3)=  0.  -  J,  -  2,  -  3. 

20.  (x  —  l)(aj  -  2)(aj  —  3)=  0.  1,  2,  3,  4. 

21.  x(x  +  l)(a;  -  1)=  0.  -  1,  0, 1,  2. 

22.  (a;  -  iy(x  -•  9)  ==  0.  1,  9,  10. 

What  are  the  roots  of  the  equations  in  Exercises  23-28  ? 

23.  (a;-l)(a;  +  l)=:0.  26.  (2aj  -  3)(aj  -  1)=  0. 

24.  (a;  +  2)(a5-3)=0.  27.  (5aj  +  2)(a;  +  2)  =  0. 

25.  (a;-2)(a;-l)(a;  +  2)  =  0.  28.  (2ic  -  1)  (3aj  +  6)=  0. 

29.  Is  there  any  one  value  of  x  which  makes  both  factors 
of  (x  —  3)  (a;  +  6)  equal  to  zero  ? 


1.  Solve  the  quadratic  equation  a^  +  5  a?  =  6. 
Solution.    Transposing,     ar^  +  52:~6  =  0. 
Factoring,  (x  - 1)  (a:  +  6)  =  0. 

The  value  of  x  which  makes  the  factor  a:  —  1  equal  to  zero  is  a 
root  of  the  quadratic.   Setting  x  —  1  =  0,  we  obtain  a;  =  1. 
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Similarly,  the  value  of  x  which  makes  a;  +  6  equal  to  zero  is  a 
root  of  the  quadratic.   Setting  a:  +  6  =  0,  we  obtain  a:  =  —  6. 

Hence  1  and  —  6  are  the  roots  of  the  given  quadratic  equation. 

Check.   Substituting  1  for  a;  in  a:*  +  5  a:  =  6,  we  have  1  +  5  =  6. 
Substituting  —  6  for  a:  in  a:*  +  5  a:  =  6,  we  have  36  —  30  =  6. 

2.  Solve  the  quadratic  equation  ar*  =  4  a;. 

Solution.   Transposing,    ar^  —  4  a:  =  0. 
Factoring,  a:  (a:  —  4)  =  0. 

The  factors  are  x  and  a:  —  4.  The  value  which  makes  the  first 
factor  zero  is  a;  =  0.  The  value  of  x  which  makes  the  second  factor 
zero  is  X  =  4.   Hence  the  roots  of  x^  —  4  x  =  0  are  0  and  4. 

Check.   Substituting  x  =  0  in  x^  =  4  x,  0  =  0. 
Substituting  x  =  4  in  x*  =  4  x,  16  =  16. 

For  solving  an  equation  in  one  unknown  by  factoring 
•we  have  the 

Rule.  Transpose  the  terms  so  that  the  right  mewher  is  zero. 
Then  factor  the  expression  on  the  left^  set  each  factor  which 
contains  the  unknown  equal  to  zerOy  and  solve  the  resulting 
equations. 

It  must  be  kept  in  mind  that  a  root  of  an  equation  is 
a  number  which  satisfies  the  equation. 

One  should  never  divide  ea^h  member  of  an  equation  by  an 
expression  containing  the  unknown^  for  in. this  manner  roots 
may  be  lost. 

Thus,  if  in  Example  2  we  had  divided  both  sides  of  the 
equation  by  qc^  the  resulting  equation  would  have  been 
a;  —  4  =  0,  which,  to  be  sure,  gives  us  one  root  of  the 
given  equation.  But  we  have  lost  the  root  a;  =  0  which 
corresponds  to  the  factor  by  which  we  divided. 
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EXERCISES 

Find  the  roots  of  the  following  quadratic  equations,  and 
check  as  directed  by  the  teacher: 

1.  a^  -  9  =  0.  7.  x^  =  5x.  13.  o^  +  8  =-  6x. 

2.  7^-25  =  0.  8.  3aj*  =  9x,  14.  x^  =  3a;  + 10. 

3.  a:^=16.  9.  a:2-4x  +  3  =  0.  15.  4ka^-lQx=:0. 

4.  ar»==49.  10.  »^-6aj+9=0.  16.  5 ar»  +  35 aj  =  0. 

5.  a;^-2aj  =  0.  11.  a;«-7a;=-12.  17.  8-9x=-x2. 

6.  2a^'{-6x  =  0,  12.  a;*  +  a;  =  20.  18.  12aj-.28  =  -«^. 

19.  x*  -16x  +  64  =  0.  30.  x^  =  4 6^. 

20.  a"  -  54  =  15  X,  31.  ar»  =  16  H 

21.  12-25a;+12ar*  =  0.  32.  x"" -2bx  +  b^  =  0. 

22.  3a;^  +  aj  =  4.  33.  a;^  +  4 a^  =  4 oa;. 

23.  18ar*  =  9aj  +  20.  34.  a:*  -  aaj  =  0. 

24.  (aj  +  8)(a;+l)  =  -12.  35.  x^  =  7ax. 

25.  a^+9a;-12  =  3a-hl5.  36.  2a:^ -7aj  =  21- 6a;. 

26.  X  +12  =  x\  37.  ar^  —  5a;  —  oa;  =  0. 

27.  50a;  +  24  =  25ar».  38.  x''-5x  =  2ax. 

28.  (a;— ll)(a;  +  3)  =  2a;  +  42.     39.  a;^  —  aa;  —  fta;  +  o^  =  0. 

29.  ar*  -  a^  =  0.  AO.  x^ -h  hx  =  4:h  +  4a;. 

70.  Cubic  equations.    An  equation  in  x  which  may  be 
put  in  the  form 

as?  +  b3?+  cx  +  d  =  0, 

where  the  coefficients  a,  6,  Cj  and  d  represent  numbers,  is 
called  a  cubic  equation,  or  an  equation  of  the  third  degree. 
Some  equations  of  higher  degree  than  the  second  may 
be  solved  by  the  method  of  factoring. 
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Solve  the  cubic  equation  aj'~9aj  =  9  —  a*.  (1) 

Solution.   Transposing,  z^  +  ar^— 9a:  —  9  =  0. 

Grouping,  x^(x +  1)-Q(x +  1)  =  0. 

Factoring,  (x  + 1)  (a:^  -  9)  =  0, 

or  (x  +  1)  (a:  +  3)  (a:  -  3)  =  0. 

Setting  each  factor  equal  to  zero, 

X  +  1  =  0,  whence  a:  =  —  1, 
a:  +  3  =  0,  whence  a:  =  —  3, 
a:  —  3  =  0,  whence  ar  =  3. 

Therefore    —  1,  —  3,   and   3   are    the    roots    of    the   equation 
x«-9a:  =  9-a:2. 

Check.  When  a:  =  —  1,  (1)  becomes  —1+9  =  9  —  1. 
When  a:  =  -  3,  (1)  becomes  —  27  +  27  =  9  -  9. 
When  a:  =  3,      (1)  becomes      27  -  27  =  9  -  9. 


Find  the  roots  of  the  following  equations,  and  check : 

1.  rc»-9a;  =  0.  8.  3x»- 2aj^-12a;-f  8  =  0. 

2.  3«»  =  12aj.  9.  aj»-25=:25aj-a:l 

3.  aj»  +  4a;*-12aj  =  0.  10.  2 (ir»  -  a;)  =  3 (1  -  a^. 

4.  ic»-14a;  =  5ar'.  11.  ic*  -  5a;^  +  4  =  0. 

5.  5aj^  =  2a;-3x».  12.  a;*  - 13 ar»  +  36  =  0. 

6.  a:"  -  aj«  -  4x  +  4  =  0.  13.  a?*  =  4a;l 

7.  2a:»-x*  =  8aj-4.  14.  a^  =  26aj*-25. 

PROBLEMS 

1.  The  square  of  a  certain  number,  plus  the  number  itself, 
is  42.    Find  the  number. 

Hint.  n^  +  n  =  42. 

2.  If  from  the  square  of  a  certain  number  three  times  the 
number  be  taken,  the  remainder  will  be  54.   Find  the  number. 
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3.  If  to  the  square  of  a  certain  number  the  sum  of  twice 
the  number  and  9  be  added,  the  result  will  be  129.  Find  the 
number.  , 

4.  Three  times  the  square  of  a  certain  number  is  equal  to 
four  times  the  number.  What  is  the  number  ? 

5.  A  certain  number  is  added  to  16,  and  the  same  number 
is  also  added  to  21;  the  product  of  the  two  sums  is  546.  What 
is  the  number  ? 

6.  A  certain,  number  is  subtracted  from  15,  and  the  same 
number  is  also  subtracted  from  25;  the  product  of  the  re- 
mainders is  119.   Find  the  number. 

7.  From  30  a  certain  number  is  subtracted,  and  the  same 
number  is  added  to  IB ;  the  product  of  the  results  thus  obtained 
is  560.   Find  the  number. 

8;  If  a  certain  number  be  added  to  15,  and  the  same  number 
be  subtracted  from  22,  the  product  of  the  sum  and  difference 
thus  obtained  will  be  36  more  than  50  times  the  nimiber.  Find 
the  number. 

9.  If  from  the  square  of  four  times  a  certain  number,  five 
times  the  number  be  taken,  the  result  will  be  15  times  the 
square  of  tlie  number.   Find  the  number. 

The  student  has  probably  observed  that  a  quadratic  equation  has  twt 
roots  ^TT  one  corresponding  to  each  factor  which  contains  an  unknown, 
In  Problems  1-9,  where  the  question  is  asked  about  a  **  certain  number,^' 
both  roots  of  the  equation  are  solutions  of  the  problem,  since  both  ar« 
numbers.  In  problems  like  the  10th,  where  the  question  is  asked  about 
some  measurement,  it  frequently  happens  that  one  of  the  roots  is  % 
number  which  cannot  measure  the  particular  kind  of  thing  with  which 
the  problem  deals.  Thus  one  root  of  the  equation  to  which  Problem  10 
leads  is  —  20 ;  and  —  20  as  the  length  of  a  lot  is  meaningless.  Hence  we 
reject  it  as  a  solution  of  the  problem,  in  spite  of  the  fact  that  it  occurs  as 
a  root  of  the  equation.  Similarly,  if  a  problem  dealing  with  dimensions 
yields  an  equation  with  a  negative  root,  or  if  a  problem  asking  "how 
many  men''  yields  an  equation  with  a  fractional  root,  we  reject  these 


144      COMPLETE  SCHOOL  ALGEBRA 

roots.  Although  they  satisfy  the  algebraic  conditions  of  the  equation 
to  which  the  problem  leads,  they  fail  to  comply  with  the  physical 
conditions  of  the  problem  itself,  and  consequently  should  not  be  re- 
tained as  ansv^ers. 

10.  The  depth  of  a  certain  lot  whose  area  is  1600  square 
feet  is  four  times  its  frontage.   Find  its  dimensions. 

11.  The  area  of  the  floor  of  a  certain  room  is  54  square 
yards.  The  length  is  3  yards  more  than  the  breadth.  What 
are  the  dimensions  of  the  floor  ? 

12.  The  area  of  a  rectangular  field  is  216  square  rods. 
The  field  is  6  rods  longer  than  it  is  wide.  Pind  its 
dimensions. 

13.  The  sum  of  the  squares  of  two  consecutive  integers  is 
313.   Find  the  numbers. 

14.  The  sum  of  the  squares  of  two  consecutive  odd  integers 
is  614.   Find  the  numbers. 

15.  The  sum  of  the  squares  of  three  consecutive  odd  integers 
is  251.   Find  the  niunbers. 

16.  An  uncovered  box  6  inches  deep,  with  square  bottom, 
has  112  square  inches  of  inside  surface.  Find  the  other  inside 
dimensions. 

17.  Kemembering  that  the  faces  of  a  cube  are  squares,  find 
the  edge  of  a  cubical  box  whose  entire  outer  surface  is  216 
square  inches. 

18.  A  rectangular  box  is  three  times  as  long  and  twice  as 
wide  as  it  is  deep.  There  are  550  square  inches  in  its  entire 
palter  surface.   Find  it3  dimensions. 

19.  A  box  is  3  inches  longer  and  1  inch  wider  than  it  is 
deep.  There  are  62  square  inches  in  its  entire  outer  surface. 
Find  its  dimensions. 
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The  altitude  of  a  triangle  is  the  perpendicular  from  any 
vertex  to  the  side  opposite.    This  side  is  called  the  hose. 

In  the  adjacent  figures  BD  is  the  altitude  and  ^C  is  the 
base  of  each  triangle. 

B 


If  a  is  the  altitude  of  a  triangle  and  b  its  base,  the  area  of 
the  triangle  is  —  • 

In  making  use  of  this  and  similar  formulas  the  unit  in  terms 
of  which  the  lines  are  measured  must  be  specified. 

20.  The  area  of  a  triangle  is  40  square  feet ;  its  altitude  is 
8  feet.   Find  the  base. 

21.  The  altitude  of  a  triangle  is  twice  the  base  and  the  area 
is  36  square  feet.   Find  the  base  and  the  altitude. 

22.  The  base  of  a  triangle  is  5  times  the  altitude  and  the 
area  is  40  square  feet.   Find  the  base  and  the  altitude. 

23.  The  area  of  a  triangle  is  48  square  inches ;  the  base  is 
six  times  the  altitude.   Find  the  altitude  and  the  base. 

24.  The  area  of  a  triangle  is  24  square  feet ;  the  altitude  is 
2  feet  longer  than  the  base.   Find  the  altitude  and  the  base. 

Hint.  Let  x  =  the  base  in  feet. 

Then  x  +  2  =  the  altitude  in  feet, 

and  — ^^ — ■ — ^  =  — ■ =  the  area. 

2  2 

a2+  2x 


Therefore 


=  24. 


Multiplying  each  member  by  2,  this  equation  becomes 

»a+2x  =  48. 
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25.  The  altitude  of  a  triangle  is  4  feet  longer  than  the  base. 
The  area  is  6  square  feet.   Find  the  base  and  the  altitude. 

26.  One  leg  of  a  right  triangle  is  4  yards  longer  than  the 
other  and  the  area  is  30  square  yards.   Find  the  legs. 

27.  The  area  of  a  right  triangle  is  26  square  yards  and  one 
leg  is  8  feet  longer  than  the  other.   Find  the  legs. 

28.  The  area  of  a  triangle  is  2|  square  feet  and  the  base 
is  6  inches  longer  than  twice  the  altitude.  Find  the  base  and 
altitude. 

29.  The  area  of  a  triangle  is  12  square  yurds  and  the  alti- 
tude is  6  feet  less  than  twice  the  base.  Find  the  base  and  the 
altitude. 

A  trapezoid  is  a  four-sided  figure,  two  of  whose  sides  are 
unequal  and  parallel.  y     ,     ^ 

The  bases  of  a  trapezoid  are  the  /^      | 

two  parallel  sides,  b  and  c,  X  r 

The  altitude,  a,  is  the  perpen-    ^ [ 


dicular  distance  between  the  bases.  *  nfbA-c^ 

The  area  of  a  trapezoid  is  given  by  the  formula  — ^^^ . 

30.  Find  the  area  of  a  trapezoid  whose  bases  are  10  and  18 
and  whose  altitude  is  12. 

31.  The  altitude  of  a  trapezoid  is  8  inches,  its  area  is  96 
square  inches,  and  one  base  is  4  inches  longer  than  the  other. 
Find  each  base. 

Hint.  Let  x  =  the  length  of  one  base  in  inches. 

Then  x  +  4  =  the  length  of  the  other  base  in  inches, 

and     ^      -1  or  8«  +  16  =  area  of  the  trapezoid. 

Therefore  8  »  + 16  =  96. 

32.  One  base  of  a  trapezoid  is  12  feet,  the  other  base  is  three 
times  the  altitude,  and  the  area  is  90  square  feet  Find  the 
altitude. 
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33.  The  altitude  of  a  trapezoid  is  one  half  the  shorter  base 
and  the  latter  is  two  thirds  of  the  other  base.  The  area  is  250 
square  feet.   Find  the  bases  and  the  altitude. 

34.  One  base  of  a  trapezoid  is  12  feet  longer  than  the  alti- 
tude, the  other  base  is  6  feet  longer  than  the  altitude,  and  the 
area  is  112  square  feet.   Find  the  bases  and  the  altitude. 

35.  The  bases  of  a  trapezoid  are  respectively  1  foot  and 
5  feet  longer  than  the  altitude,  and  the  area  is  30  square 
yards.   Find  the  bases  and  the  altitude. 

36.  One  base  of  a  trapezoid  is  6  feet  longer  than  the  other, 
the  altitude  is  one  half  the  sum  of  the  bases,  and  the  area  is 
9  square  yards.   Find  the  bases  and  the  altitude. 

37.  The  area  of  a  trapezoid  is  8  square  yards,  the  altitude 
equals  one  base,  and  the  other  base  exceeds  the  altitude  by 
2  feet.   Find  the  bases  and  the  altitude. 

38.  One  base  of  a  trapezoid  exceeds  the  other  by  10  feet, 
the  altitude  is  2  feet  longer  than  five  times  the  shorter  base, 
and  the  area  is  22  square  yards.  Find  the  altitude  and  the 
two  bases. 


CHAPTER  XV 

FRACTIONS 

71.  Algebraic  fractions.    The  expression  -ry  in  which  a 

0 

and  b  represent  numbers  or  polynomials,  is  an  algebraic 
fraction.  It  is  read  "  a  divided  by  6,"  or  "  a  over  5."  A 
fraction  is  an  indicated  quotient  in  whicji  the  dividend  is  the 
numerator  and  the  divisor  the  denominator.  The  numerator 
and  denominator  are  often  called  the  terms  of  a  fraction. 

Certain  operations  upon  fractions,  such  as  multiplying 
both  numerator  and  denominator  by  a  number  (raising  to 
higher  terms),  and  dividing  both  numerator  and  denomi- 
nator by  a  number  (reducing  to  lower  terms),  are  often 
necessary  before  the  processes  of  addition  or  subtraction  of 
two  or  more  fractions  can  be  performed. 

The  change  of  a  fraction  to  lower  or  to  higher  terms, 
and  the  addition  and  the  subtraction  of  fractions  in  both 
arithmetic  and  algebra,  depend  on  the 

Principle.  The  numerator  and  the  denominator  of  a  fraction 
may  he  mvltiplied  hy  the  same  expression  or  divided  by  the 
same  expression  without  changing  the  value  of  the  fra^ctioru 

^,  3     3.4     12        ,  18     18 -i- 6     3 

^*^^^  4=^  =  16'  ""^30  =  30T1  =  5- 

Smularly,     ^  =  - —  =  — ,  and  -  = =  -— • 

0      b'n      on  0      o-i-n      o/n 

Since  t  »  ^>  and  -  are  each  equal  to  1,  each  of  the  four  preceding 

illustrations  is  really  a  multiplication  or  a  division  of  a  fraction 
by  1.  This  produces  no  change  in  the  numerical  value  of  any  fraction, 
though  it  may  change  its  form. 

148 
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ORAL  EXERCISES 


Bead  the  result  of  multiplying  both  numerator  and  denomi- 
nator of  each  fraction  by  the  factor  on  its  right : 

1.  -•      2.         3.  ^-      6.         5.  -•      4.         7.  — 7 —      a. 

3  7  X  a  4-25 


8 

5 

3. 

—  • 

6. 

5. 

4. 

7 

X 

a 

a 

4. 

z 

3. 

6. 

h 

X. 

2.  w'      3.         4.  —  •      3.         6.  T'      ^«         8.  •      CMC. 

5  ;s                        0                        a-\-x 

How  are  the  fractions  on  the  right  obtained  from  those 
which  precede  ? 

«    1    3  ,,2     8                      ,^    4     8a 

9.  7:>  :;^-  11.  t;>  tt;:'                     13.  -> 


2    6  5    20  9    18a 

in    1     3  to    3     6  ,^7       21aj 

5    15  7    14  10a;    30»^ 

Bead  the  result  of  dividing  both  numerator  and  denominator 
of  each  fraction  by  the  number  on  its  right : 

^w    ^      ck        *-     ^        f        «<%    2a       -.       ^-        2a; 

15p  7'     2.        17.  7^:-     6.       19.  -^-     2.      21.  — ; X. 

4  20  6  x-\-xy 

16.  -•     3.       18.  7^-     6.       20.  -7-     a.       22.  r-    a. 

9  18  ah  a^ah 

How  are  the  fractions  on  the  right  obtained  from  those 
which  precede  ?  • 

23.  — >  -•  25.  — J  —  •  27.  -^>  -• 

*      10    5  30    6  ar^y   a; 

«^    12    2  ««    a^    a  ««     2a;»      a; 

18    3  ab    0  oxry    3y 

72.  Reduction  of  fractions  to  lowest  terms.  A  fraction 
is  in  its  lowest  terms  when  no  factor  except  1  is  commoh. 
to  both  numerator  and  denominator. 

Cancellation  is  the  process  of  dividing  the  numerator  and 
the  denominator  of  a  fraction  by  a  factor  common  to  both. 
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Beduce  to  lowest  terms : 
54a»5V 


1. 


144  o^c*  3     ^,^ 


4a»-324a* 


6a*-36a»-162a  go* 

fiAi„ti«„  4a«-324a*       ^/•(a«  +  g)>-Ky>.t^t^-^ 

6a»-86a»-162a      >f^(a«  +  3)j(iM<3):4fl--^ 

3 

_2g«(ag  +  9) 
3(a«  +  3) 

The  pupil  should  note  that  a  factor  which  occurs  one 
or  more  times  in  both  numerator  and  denominator  of  a 
fraction  can  be  canceled  only  the  same  number  of  times. 

For  reducing  a  fraction  to  its  lowest  terms  we  have  the 

wRZffe.  Separate  the  numerator  and  the  deTiominator  into 
ihdr  prime  factors  arid  cancel  thefactor%  common  to  both. 

Cancellation  as  used  in  the  rule  means  an  actual  divi- 
sion of  the  nunjerator  and  the  denominator  by  the  same 
expression.  Therefore  only  factors  which  are  common  to  the 
numerator  and  the  denominator  can  be  canceled. 

The  terms  (the  parts  connected  by  plus  or  minus  signs) 
in  polynomial  numerators  and  denominators,  even  if  alike, 
can  never  be  canceled.   For  example,  it  would  be  incorrect 

5  +  2 
to  "  cancel "  thus :  - — |  >  as  the  resulting  fraction  would 

be  ^  instead  of  the  true  value,  |^.   Similarly,  in  the  fraction 

;r-^  no  cancellation  is  possible. 

ff  +  a  +  8(^  ^ 
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We  have  seen  that  we  may  multiply  or  divide  both  numerator 
and  denominator  of  a  fraction  by  the  same  number  without  affecting 
the  value  of  the  fraction.  But  we  should  never  forget  that  adding 
the  same  number  to  or  subtracting  the  same  number  from  both  numerator 
and  denominator  changes  the  value  of  the  fraction.  Also,  squaring  both 
numerator  and  denominator  leads  to  a  different  value.  Compare  this 
statement  with  the  operations  that  may  be  performed  on  each 
member  of  an  equation  as  given  on  pages  39-40. 

EXERCISES 

Beduce  to  lowest  terms : 

36  a  21cdh 

^'  54 a-^'  *•   45c2e»' 

52  a;^  108  mV 

1^0  xy'  252  md^ 

^      84m«  ,^        2a 

3.    -TZ^ 10. 


126  m/n  a*  4-  a6 

.    a^y  ,,  4:(^-Scd 

4.  — 5*  11.  77J • 

xy^  12  c 

5.  -^.  .  12.  lQA'-5a;?/ 
2x^  '          Ibxi^ 

^-  T^'  ^^-     3a-2  • 

„    lOoar*  ,^          4ar*-25 

7.  TTT — :•  14. 


15. 

9_6a;-fx* 

9-ar» 

16. 

9x^-1 

9x^-9x4-2 

17. 

10a^^2a 

15a^-f  7a-2 

18. 

c»-4c 

19. 

c2-6c  +  8 

o^  +  c-6 

20. 

2a^-f  aj2_33. 

3«*-3aj^ 

21. 

50aj-2a» 

x»  +  8a^+15aj 

a«- 

a^-f  2a-2 

25aa;»  4ar^-20aj  +  25 

a;' -49a; 
42ar»-27x»  +  3a;**  ^^*  3a«-a2^6a-2 

2^    2a'y  +  2a^y  -f  2  ggy  +  2ca;y 
2  oa;  +  2  a^  —  ay  —  a;y 

25-  Zs — li-  27.  7 j;r^-  29. 


m»-n»  "'    (a'-2y  a*  +  3aV  +  2a;* 

26.^^Zl|^,.  28.2;^.  30.^^^'+^^ 


a^-27?  ""•  a^-l  *^'    9a;^-a^ 


BE 
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73.  Lowest  common  multiple.  The  lowest  common  mul- 
tiple (L.C.M.)  of  two  or  more  arithmetical  or  algebraic 
expressions  is  the  expression  having  the  least  number 
of  factors  which  will  exactly  contain  each  of  the  given 
expressions. 

If  two  or  more  polynomials  have  no  common  factor 
other  than  1,  they  are  said  to  be  prime  to  each  other. 

Thus  5  a%  and  4  a?y  are  prime  to  each  other,  as  also  are 
2  a?  -f  4  a;  and  7^  —  9.  On  the  other  hand,  a?  —  9  and 
a?  —  6  a;  -h  9  are  not  prime  to  each  other,  since  they  contain 
the  common  factor  a:  —  3. 

ORAL  EXERCISES 

Without  separating  the  expressions  into  their  prime  Actors, 
find  the  L.C.M.  of  the  following : 


1. 

4,6. 

6. 

8,12. 

11. 

6;  10, 16. 

16. 

8, 10,  20. 

2. 

6,10. 

7. 

7,14. 

12. 

6,  10, 12. 

17. 

8,  20,  40. 

3. 

6,8. 

8. 

10, 16. 

13. 

6,  8, 12. 

18. 

3,  12,  16. 

4. 

6,9. 

9. 

12,  18. 

14. 

7,  14,  28. 

19. 

4,  8,  16. 

5. 

8,10. 

10. 

4,  6,  8. 

15. 

7,  14,  21. 

20. 

6, 18,  24. 

Find  the  L.C.M.  of  36  a%*,  72  aW,  and  108  a%V. 

Solution.  36  a^l^  =  22.32.  a^l^, 

72  a»6*  =  28 .  32 .  a%\ 
108  a»62c.»  =  22 .  3» .  a«62c«. 

Since  the  L.C.M.  must  contain  each  of  the  expressions,  it  must 
have  2'  as  a  factor.  It  will  then  contain  22,  which  occurs  in  both  the 
first  and  the  third  monomials.  Similarly,  the  L.C.M.  must  contain 
as  factors  3*,  a*,  6^,  and  c*. 

Therefore  the  L.C.M.  is  2*  •  ^^a^l^c^  which  equals  216  a^h^c^. 
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The  method  of  finding  the  L.C.M.  of  two  or  more 
expressions  is  stated  in  the  following 

Rale.  Separate  each  expression  into  its  prime  factors. 
Then  find  the  product  of  aU  the  different  prime  factors^ 
using  each  factor  the  greatest  number  of  times  it  occurs  in 
any  one  expression. 

EXERCISES 

Find  the  L.C.M.  of  the  following : 

1.  96,  36,  40.  11.  6a"6,  ^ah\  30Z»»c». 

2.  45,  105,  175.  12.  4cy,  10rf/«,  24crfV. 

3.  50,  44,  110,  275.  13.  2a\  18  aa:%»,  45a;%. 

4.  a^,  oic*,  (M,  14.  aj^  —  xy^  2  aj^. 

5.  mUy  m\  m^v?.  15.  a*  +  (^j  2a6. 

6.  2x,  ^7?y  4aj'.  16.  5c  -  10,  10c. 

7.  3  r,  12,  15  r».  17.  h^  -  hk,  h^k, 

8.  4  a,  6  a^  8  a\  18.  at^,  3  a\ 

9.  2  ao:^,  3  a%  a^cs?.-  6  a^c  -  9  ac\ 
10.  4a^y,  6ajV«^,  10aj«l  19.  a'  +  ab,  ah  +  ^^ 

20.  3a«  +  6«V  +  3V>9^V-9ic/,  6ic*-12a:»y4-6«y- 

Soliztion.   3  a:»  +  6  x2y  +  3  xy2  =  3  a:(x  +  y)^ 

9  x'y  —  9  a:y*  =  3^^^  (a:  +  y)  (x  —  y) 
6a:* -  12ar«y  +  6 arV  =  2  .  3 ar2(a: -  y)K 
Hence  the  L.C.M.  is  2  •  32a:2y(a;  +  yy(x  -  y)a. 

21.  a^  —  ahy  2a  —  25,  2a»  -  2a6. 

22.  flMC  —  ayy  a?  +  xy,  x*  —  y*. 

23.  a*—  4,  a*  +  3a  +  2,  a*  -  a  —  2. 

24.  4a^-9,  2ar»  +  7aj  +  6,  2ar*-f-a5-6. 

25.  ic*  -  1,  a*  - 1,  aj*  +  2aj  + 1. 

26.  a*— 9,  2a»4-6a*  +  18a,  2a*  — 54a. 

27.  a^-4a:,  4ar»  +  2x,2a^  +  4a;,  2»«-3x-2. 
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74.  Equivalent  fractions.  Two  fractions  are  equivalent 
when  one  can  be  obtained  from  the  other  either  by  multi- 
plying or  by  dividing  both  numerator  and  denominator  by 
the  same  expression. 

For  example,  -  and  — -  are  equivalent  fractions ;  also  ^  and  -  • 
5  10  x^  X 

The  lowest  common  denominator  (L.C.D.)  of  two  or  more 
fractions  is  the  L.C.M.  of  their  denominators. 


EXAIIPLES 

Reduce  to  respectively  equivalent  fractions  having  the  low- 
est common  denominator  : 

1.  |,  f,  and  /^. 

Solution.  The  L.C.M.  of  the  denominators  is  60.  Multiplying  the 
numerator  and  the  denominator  of  the  first  fraction  by  12,  of  the 
second  by  10,  and  of  the  third  by  3,  we  obtain  f§,  f^,  and  f  J 
respectively. 

Solution.  The  L.C.M.  of  the  denominators  is  2^xhfz\  Multi- 
plying both  numerator  and  denominator  of  the  first  fraction  by  the 

factor  3  a^y  which  is  a  factor  of  the  L.C.M.,  but  not  of  the  denom- 

%x^ 
inator  of  the  fraction,  gives  -^    ^ — r*    Multiplying  both  numerator 

24  x^yz^ 

and  denominator  of  the  second  fraction  by  the  factor  4y«,  which 
is  a  factor  of  the  L.C.M.,  but  not  of  the  denominator  of  this  fraction, 

20y2z       „         ^,  .    j^      X.  9x8  ^    20v^ 

gives    ^      •   H^ice  the  required  fractions  are  and      - 


2ix^yz^  ^  24:  x^'yz^         2^x^yz^ 

3.  ZTT^  and 


9b^c  6a^ 

Solution.    The  L.C.D.  is  18  ab^c^ 

rp,        4  a        4 a .  2 ac         Sa\'  ,86         Sh  -Sh^         24 &» 

Inen  —-r-  =  — — — - —  =  -— — — --,  and 


Qly^c      Qb^C'2ac      ISaiy^c^  Qac^      6ac«.8ft*      ISab^c* 


FRACTIONS  166 

Therefore,  to  change  two  or  more  fractions  (in  their 
lowest  terms)  to  respectively  equivalent  fractions  having 
the  L.C.D.,  we  have  the 

Rule.  If  the  prime  factors  of  the  denominators  are  -not 
apparent,  rewrite  the  fractions  with  their  denominators  in 
fa,ctored  form. 

Find  the  L,C,M.   of  the  denominators  of  the  fractions. 

Multiply  the  numerator  and  the  denominator  of  each  frac- 
tion by  those  factors  of  this  L.  CM.  which  are  not  found  in 
the  denominator  of  that  fraction. 

ORAL  EXERCISES 

state  the  lowest  common  denominator  of  the  fractions  in 
each  of  the  following  exercises.  Then  change  the  fractions  to 
respectively  equivalent  fractions  having  this  L.C.D. 

1«  Ji  J«  6.  I,  -j\. 

All  7         1  1 

21     1    1  fill 

EXERCISES 

Change  the  following  fractions  to  respectively  equivalent 
fractions  having  the  lowest  common  denominator: 

^    X    y   z  ba    Sax    2ax^  3     26     5a 

3   4    5  7      14       21  5a   3^1^    lOd 


11. 

h  h  f 

16. 

h  h  i!t 

12. 

¥»  6'  T 

17. 

h  h  f  • 

13. 

h  h  tV 

18. 

h  h  \- 

14. 

tV'  tV'  ^V- 

19. 

h  h  iV- 

15. 

h  h  1- 

20. 

h  -ilS^  1*6 

3. 

ba 

7' 

Zax 
14 

4. 

3a« 

6ai 

4   ' 

'   10 

5 

a* 

^    Sx    5a^    7x^      ^    3a^    6al>    IBa^b       ^    Sx    5x      3 


S      12      24.  4       10       24  4y    6y    lOy 

^    2a  +  b     a     5a^  ^     la     Be      4<? 

7.-77-^ 9  77-^9  1 9. 


Sa       2a^    4a  c<ie"   cdJ'e   (?d^^ 

o  +  d    Se  —  d     4a  Ta;      4y       2g 

12c'    16c«   '24c»"         ^^'  3 xf*  5 xz' 10 yz" 
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3  4 


05  —  5   x  +  5 

Solution.   The  L.C.D.  is  (x  —  6)  (a:  +  5).  Multiplying  both  numer- 
ator* and  denominator  of  the  first  fraction  hj  x  +  o,  and  those  of  the 

second  fraction  by  a;  —  5,  gives V-;^ — ^-r-  aiid ^ ^ , 

°"  ^^^25"  ^^^  l^^r2^  respectively. 

,_        5           7                         ^.         X  Sx 

12.  7zy  — :-:::•  14. r> 


a  — 2    a  +  2  2x-'0    2a;-|-6 

a  h  —  2c      3c 

13.  7»  -T-7-  15. 


a-^b    a-\-b  c  — 3    c  +  3 

,^      2a         a       2 
16.  -J j-p- — >  — 

4  —  a    4  +  a    a 

Solution.  The  L.C.D.  is  (4  —  a)  (4  +  a)  a.  The  respectively  equiva- 
lent fractions  are 

2«(4  +  «)«     ^        qC4"«)«  j,j,d  2(4-fl)(4  +  a) 

(4-a)(4  +  a)a    (4  +  a)(4-a)a  a(4-a)(4  +  a) 

,„       i»  2a;      2  ^^      5c      -2c    3 

17.  — ■ — y > -•  19.  r> ?>-• 

aj-j-y   X  —  7/   X  c  —  o    c  —  5    e 

2  a  3        —  d  m        —  2m2 

a  — 3    a  +  o      A  7n  —  n    m  —  n    m 

5  2 

^^'  a-2'  3a-6' 

Hint.  Rewrite  the  fractions  with  the  second  denominator  in  factored 

form. 

a  5  ^^    2a;  +  3    3-2aj       oj 

22.  -^ >  •  26.  -r r>  ^   ,    Q     >  o ' 

or—  xy    X  —  y  9  —  a^     9  +  oa;3--a; 

Za         2a  —2x        3  5a; 

^^'  a^^l^'  a^h  ^^-  a;-2'ar>-4V-5a;  +  6' 

5a       -4a  2a  — 7         3  — 5a  2 

^*-  a^-^a'  a -ft*  ^®-  a»-9a'  a»- 5a«+ 6a' a  -  3* 

^_— 3a;5a;  ^^        a  2a 

25.  ^ 5> 29. 


^-r    x-y  "      a»-8    a»4-2a^+4a 


30. 


31. 


32. 
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5x  3x 


2a^+3x    2ar»— 05  — 6 

—  4ag    6a 

3-a.*  S  +  Sx-Sa^' 

—  1  &x  +  y 

x+y-S'  x^+f-'9  +  2xy* 


Note.  The  problem  of  operating  with  fractions  presented  great 
difficulties  to  all  the  early  races.  The  Egyptians  and  the  Greeks, 
even  down  to  the  sixth  century  of  our  era,  always  reduced  their 
fractions  to  the  sum  of  several  fractions,  each  of  which  had  1  for 
a  numerator.  For  example,  g  would  be  expressed  as  ^  +  i*  The 
Romans  usually  expressed  all  the  fractions  of  a  sum  in  terms  of 
fractions  with  the  common  denominator  12.  The  Babylonians  re- 
sorted to  a  similar  device,  but  used  60  for  the  denominator.  In 
some  way  they  all  attempted  to  evade  the  difficulty  of  considering 
changes  in  both  numerator  and  denominator.  The  Hindus  seem  to 
have  been  the  first  to  reduce  fractions  to  a  common  denominator, 
though  Euclid  (300  b.c.)  was  familiar  with  the  method  of  finding 
the  least  common  multiple  of  two  or  more  numbers. 

75.  Addition  and  subtraction  of  fractions.  If  two  or  more 
fractions  have  the  same  denominator,  their  sum  is  the  frac- 
tion obtained  by  adding  their  numerators  and  writing  the 
result  over  their  common  denominator. 

T,  ,     2,4,7      13         ,n,3n.5n      9n 

For  example,  7  +  7  +  r  =  -r->  a^id  -^  +  "T  +  -r  =  -r- 

5555  a       a        a        a 

If  two  fractions  have  the  same  denominators,  their  differ- 
ence is  the  fraction  obtained  by  subtracting  the  numerator 
of  the  subtrahend  from  the  numerator  of  the  minuend  and 
writing  the  result  over  their  common  denominator. 

For  example,       r  —  r  =  - ,  and  ~  —  2  =  £ZJt . 
^999'  d      d         d 

If  it  is  required  to  add  or  to  subtract  two  fractions  hav- 
ing unlike  denominators,  the  fractions  must  be  changed 
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to  respectively  equivalent  fractions  having  a  common  de- 
nominator; then  their  sum  or  their  difference  is  obtained 
as  explained  above. 

For  example,  to  find  the  sum  of  f  +  f  +  t'cf  "^®  reduce  the 
fractions  to  respectively  equivalent  fractions  having  the  common 
denominator  40,  by  multiplying  both  numerator  and  denominator 
of  J  by  10,  of  f  by  5,  and  of  -j^^  by  4.  The  fractions  become  |^, 
J  5,  and  If  respectively,  and  their  sum  is  |J. 

In  adding  algebraic  fractions  with  unlike  denominators, 

as  —  and  —»  we  proceed  in  a  similar  way. 

Multiply  both  terms  of  -  by  d,  and  of  -  by  y.    The  fractions 

xd  Ytfi  xd  '\'  fill 

become  —  and  ~  respectively,  the  sum  of  which  is p^-    Simi- 

yd  yd  yd 

,    .     X      n      xd      ny       ,  .  ,  ^    xd—  ny 

larly, :  =  — : ^  >  which  equals --^  • 

y     d     yd     yd  yd 

The  pupil  should  always  reduce  fractional  results  to  their 
lowest  terms. 

ORAL  EXERCISES 

Pind  the  algebraic  sum  of : 

1.  l  +  f  10.^-2.  16.  2±±£_^. 

Q      8j_Jl  11.    T  — 7*  17.    — j: • 

*•  ¥+f        ,«  ^    2^        ifi  ^^-y    2y  +  i; 

5.  ^  +  ^.  n        n  3a;  3a; 

6-  ¥  +  ¥•         13.  f -f  •         19.  t±jt-t^. 

'^'  il  +  if  5a;      2a  Sx  +  5y      x-2y 

8-  ¥-t  V^  f'  "^:r^"a;^-3^' 

^    21      2  ,e     3a;    ,     5  «,         3  2 

9. 15.  -_--|-__.        21. 


a       a  .     '  4ar*      4a^  a^  —  b^      c^  —  lP^ 
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EXAMPLE 

Simplify  27.  + -6^^ 3^- 

Solution.   The  L.C.D.  is  6  a^c. 

5c      5a -2c      2c-4__5c»3c       (5q-2c)a      (2 c- 4)2  ac 
2a^         6ac  3a         2a2.3c  6ac.a      ""     3a-2ac 

_  15  c^  +  (5  qg  -  2  ac)  -  (4  ac»  -  8  ac) 

Qa^c 
_  15  c^  +  5  g^  -  2  ac  -  4  qc«  +  8  ac 

6a2c 
_  5  q^  +  6  qc  -  4  gc^  +  15  c^ 
"*  6  g^c 

Clieck.   Setting  the  original  expression  equal  to  the  final  result 
and  substituting  2  for  a  and  3  for  c,  we  obtain 

5c      5a-2c      2c-45g2  +  6gc-4gc«  +  15c* 
2a^ 


6  ac     3  g           6  g»c 

15   1   1_  20 +  36 -72 +  135 
8   9   3        72 

135   8   24  _  119 
72   72   72   72  ' 

119   119 

72    72 

Therefore,  to  find  the  algebraic  sum  of  two  or  more 
fractions  (in  their  lowest  terms)  we  have  the 

Ruk.  Reduce  the  fracti<m8  to  respectively  equivalent  frac- 
tians  having  the  lowest  common  denominator.  Write  in  succes- 
sion over  the  lowest  common  denominator  the  numerators  of 
the  equivalent  fra^ions^  inclosing  each  numerator  in  aparsn' 
thesis  preceded  hy  the  sign  of  the  corresponding  fraction. 

Rewrite  the  fraction  just  obtained^  removing  the  parentheses 
in  the  numerator. 

Then  combine  like  terms  in  the  numerator  andj  if  necessary^ 
reduce  the  resulting  fraction  to  its  lowest  terms. 


t60 
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,<:H:iwf:^>; 


Find  the  algebraic  sum  of : 


22. 


9 


15.  II+1-3VV. 

"•  M  -  H  -  f  f  • 
"•M-il  +  H- 

19-  H  -  If  +  if- 


Sa  .^a 


7a 
10 


84.  ■^- 


6a 


15 
28. 

29. 

30. 


4- 


+ 


8.  H  +  ii^- 

»•  M  -  H- 

0.  M  +  2||. 

1      19         8  9 

2.  If  +  If. 

3.  |-1|  +  3^V     20.  H  +  2-i|. 

3£ 
14* 

a  +  2      Sa-'2 


25. 


4a;      2  a; 

7   ■*"  21 


11a 

3a 

^^— —  • 

5 


26. 


27. 


8  10 

6a;-3      2a;— 7 


12 


14 


3a  —  5      2  —  a      7a 

4       ""      6      ■*"   8 


a;  — 5a      3a;4-2a      a— 7a; 


10 
4m  — 1 


31. 

54.    ^  . 
a;.      3x^ 

32. 

2         5        10a 
3a  '  2a«       4a« 

33. 

2a         3          5 
^af      10  Or     6  a' 

34. 

a  _  X       2 
a;      a      oa; 

35. 

a       1         3 
0      ac      2  a 

a^m 
8 

36. 
37. 
38. 
39. 
40. 


18  20 

m-f-3a  — 5 
30~~ 

ax      a? 


3a2 
2a 


11        5a; » 
3a;      2aoi?       a 

3a  +  l      4a4- 3      5  — a 


ba 
4a;'-6 


3ar» 


3aV 

2  -  3ic 
2a; 


+ 


6  a 
3a;- 


ba^ 


2x 


^^JL 


1      4a;y4-3 
10  x^         15  QC^ 


41. 
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3a-f2  2a  — 1 


Solution. 
3a  +  2  2a-l  3a  +  2  2a-l 


a>-4       aa-3a-10      (a  +  2)(a-2)      (a  +  2)(a-6) 

(3a  +  2)(a-5) (2a-l)(a-2) 

(a  +  2)(a  -  2)  (a  -  5)      (a  +  2)  (a  -  5)(a  -  2) 

_  (3a  +  2)(a  -  5) -  (2a  - 1) (g  -  2) 
(a  +  2)(a-2)(a-6) 

_  3  a^  - 13  g  - 10  -  (2  g'  ~  5  a  +  2) 
(g  +  2)  (g  -  2)  (g  -  5) 

^3g2-13a-10-2g«  +  5g~2 
(g  +  2)  (g  -  2)  (g  -  5) 

a2-8g-12  g«-  8g-12 

or 


(g  +  2)  (g  -  2)  (g  -  5)  g»  -  5  g^  -  4  g  +  20 

Unless  other  directions  are  given,  the  denominators  should  be 
retained  in  factored  form  throughout  the  process. 

Check.   Let  g  =  3 

3g  +  2  2g-l       _  a»-8g-12 

g»-4       g«-3g-10      (g  +  2)(g- 2)(g- 5)' 

9  +  2  6-1      ^9-24-12 

9-4      9-9-10      5-1.  (-2)' 

n 5_  =  ZL?Z        27^27 

6       -10      -10  °^  10      lO' 

In  checking  work  in  fractions  st^h  vcUues  must  he  chosen  for  the 
letters  as  wUl  make  no  denominator  zero.  This  prevents  the  substitution 
of  —  2,  2,  or  5  for  a  in  the  foregoing  example. 

12 2  2y  +  7           2y^-85 

ar»-9      a^-.5ajH-6'  ®'    3  +  y       f-lly-^2 

7                   2  5a  +  l       7       2 

*^'  a»-49"a»-6a-.7"  ^^'    a  +  3""2a"*"3" 


4ar»-l      8x»-l  ^^'a^^7x      x'x-7 

AK    il±5  .      2c_  ..    7a-hb  .       2  < 


l_c"    •  c  +  c*  a^-J^      a- J      a +  6 
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50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


Be" 
4c»-l 

Se 

2c 

4-2         5(j 
4-1      2c-l' 

m^  +  m 

3m4-7             m  — 

3 

m»-8 

m^ 

-j-  2  m''*  4-  4  m      m  — 

2 

a«4-2fl^ 

»          a^>              2^ 

a^- 

a^  H-  a^       ah  —  l^ 

ar»4-S 

-2 

X          J          05 

a^  —  x- 

X  —  2  '  ar*4-ic 

a 

1 

^►4-a       •           2ft 

a^—  ab 

+  » 

-2aft4-^^      -aft4- 

a-» 

ex" 

2< 

xc         caj2(c-2) 

c^-x^ 

c«- 

-  ex         c*—  ca^ 

a  '\-  c 

a«- 

ac  4-  c^        4  d^c 

a  —  c 

«"  + 

ac^(»      a»-c* 

a?+Sx 

+  9 
+  9 

aj-3          54 

sc^-Sx 

a:  4- 3      a;«4-27 

X  —  5 

J_ 

-5ar  +  aj*           2aj- 

-5 

2aj4-5      2a;^4- 15a;  4- 25       a:  4- 5 


76.  Changes  of  sign  in  a  fraction.  The  sign  of  a  fraction 
is  the  plus  or  minus  sign  placed  before  the  line  separating 
the  numerator  from  the  denominator.  Hence  there  are  in  a 
fraction  three  signs  to  consider,  —  the  sign  of  the  fraction, 
the  sigu  of  the  numerator,  and  the  sign  of  the  denominator. 

Now  in  division  the  quotient  of  two  expressions  having 
like  signs  is  positive,  and  the  quotient  of  two  expressions 
having  unlike  signs  is  negative. 

Therefore     +  i-  =  4  4 ;  +  ^  =  +4 ; 

_^  =  -(_4)  =  +  4;       -±|  =  _(_4)  =  +  4. 

Or,  in  general  terms,  +  — -  =  H = ^  = • 

+  6  — 0  +6  — 0 


FRACTIONS  168 

These  examples  illastrate  the 

Principk.  Without  altering  the  value  of  a  fraction  the  fol- 
hywing  changes  in  sign  tnay  he  made: 

(a)  The  sign  of  the  numerator  and  the  sign  of  the  de-^ 
nominator. 

(6)  The  sign  of  the  numerator  and  the  sign  before  the 
fraction. 

(jc)  The  sign  of  the  denominator  and  the  sign  l^ore  the 
fraction. 

Hence  any  fraction  may  be  written  in  at  least  four 
ways,  if  proper  changes  of  sign  are  made. 

Thus      V-^  =  f^ =^ P-' 

X—D        O—X  X—O  O—X 

Similarly, 
,      a-2b    _  ,      2b-a  26-a  a-2b 


a  — 6-f  3(?         b—a—Sc         a  —  b  +  Sc         J  — a— 3(? 

The  pupil  should  note  particularly  that  changing  the  sign  of  the 
numerator  involves  a  change  of  sign  in  each  term  of  the  numerator. 
Similarly,  a  change  of  sign  of  the  denominator  involves  a  change  of 
sign  in  each  term  of  the  denominator. 


Write  each  of  the  following  fractions  in  three  other  ways : 

m       "  A         -  m      — 3        .        ^        2  a  —  b 

1.  — 7'  3. ;•  6. •        7.  --TZ a- 

X  —  y  0^—  a* 

2.  — .  4. 6.  2^33.  8.  ^5—^. 

10  _^-^ 

77.  Changing  signs  of  factors  of  denominators.   In  their 

a  —  3        2 

present  form  the  L.C.D.  of  ^  —  -^ is  apparently 

a  — 7      7—  a 

(a  — 7) (7— a).   But  instead  of  taking  these  factors  it  is 


a 

—  c 
2d 

4.-     ' 

a  —  0 

0    . 

a  —  5 
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better  to  apply  the  principle  of  section  76  and  rewrite 
the  fractions  so  that  the  denominators  will  be  identicaL 

Thus  £z:^_^_^a-8     •_2_^«-l 

a  — 7      7  — a      a  — 7      a  — 7      a  — 7 

.     ,                  X      ,4-2ar         x      ,2a:-4      3a:-4 
And + = = . 

x-a        3-a:       ar-a        a:-3         a:  -  3 

Similarly,       -— — -  — = 1- etc. 

•^'       x^-^      2-a:      (x  +  2)(j:-2)      a:.~2 

In  addition  and  subtraction  of  fractions  whenever  a 
factor  occurs  in  one  denominator  which  is  the  negative  of 
a  factor  in  another,  the  form  of  one  of  the  fractions  should 
be  changed  according  to  section  76.  This  will  greatly 
simplify  the  work  and  decrease  the  likelihood  of  errors. 


EXERCISES 

Simplify  the  following : 

• 

a;  —  5      h  —  X 

^    a*  — 2a      a  -haj* 

o.    — -|.  .....  .      • 

X  —  a         a  —  X 

^        a             h 
a  —  b      b  —  a 

aj-2      2 -ha        Sx 
•  '  3  —  x      x  —  3      x^3 

a          a^  -h  5  a 

• 

Hint. H  — r- 

5  i-  a      a"  -  25 

-a    ,        a2  +  6a 

= + — etc. 

a- 5      (a+6)(a-6) 

-2              9                 2a 

-f-5      2  a  — 5       46  a -hi 
+  1   '    l-5a      25a«-l' 

n       3               4           „       a 

V                                        •0 

—  b             lOab             a-^-b 

'•  7_aj    V-49           3a 

^2b     Ab^-9a^      3a-2b 

2aj+l       -6a;+l      2a:-l 
^"'  2x-l        l-4ic^        2aj+l' 

^          11  a -1-46      6 
a2  +  5a-14 

a*      2a->6'     7— 4a 
"^   a-h7         2-a/ 
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78.  Redttctdon  of  a  mixed  expression  to  a  fraction.  The 
mixed  number  3|  really  means  8  + 1.  It  is  equal  to  |  -h  |^ 
or  J^  4-  ^  =  -1^.   The  corresponding  case  in  algebra  is  rep- 

reseated  ^,  +  5. 

XT  ,ba,bac,bac-\-b 

Now  a  +  -  =  -  +  -  = H-  = ■ —  • 

c      1      c      c       c  c 

Similarly, 

^  a  +  2"     1         a  +  2""-        a  +  2  a  +  2  a  +  2      ' 

The  process  involved  in  this  operation  is  really  nothing 
more  than  the  addition  of  two  fractions,  one  of  which  has  the 
denominator  1.   Hence  the  method  of  section  75  applies. 


ORAL  BXERCISBS 

Beduce  to  fractional  form : 

^•^  +  ^-  15.1  +  7.  23.  y  +  5^. 

2.  3  +  J.  *  4 

3-^  +  f  16.2-^.  24.  (|Y-.». 

4.  5  +  f .  '  ^^\ 

5.  6-f-f.  17.  a -2.  2^-  (9  - 

6.  ^  -h  3.  /  V  a       y^i 

7.  }  +  3.  18.^-7-  ^^'{5)^5 


9 


^•"^^"^  I»  27    24.-^ 

9.  i^-_3.  19.  /•--.  •  r  +  1 


10.  2-f  20.  5*-J.  28.5- 


2 


11.  7-f 


5-1 


^  ..        .       1 


12.  5  +  1  21.  .'^-j.  29-^  +  ^  +  1 

13.  7-f.  /^Y  2 

14.  12 +  |.  \2/  ^      y  — 2 
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EXERCISES 

Write  the  f ollowiiig  mixed  expressions  in  fractional  form : 


2  .    m 


2 


!.«  +  "•  6.  -  -  2.  9.  8^  -  (^  • 

X  n  \2/ 

^        c  8  ^   ^      2a* 

3.  2c  +  -.  7.  «  +  H-  11.  2a«--r— 

a  2   .  3 

4.  5a;  —  --  8.  a^ =-•  12.  a -|- 2  H 

do  2 

13.  c  —  a  H : — r*  17.  w*  +  mn  -{-rr - 

c  -\-  a  m  --  n 

14.  x-2y =tJL.       18.  g'-gy-^T^  +  y'- 

^      aj  +  2y  ^       aj  +  y^^ 

IK      8^A2      (^  +  hf        .^    ^        125 -2g» 


5a  +  7  a-.2  2aj  +  3 

21.  a;»  +  4aj  -  ^  ""  "[f  +  8  +  2a^. 

a;  —  2 

Hint.   Removing  parentheses  and  combining,  we  get 

6  +  2 2  6  +  1  ^ 1 =  8  —  6 h  — ^ etc. 

26-1  6  +  6  26-1        6  +  6 

M.  (.  +  -t^)-(--^+2j,). 
V        x  —  2yl      \x  +  2y         ^/ 
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79.  Multiplication  of  fractions.  In  algebra  as  in  arithmetic 
the  product  of  two  or  more  fractions  is  the  product  of  their 
numerators  divided  by  the  product  of  their  denominators. 

Thus  i  •  *  =  ii 

o<    •!    1  a    c      ac 

SunHarly,  -•-  =  -, 

and  5 .  f  =  f  .  f  =  4;i. 

In  like  manner  n  •  -  =  -  •  -  =  -r-  • 

0        L     0         0 

If  a  factor  occurs  one  or  more  times  in  any  numerator 
and  in  any  denominator  of  the  indicated  product  of  two 
or  more  fractions,  it  should  be  canceled  the  same  number 
of  times  from  both,  thus  giving  the  product  of  the  several 
fractions  in  lower  terms. 

Thus  «.if=2. 


? 


e     c 


-m.r  !••  1    Scu^  .      "1.5  (Pe 
Multiply  —  by  jg^. 

od 

6oliitioii.       ------    ^   o  a=^^rV'^^r  o  v  =  ^ — 3' 

9d     16 a^c*     y^   poV      6ac« 

3  2ac^ 

To  find  the  product  of  two  or  more  fractions  or  mixed 
expressions  we  have  the 

Rtik.  If  there  are  integral  or  mixed  expreBsionSj  reduce 
them  to  f rational  form. 

Separate  ecufh  numerator  and  each  denominator  into  its 
prime  factors. 

Cancel  the  factors  common  to  any  numerator  and  any 
deriominator. 

Write  the  product  of  the  factors  remaining  in  the  numerator 
aver  the  product  of  the  factors  remaining  in  the  denominator. 
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ORAL  BXERCI8B8 


Simplify : 

2  .  1 


o. 

t 

■^• 

4. 

f- 

l 

5. 

1- 

¥-■ 

9.  -•-•      13. 


X    c  \d 


m    n*  2a5    10      ^^    m  —  n       m 

lO*  T-Tl*  14.  -z-'-^ —    18. 


n    m  5     3x  mn      m  +  n 


fi    JL  .  2  2 


"•  IT-  ir   ^^    a?    y  /6sV 

7.(^)«.    "v-f-  "•(-)•    "• 


2x  -\'  c       xf? 


xe       x—  2e 


EXERCISB8 


Multiply : 

3.  I  •  if  .  3.            6.  2^  .  -l^f  9.  H  •  16  .  f  J. 

1.  |.^.(2^)..                   .  ^    14a!»V3y»/ 

18  «*     16  a!*  «       \15W    \6mW 

15  ax*    12a»    16^  {2x)^    (By)" 

4*     UOar"'  9a»"  3y    '    2a;*  ' 

8cd»       18       .   ,,          „,  (6a)«      125 y 

*•    3a!  •  40c»«i»  '  ^'"'*-          ^^-  (lOiy  ■  2(a«)»' 

/5£Y    6^    5c»             „„  /  8m'  V    /15n'\» 

®-  V2  oc-r  10 a;»  •  3^'            ^^-  VlO^/  •  VT^iT/  * 

23          a' -9              a-4  2a''-10a« 
■  a»-2a-16'2a»-8a**a«-6a  +  9' 


Solntioii. 
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a«-9  a-4  2a'-10a2 


a-3 


Clieck.   Let  a  =  2. 

qa-,9  q-4        2q8~10a^_     1 

o«-2a-15*2a8-8a2*o2-§a  +  9"a-3' 

-5      -2     -24        1 
-15    -16       1         -1 

-1  =  -1. 

**•       5y»     '3x^  +  9'  ^^'        x^-9       '     a^+S 

<r'-4      3a;-3y  a;^-3a;4-9     a;^-^9 

a;-yV+6o  +  8'  2aj-6      'aj»+27" 

ar'-Tg  +  lO    2a^4-10a;'+50a; 
*         aj»-126      '  ic^-4 

^     a;*-16     ar»-4 
29. 


30. 


31. 


32. 


c^  — 9  a^  +  4aa;  +  4a^ 


a*  —  4a;*    ac  +  2ca;  —  3a  —  6aj 

2a*->5a<?  — 3c*      3c  +  9a 
c*-9a*         'lOa^+Soc' 

2a;*+10g  +  50    g*-3a;-10    2-a; 
3x»-12aj       '     4a;»-500     '      2 


(a^-4)(a;  +  3)    g*-a;-6    (a;  -  2) 
•  2ar»+12a;+18*    (ar*- 4)*   '   a;  +  3  * 

4e*~12ea;  +  9a;*  _  a^  -  e 

*•  (e*-heajH-a;2)(3a;-2e)*^^      ^  ^  '  2e'-' Bex -j-Sa^' 
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\       a«-l/\2a-l       /       o«-l     2a-l 
The  student  should  note  particularly  the  difference  between  the 
procedure  in  multiplying  two  expressions  like  the  above  and   that 
followed  in  adding  them  or  in  subtracting  one  from  the  other.    (See 
Exercise  22,  p.  166.) 

«,.(2._i)(6.+^J(|)5^. 

80.  Division   of  fractions.    In  arithmetic   |  -^  f  =  f  -  -^ 
=  1^;  and  |  +  11  =  | .  ^^  =  ^^.   Also  |-^lf  =  |^V.= 

^,    ,^    ,      a      c      a    a     da         ■,  d  a    1       a 

Similarly,  --*--  =  -.-=:—-;  and  --hw  =  7.-  =  -r-- 
0      a      0    c      be  0  h    n      on 

.,        a     /    ,  n\     a     /cd  +  n\     a        d 


ad 


hcd  +  bn 

For  division  of  fractions  we  have  the 

Bute.  Reduce  all  integral  or  mixed  expressions  to  fractional 
form. 

Then  invert  the  divisor^  or  divisors^  and  proceed  as  in  mvl- 
tiplication  of  fractions. 
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.«:"<r4<NK<, 


Perform  the  indicated  operations : 

*     8    '   *•  7. 1 — •  11. 1- . 

*'^*'  .    2«       /-3c\  ,„    12 a«*      18«'6 

3.  Jj^  +  |.  ■•T"'*"V26/  "•     6c    "^  15c» 


y       y»  61c       17  c* 

0-5T--T-  .^    2to      -w  ..    /3a*V     lSa*b 

10. 


»•  (^J 


6.  ^+(-^1).     ""    n    ^  3»  V  5c/      100c* 

6  a       16        12  a«  \6W  *  (10  x»)»     (8  a:*)" 

12c«d     8c*     10 de  2a     (2a)*     (7 a*)'  /TV 

"•   36 e«  "^7«^  ■  Sc'd*'      ^'  3b*  126*  "^  166*  * \5)' 
Hint.  See  Rule,  page  13. 

10  — 4a      6a-2a* 


21. 


12««  9a; 


^        (a-3)^     ^a;-9^ 
a^  —  4a  +  3      a^  —  a 

^^    a*  +  a;-30  x»-25 

«*4-5a5  —  6  '  a*  —  6aj  +  5 

**•  a»-a^a^  +  3a  +  2' 

25.  (2m*  — 4m +  8)  H ^ 

^  ^  om 


2a;  +  3 

2a;  +  l 


"•  G=S)'*(ir7(^)"*(zi)- 
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\  2  a;/       2ic'*  +  2a;\  x  +  1/ 

33.  HLfl±li\(||.-2.N    r/ _^^^4^NM1. 

oa;  \26      3a/      L\  3a/    a  J 

81.  Complex  fractions.  A  complex  fraction  is  a  frac- 
tional expression  containing  one  or  more  fractions  either 
in  the  numerator,  or  in  the  denominator,  or  in  both. 


Simplify 


1  + 

8_ 
a 

9 
a2 

a  — 

•3  + 

2 
a 

Solution.   Reducing  the  numerator  and  denominator  to  simple 

fractions. 

-.8       9  a^+Sa-9 

1  + :;  :; 

a      a-  a- 


„,2       a^-da  +  2 
a— 3+—  ' 

a  a 

Performing  the  indicated  division,  the  right  member  becomes 

J^a^-^  (a  +  ^)  4  _    q  +  9 

/  (a-2)'.(a— ^     a2-2a' 

a 
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Cbeck.  Letting  a  =  S, 

1  +  5-i  !  +  ?-£ 

a      a^       a  +  9       ,  3      9      3  +  9      •,      ,  , 

—  becomes     '^^—  =  -r — -•,  or  4  =  4.  ! 


„      2aa-2a  ««29-6 

a-3+-  3-3+- 

a  o 

To  simplify  a  complex  fraction  we  have  the 

Ruk.    Reduce  both  the  numerator  and  the  denominator  to 
simple  fraction%^  then  perform  the  indicated  division. 


EXERCISES 

Simplify : 
^•1-1  ^'1-^  '•    3-1  *•      1  +  4 

,     3«-a)'  .      (!)'-(»)' 

'  3»+3.i+(i)«         •  ar+(f)(f )+(!)«' 

1-1  'gy+f-i+a/ 

9.  i+^. 


1 

c 

c 

10.    T 

c  —  1 


2-^ 
2 


12. 

y 

1+^ 

y 

13. 

f- 

•-I 

<!»          rf« 

14. 

d«          C* 

a«      *« 

15. 

ft       a 

a-\-b-h^ 
a 

X 

16. 

y     X 

z 

17. 

*  +  6  +  ^2^ 

?/              « 

3^2x      9y 
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18.  -SlA..  24.  ^     ^      ^. 

--hi  H 

^^-  ^  +  ^    ^  '  ^' T-1 — 

jx  +  ^yf     ^  _x 2x 

6xy  ^      x  —  l      x  —  2 

20.  2 26. 


Vy     x) 


2x  3x 


x  —  2      aj-3 


2(6  +  <0-3(2g  — c) 
2ab  —  be  +  2ad  —  cd 


/3  a-  bV 

21.  1-^ L.  27. 

(ft  -  3  g)^  2 3__ 

4a^  2a  —  cft-|-c? 

aj-_2jj      £j-^  /5a;4-4yy     5y 

22.  -^ii 2_.  28.  l_i^J_^. 

a;-2y      a;  +  2y  (5a;  +  4y)'_„ 

x               2y  4a5                 ^ 

16  12 -6a 

J  4" 


a      a  A-  b  2  a*  —  a  —  6 

23.  ^-  29. 


1.1  o     .       21  ^ 

-  +  T  2a  +  ^— -5-7 

a      0  2a-|-  o 


CHAPTER  XVI 

EQUATIONS  CONTAINING  FRACTIONS 

82.  Equations  containing  fractions  with  monomial  denomi- 
nators. If  fractions  are  involved  in  one  or  both  members 
of  an  equation,  it  is  necessary  to  find  a  number  or  a  literal 
expression  by  which  one  may  multiply  both  members  in 
order  to  get  rid  of  the  fractions.  (Compare  Problem  24, 
p.  145.)  This  process  involves  the  application  of  Axiom 
III,  page  40,  which  is  the  only  principle  employed  in  this 
chapter  that  has  not  been  used  repeatedly  in  the  earlier 
work  with  equations. 

Especial  care  is  required  to  avoid  error  when  a  fraction 
iTvhich  has  two  or  more  terms  in  its  numerator  is  preceded 
by  a  minus  sign. 


ORAL  EXERCISES 

Solve  for 

Xf  stating  in  each  case  the  operations  employed : 

i.|=i. 

5.    ^  =4. 

9.  1-5  =  0. 

2x 
13.  ^  -  8  =  0. 

2.  1  =  2. 

2x 
6.    3  =3. 

10.  |-^7  =  0. 

14.  ^.'^  +  3  =  0. 

4 

3.7  =  1. 

4 

2x 
7.  ^  =  10. 
0 

11.  1  +  2  =  0. 

15.  ^'  - 10  =  (X 

4.  1  =  6. 

8.  ^/  =  9. 

4 

12.  f  +  1  =  0. 
0 

l..£±i  =  2. 

176 
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17. 

x-4 
5     ""^• 

21. 

2x-5 
5 

=  3. 

25. 

10       ^ 
20.==  ^• 

18. 

2     "'^• 

22. 

1  =  ?. 

26. 

4x 

19. 

3a: -fl,, 
2       -^• 

23. 

3  =  1 

X 

27. 

2« -lo- 

20. 

3       =^- 

24. 

i=2. 

28. 

ss. -^- 

29.  Using  the  least  multiples  possible,  free  Exercises  1-10, 
page  177,  of  fractions. 


X    .    X 


1.  Solve  the  equation  -  +  -  =  16 


Solution.   Multiplying  both  members  by  15,  the  L.C.M.  of  the 
denominators,  and  canceling,  we  obtain 

5x  +  3a:  =  240, 

or  Sx  =  240. 

a:  =  30. 

Check.    Substituting  30  for  x  in  the  given  equation, 

A^  +  ^  =  16, 
or  10  +  6  =  16. 

3  5^ J      J 

2.  Solve  the  equation  -  (cc  -|- 1)  —  — - —  =  -• 

Solution.   Removing  the  parenthesis, 

3a?      3      5x-7_7 
4       4  6  3* 

Multiplying  both  members  by  12,  the  L.C.M.  of  the  denominators, 

and  canceling,  with  particular  attention  to  the  signs  in  the  third 

fraction,  we  obtain     ^         ^      ^^ 

9x  +  9-10a:  +  14  =  28. 

Solving,  a;  =  —  5. 
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Clieck.  Substituting  —  5  for 

X  in  the  given  equation^ 

|(-6  +  l)- 

-25-7      7 
6            3 

-3  +  i5  =  Z. 
3       3 

-9+16      7 

3            3 

• 

7_7 
3      3' 

For  solving  equations  containing  fractions  with  mono- 
mial denominators,  we  have  the 

Ruk,  Free  the  equation  of  any  parentheses  it  may  contain. 

Find  the  L,  CM.  of  the  denominators  of  the  fractions  and 
multiply  each  term  of  the  eqtmtion  hy  it^  using  cancellation 
wherever  possible. 

Transpose  and  solve  as  usual. 

EXERCISiSS 

Solve  for  a,  and  check  results  as  directed  by  the  teacher : 
1    ^^*      in  ft    a; +  3      4a; -5 

3.3-3  =  5.  10.  -a,  +  -a;  =  -. 

4.  a; +  1  =  6.  11.  -aj -f  ^aj  =  26. 

o  .  00 

*•  6  +  3-15  =  ^*-  "•  2"'  +  3''  =  '9"• 

6.^-^^=l..      13.i  +  ?  =  3. 
4  9  XX 

a;-2      3a;  +  2  3      2_ 

^-  ~T~  "*"~2^  -  ^         "-i-x-^- 
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15.5  +  ^  =  9. 

X  X 

2      16      19 
X      15      Sx 

2x  +  3      1.        o\      o 
17.  — = -(a; -3)=:  2. 


5  —  x      2x  +  S     ^ 
18.  ^^-:t^  4-       7^     =  4. 


19. 


2       '        3 
2a;4-13      6-aj 


=  1. 


20.^(0.-1)+—^  =  - 


2i.^^-^(2^+T)+i  =  a 


11 


g-T      1 


W-D- 


3 
3a;  — 22 


a; 


23.  -  +  a;  =  a  +1. 
a 

24.  *_^  =  6. 
a      3a 

^^    X      2x       3 
a      oa      bo 

26.  6-f  =  i(o-3.)+ip. 


a 


29. z —  =  ar(h  —  a). 

a  0  ^  ^ 

^^    2a  — Zx  ,  5a  — 2x  .  41      ^ 

30.  T +  — +  QA  =  ^- 

6  a  5  a  30 


^,     6x      1/2  a 
31. zzl 


+  -3-  — 6. 


32 


2V3-H 
.  (aj  4- 5)(jB  —  6)  =  aj(a:  — -)• 

83.  (a5  +  7)(aj  +  18)=ajfx--y 

84.  (4aj  +  3)(6  +  iB)=:4a;(aj-i)4-46j 
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PROBLEMS 

1.  One  third  of  a  certain  number,  plus  ^  of  that  number, 
equals  15.   !Find  the  number. 

Hint.  —  H =15. 

8      12 

2.  The  difference  between  ^  of  a  certain  number  and  ^  of 
that  number  is  10.   Pind  the  number. 

3.  The  sum  of  two  numbers  is  38.  One  tenth  of  the  greater 
number  equals  ^  of  the  less.   Find  the  numbers. 

4.  The  width  of  a  rectangle  is  f  of  its  length.  The  perim- 
eter is  200  meters.   Find  the  area  of  the  rectangle. 

5.  What  number  must  be  added  to  the  numerator  of  the  . 
fraction  ^  so  that  the  Resulting  fraction  will  be  -J-  of  the  number 
in  question  ?  ■  > 

6.  One  half  of  a  certain  integer  is  -J-  the  sum  of  the  next 
two  consecutive  integers.    Find  the  first  integer. 

7.  A  certain  even  integer  divided  by  12  is  equal  to  -^^  of 
the  sum  of  the  next  two  consecutive  even  integers.  Find  the 
first  integer. 

8.  What  number  added  to  both  terms  of  the  fraction  ^ 
gives  a  fraction  whose  value  is  |  ? 

9.  Separate  24  into  two  parts  such  that  X  of  their  differ- 
ence is  4. 

10.  One  fourth  the  difference  of  three  times  a  certain  num- 
ber and  4  equals  4-  the  difference  of  five  times  the  number  and 
4.   Find  the  number. 

11.  Separate  108  into  two  parts  such  that  their  quotient  is  ^. 

12.  There  are  two  numbers  whose  sum  is  24.  If  their  differ- 
enpe  be  divided  by  their  siun,  the  quotient  will  be  ^  o$  the 
greater  number.   Find  the  numbers. 


) 
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13.  A's  age  is  f  B's  age.  In  10  years  A's  age  will  be  twice 
B's  age.   Find  their  ages  now. 

14.  At  the  time  of  marriage  a  certain  woman's  age  was  ^ 
that  of  her  husband.  Twenty  years  later  her  age  was  ^  of  his. 
Find  their  ages  at  the  time  of  marriage. 

15.  A  is  12  years  older  than  B.  Eight  years  ago  B  was  |^  as 
old  as  A.   Find  their  ages  now.   ' 

16.  Jupiter  has  5  more  moons  than  Uranus,  and  Saturn  two 
more  than  twice  as  many  as  Uranus ;  Mars  has  7  fewer  than 
Jupiter,  and  Neptune  half  as  many  as  Mars.  These  planets 
together  have  26  moons.   How  many  has  each  ? 

17.  A  triangle  has  the  same  area  as  a  trapezoid.   The  alti- 
.   tude  of  the  triangle  is  24  feet  and  its  base  is  12  feet.   The 

altitude  of  the  trapezoid  is  a  third  that  of  the  triangle,  and 
one  of  its  bases  equals  the  base  of  the  triangle.  Find  the  other 
base  of  the  trapezoid. 

In  solving  Problems  18  and  19,  the  student  should  make  a 
table  similar  to  those  shown  on  pages  100  and  101. 

->.  ^^  18.^  marksman  hears  the  bullet  strike  the  target  3  seconds 
iftefr  the  report  of  his  rifle.   If  the  average  velocity  of  the 
'\   bullet  is  1926  feet  per  second  and  the  velocity  of  sound  is 
\  >^  jllOO  feet  per  second,  find  the  distance  to  the  target  and  the 
V  length  of  time  the  bullet  was  in  the  air. 

•  19..  A  gunner  using  one  of  the  best  modern  rifles  would  hear 
the  projectile  strike  a  target  2640  yards  distant  9^  seconds 
after  the  report  of  the  gun,  provided  the  projectile  maintained 
throughout  its  flight  the  same  velocity  it  had  on  leaving  the 
gun.    Find  this  velocity  if  sound  travels  1100  feet  per  second. 

83.  Equations  containing  fractions  with  polynomial  de- 
nominators. Although  no  new  principle  is  involved  in 
the  exercises  of  this  section,  they  serve  to  review  nmny  of 
the  most  important  processes  of  algebra. 


^ 
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ORAL  EXERCISES 

Gleajr  the  following  equations  of  fractions,  stating  in  each 
case  the  operation  employed.   Do  not  solve  the  equations. 

Solution.   Multiplying  each  member  of  the  equation  by  :r  +  1  we 
obtain  the  equation  x  =  3  x  +  3. 


2. 

x-1      ^' 

8. 

x  +  7      5x 
aj-3       3 

14. 

1         2 
x      aj  —  1 

3. 

2x        5 
l-aj      2 

9. 

a;  — 3       3 

x  +  2      4x 

15. 

aj  —  1      X 
x         4 

4. 

dx 

10. 

x+1      x+2 
x+2      x—l 

16. 

a;          5 
a:  —  1      a? 

5. 

^-^      3 

11. 

x  +  2      aj  — 2 
x  +  S      a?-l 

17. 

x~2      1 
3a;         X 

6. 

x  +  1      ^ 
•      -     —  b. 

X  —  0 

12. 

a;  —  4      05  —  5 

a;  +  3      aj-f-2 

18. 

4oX           2x 
l-.2aj      1  +  x 

7. 

x  +  1      4 
x-1      3 

13. 

a; 

19. 

3  —  aj          a; 

3aj-l     2-^x 

Solve  the  following  equations  and  check : 

Solution.  Multiply  both  members  of  the  equation  by  6  (x  +  3), 
the  L.C.M.  of  the  denominators.  This  may  be  indicated  symbolically 
as  follows :  i      i  n 

By  means  of  this  form  of  expression  one  can  readily  see  what 
ought  to  be  canceled. 

Canceling,       10  (x  +  3)  +  5  (a:  - 1)  =  11  (x  +  3), 
or  10  a:  +  30  +  5  a:  —  5  =  11 X  +  33. 

Transposing  and  collecting,  4  x  =  8, 

whence  x  =  2. 
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Check.  2  +  ^^  =  ~ 

^2  +  3       5 

4  1  '       5a;      3-a;  , 

o  —  OX      X  3        2-f-a; 

Solution.   The  L.C.M.  of  the  denominators  is  3  (2  +  re).    Hence 
from  an  inspection  of 


[T  =  lfl^']»0'  +  .) 


we  obtain  5x(2  +  x)  =  3(3  -  a:)  +  3ar(2  +  x), 

or  10a;  +  5a;2  =  9-3ar  +  6a;  +  3a;». 

Transposing  and  collecting, 

2a:»  +  7x-9  =  0. 
Factoring,       (2  a?  +  9)  (a?  - 1)  =  0, 

a:=-f,  1. 


whence 

Check  as  usual. 

7. 

x  —  S        2x 
X         x  —  2 

8. 

x-1 

9. 

X            2x 
&  —  X      4aj— 6 

10. 

2             4 
a!+l      4  +  aj 

11. 

1            3 

2—x      3-« 

12. 

4  —  6a 

13. 

a  +  7      3a; 
3-a;  '    2  "^- 

14. 

2          a;— 12          x 

a:-6~a;  +  6       a;  +  6 

15. 

a;  +  3      a;  +  9 
a;  —  4      a;  —  5 

16. 

4a;— 1      7— 2a; 
x  +  2        a;  +  4 

17. 

4           3a;  +  2 
2a;-3  '        3       "*• 

18. 

aj  +  e      5  +  2a; 
3  — a;      7a;  — 5 

19. 

3a;          4          3a;  — 4 
8       a;-4           8 

on 

2               11 

4a;+l     6a;-2     3a;+4 


=  0. 
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47  7  3 


21. 


22. 


220      4(a;  +  3)      5(x  +  S) 
4:X  6  a;2+ll 


x  +  3      2(aj-|-3)      3(x  +  3) 


oo    4-a;  .  7  3 

X  —  o      5      5  —  X 

Hint.   Multiply  the  terms  of  the  last  fraction  by  —  1. 

X  ^  1  ^.       3aj         x-S 

24.  r  +  3  =  :r 25.  ;:  =  7z X. 

x  —  3  S  —  x  05  —  2      2  —  aj 

-.-      3aj  16  jc       .      2x 

26.  r 5 — 7:  =  — -77  + 


x-S      ic2-9      a;-f.3'9-a;2 

Hint.   Bewriting  the  last  fraction  (see  Hint  after  Exercise  23),  and 
factoring  the  denominators, 

Sx  16  X  2x 


x-3      (x-8)(a;  +  S)      x  +  3      (x-3)(x  +  3) 

The  L.C.M.  of  the  denominators  is  (x  —  3)  (x  +  3).    Hence  from 

[3x    _  16 X     _  2x  1,    _„.,        g. 

x-S      (x-3)(x  +  3)""x  +  3      (x-3)(x  +  3)J^*      i*)(«  +  «} 

we  obtain  3x (x  +  3)  —  16  =  x{x  —  8)  —  2x, 

which  may  be  solved  and  checked  as  usual. 

In  solving  equations  containing  fractions  with  polynomial 
denominators  the  student  should  write  the  denominators  and 
their  L.C.M.  in  factored  form,  as  in  the  preceding  work.  With 
this  exception  the  rule  on  page  177  applies  to  all  equations 
containing  fractions. 

OP,        1       ,       2  6x 

27. h 


3-a;ic  +  3      a;* -9 

2a;  3  24         ^ 

X  -fl      X  —1       1—  ar 

3  5a; -12  4 

29. 


a; -4       ar» -16       16  -  ar» 
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a; +  2      10-2aj^  7 


30. 


05-2        4-aj2        aj^-4 


^^     l4-aJ.;r  —  2  «— 1 

31-  ^5 Z  +  o 


a; -4       2a; -15  _8g^- 20a; -31 
2x-6"^  2x  +  4        4a52-.2x-20* 

84.  Equations  containing  decimals.  The  method  of  solv- 
ing an  equation  containing  decimals  is  illustrated  in  the 
following : 

EXAMPLE 

Solve  the  equation  .3  a;  -|-  .7  =  4.2  —  .05  x. 
Solation.  Multiplying  each  member  of  the  equation  by  100, 

30x  +  70  =  420  — 5ar. 

Transposing  and  combining, 

35  a:  =  350. 
a:  =  10. 

Check.  .3  X  10  +  .7  =  4.2  -  .05  x  10. 

3  +  .7  =  4.2  -  .5. 
3.7  =  3.7. 

In  equations  containing  fractions,  if  decimals  occur  in  any 
denominator,  multiply  both  numerator  and  denominator  of 
such  a  fraction  by  that  power  of  ten  which  will  reduce  the 
decimals  in  both  the  numerator  and  the  denominator  to 
integers.  Then  clear  of  decimals  and  proceed  as  in  the  fore- 
going example.    (See  Hint  after  Exercise  20,  p.  185.) 


Solve  and  check  the  following  equations : 

1.  Ax  — 6,  4.  .75  —  .7 a;  =  .26. 

2.  .3 a; +  .5  =.8.  6.  .92  +  .3 a;  =  5.12. 
8.  .3aj  +  4  =  .26.  6.  3.75  =  2.15  -  .5aj. 
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7.  .06 oj- 4.5  =  1.68.  9.  .04a;  =.laj  +  2.4 

8.  .03  a;  +  .16  =  .58.  10.  .8  a;  -  2.7  =  .55  a. 

11.  .15  a;  — .4  aj  =  8  a?  —  49.5. 

12.  1.7  x  +  3.14  =- 9.66  -  1.5  a;. 

13.  3a;  +  7  - 1.25  x  =  8.845  +  .h2x. 

14.  1.7  a;  +  .17  —  .03  x  =  4.73  + 1.1  x. 

15.  .12  (2  a; +  .5) -.2  (1.5  a; -2)  =.4. 

16.  6(3a;  -  1.1)-  8.4(.7a;  -  3)=  6a;  +  .24. 

^^    .7  a;      .19      .la;         ,„    .3a; -6.2      6.75 -.4a;      3.5 

17. =  ' •        18.  ■■ = . 

4         3         6  4  5  2 

.14  a;  +  3.2      a;  —  .75      2.4  x  —  1.5 


19. 


6  5  10 


^®-  .4         ^  .24   ""'^•^- 

Hint.   Multiplying  numerator  and  denominator  of  each  fraction  by  100, 

600X-269  .  160a; 


40  24 

Solve  and  check  as  usual. 


=  8.9. 


To  avoid  the  possibility  of  repeating,  in  the  check,  a  numeri- 
cal error  made  in  the  solution,  the  check  should  be  performed 
by  finding  the  value  of  each  fraction  separately,  without  clear- 
ing of  fractions. 

1.8a; -2      5.7-. 7  aj 


21. 


1.7  1.8 


^^    3.2aj   ,  4.5a;      ^  ^o  .   /? 
22.  — -=-  +  TTT?  =  1-^2  +  6a;. 
.o         IJ.o 

.3  (3 -.4  a!)      ■5(.2»-6) 
^'  .16         ~  .8  ~^' 

„^     .3(5-x)      1.5-lOa!  ,    „ 
^•6:26       =— U  — +  -^«*- 
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Note.  The  introduction  into  Europe  of  the  Arabic  notation  tot 
numbers  was  one  of  the  important  events  of  the  Middle  Ages.  This 
notation  originated  among  the  Hindus  at  least  as  early  as  a.d.  700. 
It  was  adopted  by  the  Arabs,  and  was  introduced  by  the  Moors  into 
Spain  during  the  twelfth  and  thirteenth  centuries.  Anyone  who  has 
tried  to  multiply  two  numbers  in  the  Roman  notation,  like  MDCCYII 
by  MCXVUI,  will  realize  the  difficulties  that  surrounded  arithmetical 
operations  before  the  Arabic  system  was  taught  Before  the  introduc- 
tion of  this  system  one  of  the  principal  uses  for  arithmetic  was  the 
determination  of  the  day  of  the  month  on  which  Easter  came.  Roger 
Bacon  in  the  thirteenth  century  urged  the  theologians  **  to  abound  in 
the  power  of  numbering,"  so  that  they  might  carry  out  these  com- 
putations. Business  computations  were  made  on  the  abacus,  one 
form  of  which  was  a  contrivance  of  wires  and  sliding  balls  on  which 
arithmetical  operations  can  be  performed  with  great  rapidity. 

Though  computation  in  the  decimal  system  was  common  in  Europe 
from  the  thirteenth  century,  the  final  step  in  perfecting  the  notation 
was  not  taken  until  about  1600,  when  Sir  John  Napier  and  others 
made  use  of  the  decimal  point  in  the  modem  sense.  It  was  not  until 
the  beginning  of  the  eighteenthxentury  that  it  came  into  general  use. 

85.  Percentage.  The  methods  of  algebra  may  be  used 
to  advantage  in  treating  many  problems  in  percentage 
which  are  also  found  m  arithmetic,  and  m  solving  many 
others  which  would  be  difficult  or  impossible  to  solve  by 
arithmetical  means  alone. 


ORAL  EXERCISES 

1.  What  is  4%  of  60?         3.  What  is  3%  of  a  -f  40? 

2.  What  is  4%  of  a?  4.  What  is  6%  of  4aj  -  a? 

5.  What  is  the  interest  on  $100  left  for  one  year  at  5%  ? 

6.  What  is  the  interest  on  $100  left  for  6  years  at  6%  ? 

7.  What  is  the  interest  on  |100  left  for  t  years  at  6%  ? 

8.  What  is  the  interest  on  P  dollars  left  for  t  years  at  6^  ? 
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9,  What  is  the  interest  on  P  dollars  left  for  t  years  2,tr<>fo? 

10.  What  is  the  total  amount  due  at  the  end  of  t  years  if 
P  dollars  are  left  at  r%  ? 

If  two  sums  of  money  are  x  dollars  and  2600  —  x  dollars 
respectively,  express  as  an  equation  the  statement  made  in 
each  of  Exercises  11-14. 

11.  Eour  per  cent  of  the  first  sum  equals  $24. 

12.  Five  per  cent  of  the  first  sum  plus  6^  of  the  second 
sum  equals  |130. 

13.  Six  per  cent  of  the  first  sum  equals  4%  of  the  second. 

14.  Five  per  cent  of  the  first  sum  is  $44  more  than  4% 
of  the  second. 

When  P  dollars  are  left  at  simple  interest  for  t  years, 
at  a  yearly  rate  of  r%,  the  total  amount  A  accumulated 
is  given  by  the  following  formula: 

P+(P.r*  t)  =  P(l+H)^A. 

It  should  be  noted  carefully  that  the  value  of  r  is  a 
fraction  of  which  the  denominator  is  100.  Thus,  if  the 
rate  is  5%,  the  value  of  r  is  -j^-g^,  or  .05. 

EXAMPLE 

What  sum  of  money  placed  at  simple  interest  for  2  years  at 
5%  amounts  to  $99  ? 

Solution.   Principal  +  interest  =  99. 


Let 

P  =  the  principal. 

Then 

.05  P  •  2  =  the  interest  for  two  years. 

Therefore 

P  +  .10P=99, 

or 

1.10P=99.- 

Whence 

P=90. 

Check. 

90  +  9  =  99. 
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EXERCISES 

1.  What  sum  of  money  placed  at  interest  for  1  year  at 
6%  amounts  to  $371  ? 

2.  What  sum  of  money  placed  at  simple  interest  for  3  years 
at  4%  will  amount  to  $476  ? 

3.  Li  how  many  years  will  $325,  at  6%  simple  interest, 
gain  $39  ? 

4.  In  how  many  years  will  $480,  at  6J%  simple  interest, 
gain  $156  ? 

5.  At  what  per  cent  simple  interest  will  $375  gain  $75  in 
4  years  ? 

Solution.   375  X  the  rate  of  interest  x  4  =  75. 

Let  X  =  the  rate  of  interest. 

Then  $375  a;  =  the  interest  for  1  year, 

and  $1500  x  =  the  interest  for  4  years. 

Therefore  1500  x  =  75, 

and  a:  =  gV,  or  ^ J(y. 

Hence  the  money  is  lent  at  5%. 

6.  At  what  per  cent  simple  interest  will  $726  gain  $145  in 
4  years  ? 

7.  At  what  per  cent  simple  interest  will  $250  amount  to 
$317.50  in  6  years  ? 

8.  In  how  many  years  will   $300  double  itself  at   5% 
simple  interest  ? 

9.  In  how  many  years   will  $500  treble   itself  at   6% 
simple  interest  ? 

10.  A  part  of  $800  is  invested  at  3%,  and  the  remainder  at 
4%.  The  yearly  income  from  the  two  investments  is  $30. 
Find  each  investment. 

Solution.   One  part  x  .03  +  the  other  part  x  .04  =  30. 
Let  X  =  the  number  of  dollars  invested  at  3%. 

Then  800  —  x  =  the  number  of  dollars  invested  at  4%. 


•^1 


W: 
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Therefore,  by  the  conditions  of  the  problem, 

.03  X  +  .04  (800  -  «)  =  30. 

Multiplying  each  member  by  100, 

3a:  +  4(800 -ar)  =  8000.* 
Solving,  X  -  200, 

and  800 -x  =  600. 

Hence  the  3%  investment  is  $200,  and  the  4%  investment  is  $600. 


Check.  200  600 

.03  .04 

6.00  24.00  $6  +  $24  =  $30. 

11.  A  part  of  $1500  is  inyested  at  5^  and  the  remainder 
at  4^.  The  total  annual  income  from  the  two  investments  is 
^69.   Find  the  amount  of  each  investment. 

12.  A  sum  of  money  at  6^  interest  and  a  second  sum  at 
5^  yield  a  total  annual  income  of  $50.  The  first  sum  exceeds 
the  second  by  $100.   Find  each. 

13.  A  4^  investment  yields  annually  just  as  much  as  one 
at  5^.   If  the  sum  of  the  investments  is  $3600,  find  each. 

14.  A  5%  investment  yields  annually  $10  less  than  a  6% 
investment.  If  the  sum  of  the  two  investments  is  $240,  find 
each. 

15.  A  man  invests  part  of  $4300  at  6^  and  the  remainder 
at  5%.  The  investment  at  6%  yields  annually  $1.60  less  than 
the  one  at  5^.    Find  the  sum  invested  at  5^. 

16.  A  man  invests  part  of  $5360  at  5^  and  the  remainder 
at  6%.  The  yearly  income  from  the  6%  investment  is  $63.40 
more  than  that  from  the  6<^  investment.  Find  the  sum 
invested  at  6^. 

17.  A  part  of  $4560  is  invested  at  4^  and  the  remainder 
at  6^.  The  total  yearly  income  is  $202.40.  Find  the  amount 
invested  at  6^. 
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86.  Literal  equations.    At  this  point  the  student  should 
review  the  solutions  on  pages  95  and  96. 


Solve  for  x,  and  check  as  directed  by  the  teacher  : 

1.  2ax-2a^=z6a^-2ax.     7.  3(2a;  -  a)=  2(aj  —  a). 

2.  5^2  — 4ca;  =  o(6aj  — 4c).     8.  4(a;  -  6)=  2(a;  +  J). 

3.  Sa^'-'4:b^  =  P-2ah:.       9.  4a(6a;-3ft)  =  3^(8-4a). 

4.  2(aj  +  3)— 4a  =  6.  10.  ax -{- bx  =  a^  +  ab, 

5.  3(a;— 1)— 9a=i=6.  11.  ex  +  b^  =  bx -i- be. 

6.  3(a;— 2)-4A  =  2(a;— 2).   12.  ax  +  b^  =  a^-bx, 

18.  6ab+15cx—10bc  —  9ax=z0. 

14.  12-^15a+16x  =  20ax, 

15.  ax  +  bx  +  cx  =  ak'-i-  bk  +  ck. 

16.  2ax  +  2a  +  cx  +  e  +  x-\-l=0. 

17.  Qab'\'kx  +  A:a^=2ax-^^bk  +  2ak. 

18.  5  ooj  —  5  a*  — 10  fl^  =  3  ac  +  6  ^c  —  3  ac. 

19.  TTT  =  <3^  24. c?  = ha* 

20.  =  6.  25.  ;r-7  —  4  k^  =  — r h\ 

X  2  k  h 

««     ^    .   ^^^      ^  A«    2iB   ,  a  — 4aj      _  . 

21.  -H-;r"  =  7'  26.  — H x 3a  =—4. 

X      2x      4  a  o 

^^    Sa  ,  Sa      S      5a  «-a;,a;,  ,,,.i» 

22.  -r— H =  0+^ —  27.  -H hac  =  6c  +  a6-hT- 

3x        x       2      ox  a      c  b 

^^    X  ,  X  .  .  ^„    3a  — 4aj  .  3a  — 2x       1 

23.  -  +  7  =  a  +  J.  28.  — = 1 =  ^t' 

a      b  oa  Aa  20 

^^    bx      3a/        2ab\         ^ /b      a\ 

^^•'2-t(^--x;="H2-5;- 

x  —  b      a 
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b  3  <^4-3 

^^  0         ,         k  (?'-kc  +  2k^ 

32. 1 =  : ■ • 

k^x  +  c)      c(x  —  k)        2kc(x  —  k) 

33.-7  +  1 =  — 

ab  XX 

87.  Heaning  of  primes  and  subscripts.  Different  but  re- 
lated values  are  often  represented  by  the  same  letter,  with 
smaller  characters  written  at  the  right  and  above  or  below 
the  letter  used ;  as,  y,  y ,  rc^,  4  a^g,  t^j  t^.  These  are  read 
y  primej  y  secondj  x  sub  zerOy  4  x  sub  three^  the  square  of 
t  svb  nit  and  t  sub  w  respectively.  Primes  and  subscripts, 
unlike  exponents,  possess  no  numerical  significance,  and  the 
student  should  carefully  note  that  x^  and  x^  are  as  different 
numerically  as  a  and  b. 

The  notation  just  explained  is  very  convenient  in  physics, 
where  L^  and  L^  may  denote  different  but  related  lengths ; 
TFj  and  W^  Taaj  represent  two  different  weights ;  and  ^q,  t^j 
and  ^2  may  mean  three  unequal  but  related  intervals  of  time. 

Primes  are  cumbersome  and  easily  confused  with  expo- 
nents ;  hence  subscripts  axe  preferable. 

The  following  equations  are  taken  from  algebra,  geometry, 
and  physics,  where  it  is  often  necessary  to  express  one  of  the 
quantities  (weight,  time,  distance,  etc.)  in  terms  of  the  others. 

EXERCISES 

1.  Solve  for  i2  5  ir=  2  irRH. 
(Formula  for  curved  surface  of  cylinder.) 

2.  Solve  for  a ;  -4  =  —• 
(Formula  for  area  of  triangle.) 

3.  Solve  f or  i2 ;  C  =  2  irR. 

(Formula  for  circumference  of  circle,   tt  =  about  22/7.) 
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4.  Solve  for  r  and  t\  d^rt. 
(Formula  for  uniform  motion.) 

5.  Solve  for  a  and  -4  ;  —  = 


A      360 
(Formula  relating  to  the  measurement  of  angles.) 

6.  SolyeforC;^  =  |- 

7.  Solve  for  r ;  C  =  -^—j — • 

K  -Y  T 

(Ohm's  law  for  a  simple  electrical  circuit.) 

8.  Solve  for  r  and  w ;  C  = 


9.  Solve  for  r  and  n\  C  = 


n '  e 


10.  Solve  for  F;  C  =  f  (F-  32). 

(Formula  for  converting  thermometer  readings  from  one 
scale  (Fahrenheit)  to  another  (Centigrade).) 

11.  Solve  for  W-,  1^  =  -^' 

12.  Solve  for  r  and  t]  A==P(l  +  rt), 

13.  Solve  for  P^;  r^^-^' 

(Formula  relating  to  volume  and  pressure  of  a  gas.) 

14.  Solve  for  n  and  Z ;  «  =    ^  ^ — ^* 

15.  Solve  for  a,  Z,  and  r;  5  = r-* 

■  r  —1 

D        a 


16.  Solve  for  a ;  ^  q^  — 

17.  Solve  for  t^;  V^  =  F,(l  +  .00365 1^. 

18.  Solve  for  J,;  ^  =  ^^i^^Mf , 
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88.  The  lever.  The  figure  given  below  is  a  diagram  of  a 
machine  called  a  lever.  AC  is  a,  stiff  bar  resting  on  a  single 
support  at  B.  This  support  is  called  the  fulcrum  and  AB 
aad  BO  are  spoken  of  as  arms  of  the  lever. 

Those  who  have  played  with  a  teeter  board  have  had 
some  experience  with  a  lever,  and  they  have  found  tiiat, 
in  order  to  balance,  the  heavier  of  two  persons  must  sit 
nearer  the  fulcrum  P 

than  the  lighter  one  ^ 

does. 

In  general,  if  the  lengths  of  the  arms  of  a  lever  are 
l^  and  Zj  and  the  corresponding  weights  are  W^  and  W^^ 
a  balance  results  when 

Thns,  if  AB  =  S  feet  and  -BC  =  4  feet,  a  boy  at  A  who  weighs 
100  pounds  will  balance  a  boy  at  C  who  weighs  75  pounds ;  for 
3  .  100  =  4  .  75. 

PROBLEMS 

1.  A,  who  is  4  feet  from  the  fulcrum,  balances  B,  who  is 
6  feet  from  it.   A  weighs  96  pounds.   Pind  the  weight  of  B. 

2.  A,  who  weighs  100  pounds,  balances  B,  who  weighs  120 
pounds.  B  is  80  inches  from  the  fulcrum.  How  far  from 
it  is  A? 

3.  A,  who  weighs  125  pounds,  balances  B,  who  weighs  100 
pounds.  The  distance  between  them  is  9  feet.  How  far  is 
ea«h  from  the  fulcrum? 

4.  A  and  B  together  weigh  210  pounds.  They  balance  when 
A  is  3  feet  9  inches  from  the  fulcrum  and  B  is  5  feet  from  it. 
Find  the  weight  of  each. 

5.  A  weighs  |  as  much  as  B.  The  distance  between  them  is 
24  feet.  How  far  from  B  is  the  fulcrum  if  they  balance  ? 
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REVIEW  PROBLEMS 

1.  Separate  240  into  two  parts  such  that  their  quotient  is  7. 

2.  Separate  68  into  two  parts  such  that  |^  of  th^  greater 
shall  equal  |  of  the  less, 

3.  Separate  |-  into  two  parts  such  that  ^  of  one  part  shall 
equal  '\  of  the  otiier. 

4.  Find  two  numbers  whose  sum  is  98  and  such  that 
the  greater  divided  by  the  less  gives  a  partial  quotient  of 
3  and  a  remainder  of  6. 

„  Dividend      ^  _^.  ,  ^     ^.     ^  .  Remainder 

Hints.  =  Partial  Quotient  -\ . 

Divisor  Divisor 

Let  z  =.  the  less  number. 

Then  08  —  x  ^^  the  greater  number. 

,«^      .                      98  -  X      «      6 
That  is,  ~  =  3  +  -. 

X  X 

Solve  and  check  as  usual. 

5.  Separate  120  into  two  parts  such  that  one  divided  by 
the  other  gives  a  partial  quotient  of  5  and  a  remainder  of  12. 

6.  The  sum  of  two  numbers  is  1797.  The  greater  divided 
by  the  less  gives  a  partial  quotient  of  70  and  a  remainder  of 
22.   Find  the  numbers. 

7.  Separate  ^^  into  two  parts  such  that  their  product  is 
greater  by  -J-  than  the  square  of  the  smaller  part. 

8.  The  sum  of  two  numbers  is  16.  Pour  times  the  greater 
number  exceeds  50  by  half  as  much  as  28  exceeds  the  less. 
Find  the  numbers. 

9.  A  boy's  age  now  is  -^  of  what  it  will  be  10  years  hence. 
How  old  is  he  now  ? 

10.  One  sixth  of  a  certain  man's  age  12  years  ago  equals  -J- 
of  his  age  8  years  hence.   What  is  his  age  now  ? 
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11.  A  collection  of  nickels  and  quarters  contains  60  coins. 
Their  total  value  is  $11.   How  many  are  there  of  each  ? 

12.  Twenty-three  coins,  dimes  and  quarters,  have  the  value 
$3.05.   How  many  are  there  of  each  ? 

13.  The  square  of  half  a  certain  even  number  is  14  less 
than  ^  the  product  of  the  next  two  consecutive  even  numbers. 
Find  the  numbers. 

lii  A  rectangle  is  4  times  as  long  as  it  is  wide.  If  it  were 
4  W  shorter  and  1 J  feet  wider,  its  area  would  be  11  square 
feet  more.   Find  its  length  and  breadth. 

A  rectangle  is  |-  as  broad  as  it  is  long.  If  its  length 
weW^  doubled  and  its  breadth  diminished  by  14,  its  area  would 
be  diminished  by  the  square  of  half  its  breadth.  What  are  its 
dimensions  ? 

<  leKlt  costs  as  much  to  sod  a  square  piece  of  ground  at  1>^ 
15  c3nts  per  square  yard  as  to  fence  it  at  20  cents  per  foot.  \ ,  j  .'" 
Find  the  side  of  the  square. 


17.  A  rectangular  court  is  twice  as  long  as  it  is  wide.  It 
costs  half  as  much  to  fence  it  at  50  cents  per  yard  as  to  seed 
it  at  15  cents  per  square  yard.   Find  its  dimensions. 

18.  A  rectangular  picture  2^  times  as  long  as  wide  is  sur- 
rounded by  a  frame  2  inches  wide.  The  area  of  the  frame  is 
128  square  inches.    Find  the  dimensions  of  the  picture. 

19.  A  man  bought  apples  at  16  cents  per  dozen.  He  sold  \ 
of  them  at  the  rate  of  3  for  5  cents,  but  the  rest  were  not  so 
good,  and  he  had  to  sell  them  at  the  rate  of  2  for  3  cents.  He 
made  a  profit  of  48  cents  on  the  entire  transaction.  How  many 
dozen  apples  did  he  buy  ? 

20.  A  can  do  a  piece  of  work  in  2  days,  B  in  3  days,  and  0 
in  4  days.   How  long  will  it  take  them,  working  together  ? 


jrh-' 
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Solation.  By  the  conditions  of  the  problem  A  does  ^  of  the  work 
in  one  day,  B  does  J  of  the  work  in  one  day,  and  C  does  J  of  the 
work  in  one  day.  Let  x  represent  the  number  of  days  required  by 
A,  B,  and  C  together  to  do  the  work. 

Then  -  =  the  fractional  part  of  the  work  the  three  together  do 

X 

in  one  day. 

1111 
Therefore  o  +  «  +  7  =  - ' 

2      8      4      X 

Solving,  X  =  if. 

Check.  — I 1 —  =  —  9  or  —  =  — • 

2      3      4      i§        12      12 

21.  A  cjan  do  a  piece  of  work  in  6  days,  and  B  in  9  dayj 
How  many  days  will  they  require,  working  together  ? 


22.  A  can  do  a  piece  of  work  in  6  days,  B  and  C  each  in 
8  days,  D  in  12  days.  How  many  days  will  they  require, 
working  together? 

23.  A  can  do  a  piece  of  work  in  3  days,  B  in  4 J  days.  How 
many  days  will  they  require,  working  together  ? 

24.  A  can  do  a  piece  of  work  in  8  days,  A  and  B  working 
together  in  4r|  days.   How  long  would  it  take  B  alone  ? 

25.  A  can  do  a  piece  of  work  in  5 J  days,  B  in  4^  days, 
A,  B,  and  C  together  in  If  days.  How  long  would  it  take 
C  alone? 

26.  A  can  do  a  piece  of  work  in  8  days.  After  he  has 
worked  3  days,  B  joins  him  and  i;hey  finish  the  work  in  3 

'\  mpTG  days.   How  long  would  it  have  taken  B  to  do  the  work 
V    alone  ? 

\         Hint.   What  fractional  part  does  A  do  in  1  day  ?  in  3  days  ?  in  6 
V  \\days  ?  What  fractional  part  does  B  do  in  1  day  ?  in  3  days  ? 

27.  A  can  do  a  piece  of  work  in  4  days,  B  in  5  days.  After 
A  has  worked  alone  for  1  day,  B  joins  him  and  they  finish  the 
job  together.   How  much  longer  does  it  take  them  ? 
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28.  Two  bicyclists  start  at  the  same  time  to  ride  from  A 
to  B,  80  miles  distant.  One  travels  4  miles  an  hour  more 
than  the  other.  The  faster  bicyclist  reaches  B  and  at  once 
returns,  meeting  the  slower  one  at  C^  64  miles  from  A.  Find 
the  rate  of  each. 

Solution.  The  problem  states  that  the  two  travel  at  different 
rates,  that  they  travel  different  distances,  but  that  the  time  is  the 
same  for  each.  Hence  the  equation  must  be  formed  by  expressing 
the  time  t,  or  d/r,  for  each,  and  equating 
the  two  expressions  for  /.  A 

The  men  together  cover  twice  the  dis- 
tance from  A  to  B,  or  160  miles.  As  the  slower  one  travels  64 
miles,  the  faster  travels  160—64,  or  96,  miles.  If  x  equals  the  rate 
of  the  slower  bicyclist  in  miles  per  hour,  we  have : 


C 


<f  in  miles 

rin  miles  per  bour 

-  =  f  in  hours 

r 

Slower  bicyclist 

64 

X 

64 

X 

Faster  bicyclist 

160  -  64  =  96 

ar  +  4 

96 
ar  +  4 

Hence 


64 

X 


96 


ar  +  4 


Solving,  we  obtain  a:  =  8,  the  rate  of  the  slower  bicyclist  in  miles 
per  hour,  and  a;  +  4  =  12,  the  rate  of  the  faster  bicyclist. 

Check.  ^^  =  8,  and  5|  =  8. 

29 .  Two  bicyclists,  A  and  B,  start  at  the  same  time  to  ride 
from  X  to  Y,  60  miles  distant.  A  travels  4  miles  per  hour  less 
than  B.  The  latter  reaches  Y  and  at  once  turns  back,  meeting 
A  12  miles  from  Y.  Find  the  rate  of  each. 

30.  A  train  runs  360  miles.  On  the  return  trip  it  increases 
its  rate  by  5  miles  an  hour  and  makes  the  run  in  an  hour  less 
time.   Find  the  rates  going  and  returning. 
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31.  An  automobile  makes  a  run  of  120  miles.  The  chauffeur 
then  increases  the  speed  by  5  miles  an  hour  and  returns  over 
the  same  route  in  4  hours  less  time.  Find  the  rates  going  and 
returning. 

Jffl^^  bicyclist  traveling  16  miles  per  hour  was  overtaken 
11^  nours  after  he  started  by  an  automobile  which  left  the 
same  starting  point  3  hours  and  20  minutes  later.  What  was 
the  rate  of  the  automobile  ? 

33.  A  man  travels  at  a  uniform  rate  from  A  to  B,  120  miles 
distant.  He  travels  the  first  70  miles  without  stopping.  The 
remainder  of  the  journey,  including  a  delay  of  2  hours,  requires 
the  same  time  as  the  first  part   Find  his  rate. 

Solution.  By  reading  the  problem  we  discover  that  the  distances 
covered  in  the  first  and  second  portions  of  the  journey  are  different, 
that  the  time  of  travel  is  not  the  same  for  each,  but  that  the  rate 
throughout  is  the  same.  Hence  the  equation  will  be  formed  by 
finding  two  expressions  for  the  rate  r,  or  d/t^  and  setting  them  equal 
to  each  other.  If  x  equals  the  number  of  hours  required  to  travel 
70  miles,  we  have : 


d  in  miles 

t  in  hours 

d/f=r  in  miles 
per  hour 

First  part  of  journey 

70 

X 

70 

X 

Second  part  of  journey 

1 

50 

a;-2 

50 
a:-2 

Hence 


70 

X 


50 


a: -2 


Solving,  we  obtain  a:  =  7,  the  time  in  hours  occupied  in  traveling 
the  first  70  miles,  and  70  -i-  7  =  10,  the  rate  in  miles  per  hour. 

70-*- 10  =  7,    and    7-5  =  2. 

/  A  leaves  a  certain  point  and  walks  at  the  rate  of  2i\  miles 
|ur.   Two  and  a  half  hours  later  B  leaves  the  same  poiiit 
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and  drives  in  the  opposite  direction  at  the  rate  of  9^  miles  per 
hour.  How  much  time  must  elapse  after  A  starts  before  they 
)5  miles  apart  ? 

A  and  B  start  at  the  same  time  from  two  points  120 
apart  and  travel  toward  each  other.  A's  rate  is  2  miles 
per  hour  less  than  B's.  The  latter,  having  been  delayed  2^ 
hours  on  the  way,  has  traveled  the  same  distance  as  A  when 
they  meet.   Find  the  rate  of  each. 

36.  A  man  rows  4  miles  per  hour  in  still  water.  He  finds 
that  it  requires  5  hours  to  row  upstream  a  distance  which  he 
can  row  downstream  in  3  hours.   Find  the  rate  of  the  current. 

m 

Hint.  Let  2=^  the  rate  of  the  current.  Then  4  — x  =  the  rate  up- 
stream, TiTii  1  |j|,ii    ithn  rate  downstream. 

man  who  can  row  4j  miles  per  hour  in  still  water 
TOWS  up  a  stream  the  rate  of  whose  current  is  2  miles  per 
hour.  After  rowing  back  he  finds  that  the  entire  trip  took 
6  l^t^i^f  How  far  upstream  did  he  go  ? 

A  man  who  can  row  4  miles  an  hour  in  still  water  rows 
stream  and  returns.    The  rate  of  the  current  is  1^  miles 

per  hour,  and  the  time  required  for  the  round  trip  is  15  hours. 

How  many  hours  did  he  take  to  return  ? 

39.  French  scouts  observe  a  German  aeroplane  leave  its 
base,  fly  24  miles  due  west  over  the  French  lines,  and  return 
to  its  starting  point.  They  are  presented  by  an  encounter  with 
a  German  detachment  from  observing  the  time  of  either  part 
of  the  trip,  but  they  are  able  to  observe  that  the  duration  of 
the  round  trip  was  40  minutes.  At  the  time  there  was  an  east 
wind  blowing,  with  a  velocity  of  15  miles  per  hour.  What  was 
the  velocity  of  the  aeroplane  ? 

40.  A  farmer  pays  (48  for  a  flock  of  sheep.  He  sells  all 
but  two  of  them  for  (50,  and  gains  a  dollar  on  each  sheep 
sold.   How  many  sheep  had  he  ? 


CHAPTER  XVn 

QEAPHICAL  KEFKSSmiTATIOH 

89.  Temperatnre  curve.    The  curve  ABCDEF  is  called 
a  gra^.    It  was  made  by  a  recording  thermometer.    Such 
an  instrument  is  provided  \?ith  an  arm  carrying  a  pen, 
which  moves  up  as  the  temperature  rises,  and  down  as  it 
falls.    A  clock  movement  runs  a  strip  of  cross-ruled  paper 
under  the  pen,  and  thus  a  continuous  line  is  traced  on  ihe 
paper.     The   ac- 
companying rec- 
ord extends  from 
2  p.AL  of  a  certain 
Wednesday  until 
10.30  A.M.  of  the 
Friday  following. 
The  numbers  40, 
50,   60,  70,   80, 
and    90    denote 

degrees  Fahrenheit  There  are  5  spaces  from  50°  to  60°. 
Hence  one  space  corresponds  to  2  degrees.  The  numbers 
2,  4,  6,  8,  and  10  indicate  the  time  of  day.  WheJier  this 
is  A.M.  or  P.M.  can  be  determined  by  noting  the  position 
of  these  numbers  with  reference  to  the  heavy  curved  lines 
marked  noon.  The  point  A  on  the  graph  informs  us  that  at 
2  P.M.  Wednesday  the  temperature  was  80°.  The  point  B 
between  6  p.m.  and  7  p.m.  Wednesday  marks  the  highest 
temperature  recorded. 
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The  point  C  tells  us  that  the  temperature  was  about 
65*^  at  6  A.M.  Thursday. 

The  preceding  record  was  made  indoors,  and  the  sudden 
fall  from  D  to  E  was  caused  by  the  opening  of  a  door 
leading  into  a  cold  hallway.  The  portion  of  the  graph 
from  D  to  E  shows  that  the  temperature  of  the  room  fell 
approximately  18  degrees  in  about  30  minutes. 

ORAL  EXERCISES 

By  reference  to  the  graph  (p.  200)  answer  the  following : 

1.  With  what  temperature  does  the  record  begin  ?  end  ? 

2.  What  is  the  highest  temperature  recorded  ?  the  lowest  ? 

3.  About  what  time  was  the  highest  temperature  recorded  ? 
the  lowest  ? 

4.  How  often  did  the  instrument  record  a  temperature  of 
82*  ?  76*?  73*?  68*? 

5.  At  what  times  did  it  record  a  temperature  of  82*  ?  76®  ? 
73*?   68*? 

6.  To  what  practical  use  can  a  graph  such  as  the  one  here 
explained  be  put  ? 

90.  Related  pairs  of  numbers.  A  relation  between  two 
sets  of  numbers  not  necessarily  connected  with  physical 
quantities  such  as  temperature  and  time  can  also  be 
expressed  by  a  graph,  as  will  be  shown  later. 

The  question  What  two  numbers  added  give  four? 
may  be  expressed  by  the  equation  a:  +  y  =  4.  Here  x  and 
y  are  any  two  numbers  whose  sum  is  4.  It  can  be  seen 
by  inspection  that  ifa;=2,  y  =  2;  ifa;  =  l,  y  =  3;  and  if 
^=0,  y  =  4,  etc.  Or  we  may  assign  to  x  any  value,  say 
—  2 ;  then  the  equation  becomes  —  2 + y  =s  4,  whence  y  =  6. 
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In  this  manner  we  may  obtain  an  unlimited  number  of 
sets  of  related  values  for  x  and  y,  some  of  which  are 
given  in  the  following  table: 

x  +  y  =  4 
ABCDEFOBI 


lix  = 

2 

1 

0 

3 

4 

-1 

-2 

5 

6 

then  y  = 

2 

3 

4 

1 

0 

5 

6 

-1 

-2 

91.  Definitions  and  asstimptions.  In  constructing  the 
graph  of  an  equation  in  two  variables  a  number  of  assump- 
tions must  be  made.  These  assumptions  and  some  neces- 
sary definitions  are  now  stated.    It  is  agreed: 

I.  To  have  two  lines  at  right  angles  to  each  other,  as 
X^OXy  called  the  x-axis,  and  Y'OY^  called  the  y-axis,  as 
in  the  figure  on  page  203. 

II.  To  have  a  line  of  definite  length  as  a  unit  of  dis- 
tance. Then  the  number  2  will  correspond  to  a  distance 
twice  the  unit  in  length,  the  number  4^  to  a  distance 
of  4^  times  the  unit,  etc. 

III.  That  the  distance  (measured  parallel  to  the  r^axis} 
from  the  y-axis  to  any  point  in  the  surface  of  the  paper 
be  the  x-distance  (or  abscissa)  of  that  point,  and  the  dis- 
tance (measured  parallel  to  the  y-axis)  from  the  a;-axis  to 
the  point  be  the  j^^istance  (or  ordinate)  of  the  point. 

IV.  That  the  avdistance  of  a  point  to  the  right  of  the 
y-axis  be  represented  by  a  positive  number,  and  the 
aniistance  of  a  point  to  the  left  by  a  negative  number; 
also  that  the  y-distance  of  a  point  above  the  £>axis  be  repre- 
sented by  a  positive  number,  and  the  ^-distance  of  a  point 
helow  the  rr-axis  by  a  negative  number.  Briefly,  distances 
measured  from  the  axes  to  the  right  or  upward  are  positive^ 
to  the  left  or  downward  are  negative. 
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V.  That  every  point  in  the  surface  of  the  paper  corre- 
sponds to  a  pair  of  numbers^  one  or  both  of  which  may  be 
positive,  negative,  integral,  or  fractional. 

VI.  That  of  a  given  pair  of  numbers  the  first  be  the 
measure  of  the  2:-distance,  and  the  second  the  measure  of 
the  y-distance.  Thus  the  point  (2,  6),  or  -4  in  the  figure, 
is  the  point  whose  a?-distance  is  2  and  whose  y-distance 


Quadrant  I 


y,+ 


y," 


isr^T-^^ 


^"^T 


Quadrant  III 


Quadrant  IV 


is  6.  Again  the  point  (—  4,  —  3),  or  2?,  is  the  point  whose 
avdistance  is  —  4  and  whose  y-distance  is  —  3. 

The  point  of  intersection  of  the  axes  is  called  the  origin. 

The  values  of  the  a;-distance  and  the  y-distance  of  a 
point  are  often  called  the  coordinates  of  the  point. 

Though  not  an  absolute  necessity,  cross-ruled  paper  is  a  great 
convenience  in  all  graphical  work.  Excellent  results,  however,  can 
be  obtained  with  ordinary  paper  and  a  rule  marked  in  inches  and 
fractions  of  an  inch  for  measuring  distances.  Hence  the  graphical 
work  which  follows  should  not  be  omitted  even  though  it  is  found 
inconvenient  to  obtain  cross-ruled  paper  for  class  use. 
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TTsiDg  -^  inch  for  the  unit  of  measure,  locate  points  corre- 
sponding to  the  pairs  of  related  numbers  which  follow: 
A,(2,2y,  B,(l,3);  C,(0,4);  A  (3,1);  E.  (*,  0);  F,  (-1,  6); 
G,  {-  2,  6);  H,  (5,  - 1);  and  /,  (6,  -  2). 

Solution.  According  to 
VI,  page  203,  the  :iHiiatanca 
of  the  point  (2,  2)  is  2  and 
its  distance  is  2.  Hence  to 
locat«  point  A  at  (2,  2)  we 
meaaure,  according  to  lY, 
two  units  to  the  right  of 
the  origin  on  the  z-axis  and 
from  that  point  two  units 
upward. 

To  locate  point  F  at 
(—1,  5)  we  measure  on 
the  X-axis  one  unit  to  the 

left  of  the  origin  and  from  that  point  upward  five  units.    Point 
F  thus  located  corresponds  to  (—1,  5). 

Points  for  the  other  pairs  of  numbers  given  in  the  example  should 
be  located  by  the  pupil.  The  correct  positions  for  these  points  can 
be  seen  in  the  figure. 

Locating  points  as  in  the  example  above  is  called 
plotting  points. 


Draw  two  axes  and  plot  the  following  points,  using  J  inch 
as  the  unit  of  measure. 

1.  (2,  3);  (3,  1);  (4,  2.6);  and  (1.6,  4). 

2.  (4,  -2);   (5.6,  -3);   (6,  -1);   (-1.6,  4);   (-1.8,2); 
and  (-  3,  -3). 

3.  (3,  0);  (5,  0);  (1,  0);  (0,  0);  (0,  3);  and  (0,  4.5). 

*•  (-  2,  0);  (-  6,  0);  (- 1,  0);  (0,  ■-  3.6);  and  (0,  -  4). 
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5.  If  the  a>distaiice  of  a  point  is  zero,  where  is  the 
point  located?  Where  is  it  located  if  both  of  its  co5rdi- 
nates  are  zero? 

92.  The  graph  of  an  equation.  On  page  202  we  computed 
several  sets  of  values  of  x  and  y  for  the  equation  ru+y  =  4. 
Later  these  points  were  plotted  in  locating  A^  By  C,  D,  JS;  F^ 
Gy  Hy  and  I  of  the  example  on  the  preceding  page.  It  is 
evident  from  an  inspection  of  their  position  that  a  straight 
line  can  be  made  to  pass  through  all  of  the  points  there 
located.  The  line  drawn  through  these  points  is  said  to 
be  the  giaph  of  the  equation  2;  +  y  =  4. 

EZERCISBS  i — 

1.  Find  and  tabulate  six  pairs  of  values  of  x  and  y  which 
satisfy  the  equation  2  a;  +  y  =  8.  Draw  two  axes  and,  using 
J  inch  as  the  unit  distance,  plot  each  of  the  points.  Are  the 
six  points  in  a  straight  line?  Where  do  all  the  points  lie 
whose  X-  and  y-distances  satisfy  the  equation  2  a;  +  y  =  8  ? 
What,  then,  is  the  graph  of  the  equation  2x  +  y  =  S?  Does 
x  =  3y  y  =  3  satisfy  this  equation  ?  Plot  the  point  (3,  3).  Is 
it  on  the  graph  of  the  equation  ?  If  the  a>  and  y-distances  of 
a  point  satisfy  the  equation  2  as  +  y  =  8,  where  is  the  point 
located?  If  the  x-  and  y-distances  of  a  point  do  not  satisfy 
the  equation  2x  +  1/  =  8,  where  is  the  point  located  ? 

Find  and  tabulate  six  pairs  of  values  for  x  and  y  which  sat- 
isfy each  of  the  following  equations.  Use  numbers  not  greater 
than  10.  Use  at  least  one  negative  value  for  x  and  one  nega- 
tive value  for  y.  Then  plot  the  six  corresponding  points.  Can 
a  straight  line  be  drawn  through  the  six  points  located  for 
each  exercise? 

2.  2aj  +  3y  =  6.  4.  x  4- y  =  0.  6.2x=:y. 

3.  4a;  — 3^  =  12.  6.  a?  —  y  =  0.  7.  y  =  3a;.     . 
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The  preceddng  work  fibould  convinee  t)>e  student  that 
the  graph  olan  equation  of  the  first  degree  in  x  ^xsA/y  is 
a  straight  ^W  "  Thia  f a^  can  J;j6  proved,  but  tlvB^ude: 
wbuld  not  understalmir  the  proof  were  it  given  at  pr^s^t. 
/Therefore  it  will  Y^oBSfufmed  that  the  graph  of  eveiy  linear 
equation  in  two^aj^iables  is  a  straight  line.    And  as  a 
str^ght.-line  is  determined  by  any  two  of  its  points,'  in 
graphing  a/lm^r  equation  in  two  variables  it  will  he/ 
sufficient /^o,  plot  any  two  points  whose  x-  and  y-distaj>c^ 
satisfy  <the  equation,  siad  then  to  draw  through  these  two 
points  a  straight  Ijiffe./  The  two  points  .aiostjK)nvenient 
to  pilot  are  usually  the  two  in  whiefi  the-  line  cuts  th 
ax^s.    Occasionally  these  points  coine  yery  dlo^e'  togethe 
and  consequently  they  will  not  detei::mii:^  accur^ly 
position  of  the   line.    In  such  cases  one  sho'i;ld'J|)^ide 
on  two  values  of  a? ^rather  far  apart  (suc|^^ Jrand^  5, 
or  0  and  —  5)  and  compute  the  correspondi^^^vstlu^s  of 
y.    Two  such  points  will  fix  the  position  df^^fee  jiiJe  j 
sufficient  accursujy. 

If  a  line  goes  through  the  origin  (as  in  E^ep0i^e  6  pre- 
ceding), ir=0,  y  =  0  will  do  for  one  point,- out"  "a  pojpx 
not  on  the  axes  must  be  taken  for  the  second  one,  y^     ^ 

The  essentials  of  the  method  of  graphing  a  giveli-lin^jjK^ 
equation  in  2;  and  y  are  illustrated  in  the  following  exaliiple. 

\   -  -  )    EXAHPLB 

V  ^  Oraplb  the  equation  2a?  —  3y  =  —  6.    In  this  ei 
•  aj  =  0,  y  3=  2 ;  and  if  y  =  0,  a;  =  —  3.   Here  the  point 


on  the  y-axis  in  the  adjacent  figure,  2  imits  above  th^  6t 
and  the  point  (—  3,  0)  is  on  the  a;-axis,  3  units  to  the  left 
the  origin..  The  straight  line  through  these  two  points  ]8  the 
graph  ol  2a;  — -3y  «=  -7-  6. 
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The  ueoessary  woii  may  be  tabulated  aa 


%x-Zy  = 

T^' 

-  t 

\ix  = 

0 

-3 

2 

theiiy  = 

2 

» 

»» 

Cb«^  If  an  errot  hoa  been  m^e  in  obliging  tl^e  vslae-of  x  or 
y  from  theequatii0n,OTisptotldngt)ieva]aesf0fia4f!tcaDbeqalcklj 
detected  b;  pl[rttiDg  a  third  point,  as  (3,  8  0,  the  -values  of 'whose 
r-  and  y^stiufces  aatisfy  t)le  equation^'  If  thia'third  point  (fea  on  the 
Une  determmed  b;  the  flrat  tvo  points,  tlie  line  haa  b^Oa  cofxeotJy 


locat^;  i&it  dtiesjMt^te^evMr  has  beeir'made. 


-/^ 


^  1 


~^pb  the  foHbwing  linear^ioationB: 


*.  4i  +  3j-12. 


t  +  Zy  -  6.         ;«.•  2="  +  3y  - 10.        ^i  - 1 

fiiMT.  The  equation  x  =  4  is  equivalent  t«  the  equaUon  x  +  0)/  =  4. 

71ifslaetiaHatia&edbyx  =  4aadiniyTalae(dy.  Thus  the  paiia  of  values 


0.  /, 

a  ■     - 


\ 
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(4,  3) ;  (4,  ^li^j^^) ;  (4,  —  2),  etc.,  satisfy  the  equation  2  +  0^  =  4. 
Plotting  these  points,  it  is  evident  that  the  required  graph  is  a  line 
parallel  ton  the  ^-axis  and  4  units  to  the  right  of  it. 

J^36  =  -  4.  J^y  =  -  3.  14.  05  =  0. 

y  =  6.  13.  y  =  0.  15.  x^h, 

6./ If  a  point  is  on  a  line,  do  the  values  of  its  aniistance 
and  ik^  ^-distance  satisfy  the  equation  of  the  line  ? 

1^.  If  the  values  of  the  aniistance  and  the  y-distance  of 
V    a  point  satisfy  the  equation  of  a  line,  is  the  point  located  on 
•  Vthe  graph  of  the  equation  ? 

^      18.  Is  the  point   (4,  3)   on  the  line  whose  equation  is 

\j  2aj-3y  =  12?  is  (0,  6)  ?   is  (6,  0)  ? 

« 

19.  Can  you  determine  without  reference  to  the  graph  itself 
whether  the  point  (6,  5)  is  on  any  of  the  graphs  of  the  equa- 
tions in  Exercises  1-9  above  ?   If  so,  on  which  does  it  lie  ? 

It  should  now  be  clear  that : 

TJie  equation  of  a  line  is  satisfied  by  the  values  of  the 
a>distance  and  the  y-distance  of  any  point  on  that  line. 

Any  point  the  values  of  whose  x-distance  and  whose  y-distance 
satisfy  the  equation  is  on  the  graph  of  the  equatiovu 

93.  Graphical  solution  of  linear  equations  in  two  varia- 

\\'bles.    If  we  construct  the  graphs  of  the  two  equations 

.  5  a;  +  4  y  =  12  and  a;  —  2  y  =  8  as  indicated  in  the  figure  on 

page  209,  it  is  seen  that  for  the  point  of  intersection  of  the 

graphs  a;  is  4  and  y  is  —  2.    Since  the  point  (4,  —  2)  is  on 

\  both  graphs,  these  values  should  satisfy  both  equations. 

Substituting  4  for  a;  and  —2  ior  y  in  each  equation,  we 

get  the  identities  20  +  (-  8)=  12,  and  4  -(-  4)=  8.  Thus 

the  graphical  solution  of  two  linear  equations  consists  in 

plotting  the  two  equations  and  finding  from  the  graph  the 

value  of  X  and  the  value  of  y  at  the  point  of  intersection. 


\ 


\ 
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Since  two  strmght  lines  can  iTttermct  in  hit  one  point,  there 
can  be  but  one  pair  of  value*  of  x  and  y  whicb  satisfies  a 
ptur  of  linear  equations  in  two  variables. 
The  necessary  work  is  tabulated  as  follows: 
5a;  +  4y  =  12  x-2y  =  9 


l£i  = 

0 

2| 

5 

lfi  = 

0 

8 

2 

thens  = 

^ 

0 

-3i 

thecy  = 

-4 

.0 

-8 

l-K 


Solve  graphically  the  followlDg  pairs  of  lih«ax.  equations  sad 

verify  by  substituting  in  each  pair  of  equations  the  x  and  y 

values  of  the  point  gf  intersection  as  obtained  from  their  graphs : 

x  +  y  =  5,  ^    Zx  +  y  =  &, 

■  2a:  +  y=!8.  '  x-Zy=-» 

x  +  y  =  l,  jxJry  =  %  ^*-3y  =  3, 

"  x-y  =  Z.  ^'  2x-y  =  8.  /'  2x  +  y=-i 


x  +  2y  =  6.     ■■ 
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94.  Graphical  representation  of  statistics.  Scientific  data 
and  numerical  statistics  from  the  business  world  are  fre- 
quently exhibited  with  striking  clearness  and  brevity  by 
means  of  graphs.  The  form  of  the  graph  obtained  in  any 
case  depends  on  the  character  of  the  relation  between 
the  plotted  numbers.  Sometimes  thci  resulting  graph  is  a 
smooth  curve,  and  then  again  it  may  be  an  irregular  con- 
tinuous line  made  up  of  straight  lines  of  various  lengths. 

The  following  graphs  are  t3Tpes  which  occur  with  increas- 
ing frequency  in  the  magazines  and  in  the  daily  papers. 
Such  graphs  display  data  effectively,  and  inferences  not 
otherwise  apparent  can  often  be  drawn  from  them. 

Biographical  Note.  Reni  Descartes.  One  of  the  two  or  three  most 
important  advances  ever  made  in  mathematics  was  the  discovery  that 
algebraic  equations  could  be  represented  geometrically.  This  great  dis- 
covery was  made  by  Ren^  Descartes  (1596-1650),  the  French  philosopher. 
Though  never  rugged  in  health,  he  took  part  in  several  campaigns  when 
a  young  man,  and  it  is  said  that  during  a  weary  winter  spent  in  camp  in 
Austria  he  first  conceived  the  ideas  that  resulted  in  this  important  work. 
Though  his  writings  read  very  differently  from  a  modem  book  on  the 
same  subject,  yet  he  developed  all  of  the  essentials  of  graphical  repre- 
sentation. He  saw  that  a  letter,  that  is,  a  coordinate,  might  represent 
either  a  positive  or  a  negative  number,  and  so  enforced  upon  mathema- 
ticians the  conviction  that  negative  integers  are  indeed  numbera  and 
that  they  are  useful  in  algebraic  operations.  After  his  time  they  were 
not  usually  ruled  out  as  absurd  or  impossible,  as  was  commonly  the  case 
before.  He  also  introduced  the  modem  exponential  notation,  though  he 
did  not  use  negative  or  fractional  exponents.  To  Descartes  is  due  the 
use  of  the  last  letters  of  the  alphabet  for  the  unknown  and  the  first 
letters  for  the  known  numbers.  Thus  he  would  have  written  the  equation 
X*  —  8x  +  16  =  40  in  the  form  x^*  —  8x  +  16oo40.  Though  the  sign  = 
was  used  long  before  his  time,  he  did  not  accept  it.  The  asterisk  he  used 
to  indicate  that  a  certain  power  of  the  variable  was  lacking. 
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The  census  reports  of  the  Uaited   States  show  that  the 
population  in  millions  for  ten-year  intervalB  was  aa  follows : 


Year 

1850 

1860 

1870  1880 

1890 

1800 

1910 

23.2 

81.4 

38.8  60.2 

62.6 

76.0 

92.0 

The  graphical  representation  of  these  statistics  is  given 
below.  On  the  graph  the  popitlation  is  measured  parallel 
to  the  vertical  axis,  -^  of  an  inch  representing  5,000,000 
people.  The  ten-year  intervals  are  measmed  along  the  hori- 
zontal axis,  with  -^  of  an  inch  representing  2}  years. 


ON 

1.  What  population  does   the  graph  indicate  for  1885? 
for  1905? 

2.  What  cause  may  be  assigned  for  the  downward  bend  of 
the  Qorve  at  1870  ? 
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3.  What  population  does  the  giaph  indicate  for  the  United 
States  in  1916  ?  in  1920  ? 

4.  What  causes  might  make  the  population  of  the  United 
States  in  1920  differ  from  the  value  indicated  by  the  curve? 

EXAMPLE  2  

Graphical  record  of  atmospheric  pressure  and  wind  velocity 
for  the  Galveston,  Texas,  storm  period  of  August  16— 18, 1915. 
The  great  storm  occurred  August  17. 

Wind  velDdtr  '  'Sanmwter 


QUESTIOirS  ON  EXAHPLE  2 

1.  What  was  the  velocity  of  the  wind  at  midnight  August  15  ? 
at  midnight  August  16  ? 

2.  At  what  times  was  the  wind  velocity  40  miles  per  hour  ? 
80  miles  per  hour  ? 

3.  What  was  the  reading  for  barometric  pressure  (height 
of  the  barometer)  at  midnight  August  16  ?  at  midnight 
August  16  ?  at  2  a.m.  August  17  ? 

4>  What  was  the  lowest  reading  of  the  barometer  and  the 
highest  velocity  of  the  wind?   When  did  this  occur? 
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EXAUPLE  3 

In  the  following  graph  the  upper  curve  shows  in  millions 
the  population  of  the  United  States  for  1890,  1900,  and 
1910.  The  middle  and  lower  curves  show  the  average  yearly 
production  and  exportation  respectively  of  wheat  in  millions 
of  bushels  (using  the  average  for  6-year  intervals)  for  the 
years  1891-1915  inclusive.  The  general  tendency  of  produc- 
tion and  exportation  is  made  more  evident  by  plotting  not 
yearly  values  but  averages  for  five-year  intervals,  since  by 
this  method  the  hi^h  or  low  record  for  any  one  year  is  not 
i  unduly. 


Intervals | 

18B1- 
1895 

1896- 
ISOO 

1901- 

1B05 

1906- 
1910 

1911- 
1915 

Average  yearly  production   ,     . 

477 

540 

660 

681 

803 

Average  yearly  exportation .    . 

167 

197 

140 

116 

188 

>     J 
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QUESTIONS  ON  EXAMPLE  3 

'1.  Estimate  the  population  of  the  United  States  for  1892; 
for  1907 ;  for  1912. 

2.  Compare  the  rate  of  increase  in  the  production  of  wheat 
since  1901  with  the  rate  of  increase  of  the  population. 

3.  Does  the  graph  reveal  any  general  tendency  in  the  num- 
ber of  bushels  of  wheat  which  is  exported?  What  tendency 
do  you  observe? 

4.  Does  the  graph  indicate  that  the  number  of  bushels  ex- 
ported will  increase  to  any  considerable  extent  ?   Explain. 


EXERCISES  ON  THE  GRAPHING  OF  STATISTICS 

The  records  of  the  United  States  Weather  Bureau  of  a 
dn  city  show  hourly  temperature  records  for  a  certain 
.  w.iy  in  July.     These  records  reported  for  the  tours  ending 

\  '  1  A.M.  to  12  P.M.  inclusive,  expressed  in  degrees,  aii^  as  follows  : 


\ 


Hi . 


A.M.,  hour  ending  at 

1 
84 

2 
83 

3 

80 

4 

80 

5 

79 

6 

77 

7 

77 

8 
79 

9 

84 

10 

88 

11 

89 

12 
93 

Temperature  record  . 

P.M.,  hour  ending  at 

1 

98 

2 

100 

3 

88 

4 
72 

5 

81 

86 

7 
84 

8 
82 

9 
80 

10 
75 

11 
74 

12 
74 

Temperature  record  . 

<— .Jjraph  the  foregoing  data. 

A  thunderstorm  occurred  on  the  day  in  which  the  above 
recohdwas  made.  From  the  graph  determine  the  time  of  the 
storm.  jS^w  do  you  account  for  the  sudden  fall  in  temperature 
after  2  p.m.  ?  for  the  sudden  rise  in  the  graph  after  4  p.m.  ? 

^^.*<From  reports  gathered  from  several  cities  it  has  been  esti- 
mate^i^^t  for  100  children  in  school  at  the  age  of  8  the  numbers 
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of  pupils  remaining  in  school  (not  counting  those  eliminated  by 
death)  for  each  year  up  to  and  including  age  18  are  as  follows : 


Age  of  pupils     .     . 

8 
100 

^9 
100 

10 
100 

11 

98 

12 
97 

13 

88 

14 
70 

15 
47 

16 
30 

17 
165 

18 
8.6 

Number  in  school  . 

Graph  the  foregoing  data.  Let  J  inch  represent  one  year  on 
the  horizontal  axis  and  ten  pupils  on  the  vertical  axis. 

From  the  graph*^determine  the  years  for  which  the  tendency 
to  leave  school  first  becomes  pronounced.  Does  the  graph  show 
a  greater  tendelftjv  on  the  part  of  14-year-old  and  16-year-old 
pupils  to  leave  school  than  on  the  part  of  those  of  12  and  13 
jears  ?   How  does  the  graph  show  this  fact  ?   Explain. 

.3.  Estiiiates  worthy  of  consideration  are  here  given  which 
sIm^w  a  contrast  in  the  average  weekly  earnings  for  boys  who 
leave  school  at  the  age  of  14  (the  usual  end  of  the  grammar- 
school  period)  with  weekly  earnings  of  boys  who  leave  school 
at  the  age  of  18  (the  usual  end  of  the  high-school  period) 


Age 

Boys  who  leave  school 
at  the  age  of  14  earn 
for  the  years  indicated 
at  the  left  the  weekly 
wages  given  helow : 

Boys  who  leave  school 
at  the  age  of  18  earn 
for  the  years  indicated 
at  the  left  the  weekly 
wages  given  helow : 

14 

(4.00 

0 

16 

$5.00 

0 

18 

$7.00 

$10.00 

20 

$9.50 

$15.00 

22 

$11.00 

$20.00 

24 

$12.00 

$24.00 

25 

$13.00 

$30.00             ^ 

\ 


Graph  the  two  sets  of  data  on  the  same  axes. 
Determine  from  the  graph  which  group  of  boys  receives  the. 
more  rapid  increase  in  weekly  wage. 


\.  \ 
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^4.  The  value  in  millions  of  dollars  of  the  merchandise  im- 
pOTted  into  and  exported  from  the  United  States  for  the  years 
1909  to  1916  inclusive  was  as  follows : 


Year 

1909 

1910 

1911 

1912 

1913 

1914 

1915 

1916 

Imports 

1311 

1556 

1527 

1653 

1813 

1893 

1674 

2197 

Exports 

1663 

1744 

2049 

2204 

2465 

2364 

2768 

4333 

Plot  the  foregoing  data,  using  ^  inch  for  one  year  on  the 
horizontal  axis  and  for  250  million  dollars  on  the  vertical  axis. 

How  do  you  account  for  the  decreased  imports  of  1916  ? 
the  decreased  exports  of  1914?  the  increased  exports  of  1915  ? 

5.  The  purchasing  power  of  a  dollar  in  1896  is  compared  to 
the  purchasing  power  of  a  dollar  for  the  years  1897  to  1915, 
respectively,  in  the  following  table : 


Year 

1896 

1897 

1898 

1899 

1900 

1901 

1902 

Cents 

100 

98.4 

95.2 

83.9 

79.5 

74.6 

70.2 

Year 

1903 

1904 

1905 

1906 

1907 

1908 

1909 

Cents 

72.7 

72.7 

68.6 

65.6 

05.6 

66.7 

60 

. 

Year 

1910 

1911 

1912 

1913 

1914 

1915 

1916  ' 

Cents 

57.8 

58.8 

56.9 

57.4 

57.7 

56.6 

t 

Graph  the  foregoing  data,  showing  the  change  in  the  pur- 
chasing power  of  a  dollar  through  the  given  interval. 

What  tendency  in  the  change  in  the  purchasing  power  of  a 
dollar  does  the  graph  indicate  ?  Could  more  or  less  merchandise 
be  bought  for  a  given  sum  in  1900  or  in  1910  ?  Approximately 
how  much  more  ?  A  salary  of  $1500  in  1910  was  equivalent  to 
what  salary  in  1896  ? 


CHAPTER  XVIII 

LINEAR  SYSTEMS 

95.  Definitions.  A  simple  or  linear  equation  in  several 
unknowns  is  one  which  may  be  put  in  such  a  form  that 

(a)  no  unknown  appears  in  any  denominator; 

(6)  only  one  unknown  appears  in  any  term ; 

(<?)  only  the  first  power  of  any  unknown  is  involved. 

The  following  equations  are  linear :  2ar+3y=l;  4u+6v+2io=4; 
the  following  equations  are  not  linear :  2x4-3  a:y— 4y  =  l;  4/u  —  Q/v 
+  2/m;  =  2;   ar^  +  3x- 4y  =  (ar  +  2)(2y  -  3). 

In  a  previous  chapter  we  have  seen  that  a  simple  equa- 
tion in  one  unknown  has  only  one  root ;  that  is,  the  value 
of  the  unknown  in  such  an  equation  is  a  constant. 

Thus  the  value  of  the  unknown  in  the  equation  3  ar  +  4  =  7  is  the 
number  1,  and  this  is  the  only  root  of  the  equation. 

A  linear  equation  in  two  unknowns  is  satisfied  by  an 
unlimited  number  of  pairs  of  values  for  the  two  unknowns. 
A  single  equation  in  more  than  one  unknown  is  called  an 
indeterminate  equation.  The  unknowns  are  sometimes  called 
variables. 

Thus  the  equation  x  +  y  =  10  is  satisfied  by  any  pair  of  numbers 
whose  sum  is  10.  Evidently,  if  one  includes  positive,  negative,  and 
fractional  numbers,  there  is  no  limit  to  the  number  of  pairs  whose 
sum  is  10.    (See  page  202.) 

Two  or  more  equations  involving  two  or  more  unknowns 
are  called  a  system  of  equations. 
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A  system  of  equations  all  of  which  are  satisfied  by  the 
same  values  of  the  unknowns  is  called. a  simultaiieoua  system 
of  equations. 

The  two  equations  x  +  y  =  9  and  x  —  y  =  l  form  a  simultaneous 
system.  The  two  numbers  that  satisfy  both  equations  must  be  such 
that  their  sum  is  9  while  their  difference  is  1.  These  conditions  are 
satisfied  by  a:  =  5,  y  =  4. 

A  set  of  values  (one  for  each  unknown)  which  satisfies  an 
equ^ion  in  two  or  more  unknowns  is  sometimes  called  a 
solution  of  the  equation ;  and  a  set  which  satisfies  a  system 
is  often  called  a  solution  of  the  system.  In  this  book,  how- 
ever, the  word  solution  will  be  used  to  denote  the  process 
of  solving  either  a  single  equation  or  a  system.  The  values 
of  the  unknown  which  satisfy  an  equation  in  one  unknown 
will  be  called  roots^  and  a  set  of  values  for  the  unknowns 
satisfying  an  equation  in  two  or  more  unknowns,  or  a 
system  of  such  equations,  will  be  called  a  set  of  roots. 

ORAL  EXERCISES 

Li  Exercises  1-4  find  the  value  of  x  corresponding  to  each 
of  the  values  for  y  indicated  at  the  right : 

1.  aj  +  y  =  10.  y  =  1,  6,  6. 

2.  a;  —  y  =  1.  y  =  4,  10,  0. 

3.  a;  +  2y  =  16.  y  =  0,  4,  8. 

4.  a;  —  2  y  =  0.  y  =  1,  4,  —  1. 

In  Exercises  5-8  determine  which  of  the  pairs  of  numbers 
written  at  the  right  of  each  equation  satisfies  that  equation. 
(The  first  number  of  a  pair  always  denotes  the  value  of  x.) 

6*  2a;  4-  3y  =  10  (2,  2);  (i,  3);  (8,  -  2). 

6.  3aj  -  y  =  0  (2,  4);  (4,  2);  (-  1,  3). 
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7.  y-aj  =  0  (3,4);  (6,6);  (-1,-1). 

8.  3y  -  6  =  2a?         (1,  4);  (-  3,  0);  (-  3,  -  1). 

In  Exercises  9-12  find  two  pairs  of  numbers  which  satisfy 
each  equation,  and  two  other  pairs  which  do  not. 

9.  aj  +  2y  =  7.  11.  2a:  +  3y  =  16. 
10.  aj  — 3y  =  5.  12.  3y  +  4a;  =  2. 

96.  Solution  by  addition  and  subtraction.  It  was  shown 
in  the  previous  section  that  there  is  an  unlimited  number 
of  sets  of  roots  of  a  given  linear  equation  in  x  and  y,  and 
that  there  is  also  an  unlimited  number  of  pairs  of  values 
of  X  and  y  which  do  not  satisfy  the  equation.  We  now 
proceed  to  give  an  algebraic  method  of  determining  whether 
or  not  there  is  any  common  set  of  roots  for  two  given  linear 
equations.  It  turns  out  that  there  is  usually  one  and  only 
one  such  set  of  roots.  This  set  may  always  be  found  by  the 
method  illustrated  in  the  following  examples. 

EXAMPLES 

1.  Solve  the  system  {    ^'^J^t'  ?5 

^  La  — 2y  =  l.  (2) 

Solution.   EHminate  x  first,  thus : 
(l)-(2),  3y  =  3.  (3) 

(3) -3,  y  =  l.  (4) 

Substituting  1  for  y  in  either  (1)  or  (2),  say  in  (1), 

a:  + 1  =  4.  (5) 

Solving  (5),  a:  =  3.  (6) 

*     Check.   Substituting  3  for  x  and  1  for  ^  in  (1)  and  (2)  gives  the 
identities  3+1  =  4 

and  3-2=1. 
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2.  Solvethesystem{^*  +  ^yi}^  (2) 

Solution.   Eliminate  y  first,  thus : 

(1).2,  10ar  +  6y  =  2.  (3) 

(2). 3,  9a:-6y  =  36.  (4) 

(3)  +  (4),  19  X  =  38.  (5) 

(5)  -i- 19,  a:  =  2.  (6) 

Substituting  2  for  x  in  (2),  6  -  2  y  =  12.  (7) 

Solving  (7),  y  =  -3.  (8) 

Check.   Substituting  2  for  x  and  —  3  for  y  in  (1)  and  (2)  gives 

10  -  9  =  1, 
and  6  +  6  =  12. 

Either  x  ot  y  could  have  been  eliminated  first.  The 
multipliers  necessary  to  eliminate  x  are  3  and  5,  while  the 
multipliers  necessary  to  eliminate  y  are  the  more  convenient 
numbers  2  and  3. 

When  the  notation  (3)  —  (4)  is  used  in  a  solution,  it  indicates  the 
subtraction  of  the  first  member  of  equation  (4)  from  the  first  member 
of  equation  (3),  the  subtraction  of  the  second  member  of  equation  (4) 
from  the  second  member  of  equation  (3),  and  the  writing  of  the  two 
results  as  an  equation.  The  process  of  adding  the  corresponding 
members  of  the  two  equations  is  indicated  by  writing  (3)  +  (4). 

The  notation  (3)  •  6  indicates  that  both  members  of  equation  (3) 
are  multiplied  by  6,  and  (3)  -^  6  indicates  that  both  members  of 
equation  (3)  are  divided  by  6. 

With  the  meanings  just  explained  it  is  customary  to  speak  of  the 
addition  or  the  subtraction  of  two  equations  and  of  the  multiplica- 
tion or  division  of  an  equation  by  a  number. 

The  method  of  the  preceding  solutions  is  stated  in  the 

Ruk.  If  necessary,  multiply  the  first  elation  by  a  number 
and  the  second  equation  by  another  number,  such  that  the  coeffi- 
cients of  the  same  unknown  in  each  of  the  resvlting  equations 
vnll  be  numerically  equal. 
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If  the^e  coefficients  have  like  signs^  subtract  one  equation 
from  the  other ;  if  they  have  unlike  signs,  add.  Then  solve 
the  equation  thus  obtained. 

Substitute  the  value  just  found,  in  the  simplest  of  the  preced- 
ing equations  which  contains  both  unknoums,  and  solve  for  the 
other  unknaum, 

.  Check.  Substitute  for  each  variable  in  the  original  equations 
its  valufi  as  found  by  the  rule.  If  the  resulting  equations  are 
not  obvious  identities,  simplify  them  until  they  become  such. 

An  attempt  to  solve  by.  the  rule  the  pair 

3ar-6y  =  40,  (1) 

ar-2y  =  8,  (2) 

gives  8a:-6y  =  40,  (3) 

8a:-6y  =  24.  (4) 

(3)  -  (4),  0  =  16,  which  is  false. 

This  result  indicates  that  (1)  and  (2)  do  not  form  a  simultaneous 
system,  but  are  incompatible  equations. 

- .  The  graphs  of  a  pair  of  incompatible  linear  equations  are  parallel 
li^s  (see  Exercise  10,  p.  210).  ^    _ 

y .  An  attempt  to  solve  by  the  rule  the  system  \        ,  «  ^  ol  &^^^ 

0  ^  0.  Here  the  second  equation  divided  by  3  gives  the  first.  There- 
fore any  set  of  roots  of  the  first  is  a  set  of  the  second.  If  we  choose 
to  regard  the  two  equations  as  really  different,  which  is  not  at  all 
necessary,  we  say  that  they  have  an  infinite  (unlimited)  number  of 
sets  of  roots.  Two  or  more  equations  having  this  property  constitute 
an  indeterminate  system. 

r.  EXERCISES 

Solve  the  following  systems  and  check  results : 

05  —  y  =  l.  a;--y=o.  05  —  y  =  o. 

'a  — y  =  l.  'aj  — 3y  =  l.  '  6a;  — 2y=ll. 
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2y  +  a;  =  4,  6m  — 3w  =  0,  3aj  — 4y=sl4, 

^'  3y-a;=r21.  16m+12n  =  75.  3y-4a;  =  -14. 

7r-5  =  2,  aj-6y  =  7,  4a;  +  3y  =  6, 

**'  6r-5  =  3.  12y-a;  =  -l.       *      9y-8a  =  0. 

3a5-y  =  3,  2a;  +  25y  =  70,  6w  +  8v  =  26, 

5aj  +  2y=16.  3  a  =  10  y  + 10.  6w-3t;  =  70. 

10.  ^^  +  y  =  2,        ^g^  4j?  +  2'  =  5,  g^^  llaj  +  7y  =  lll, 

'  X  —  2^  =  5,  '  p  —  4iq  =  14:.  *3y  —  405  =  4. 

--    x  +  2i/  =  l,  12x  +  5y  =  6,  6y  +  3«  =  37, 

^      3a;+10y  =  4.  3aj-3y  =  10.  9«-|-15y=lll. 

97.  Solution  by  substitution.  The  method  of  solving  a 
system  of  two  linear  equations  by  substitution  is  illus- 
trated in  the  following  example. 


EXAMPLE 

Qi      *v.         ^       /4a;-12y  =  44,  (1) 

Solve  the  system  i  o      .  -•-•         ^o  /ox 

•^  I8a;+lly=18.  (2) 

Solution.   From  (1),  4  a;  =  12  y  +  44,  (8) 

or  a:  =  3y  +  ll.  (4) 

Sabstituting  3  y  +  H  for  x  in  (2), 

8(3y  +  ll)  +  lly  =  18.  (5) 

Simplifying,       24  y  +  88  + 11  y  =  18.  (6) 

CoUecting,  85  y  =  -  70,  (7) 

or  y=-2.  (8) 

Substituting  —  2  for  y  in  (4), 

a:=-6+ll  =  5.  (9) 

Check.   Substituting  5  for  x  and  —  2  for  y  in  (1)  and  (2)  fpYta 

20  +  24  =  44, 
and  40-22  =  18. 
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The  method  of  the  preceding  solution  is  stated  in  the 

Rule.  Solve  either  eqwaiion  for  (me  unkrwwn  in  terms  of 
the  other. 

SvbBtitvJbe  this  value  in  place  of  the  unknown  in  the  equation 
from  which  it  was  not  obtained  and, solve  the  resulting  equation. 

Substitute  the  definite  value  juM  founds  in  the  simplest  of 
the  preceding  equations  which  contains  both  unknoumSj  and 
solvcy  thus  obtaining  a  definite  value  for  the  other  unknoum. 

Check.  See  page  221. 

The  method  of  substitution  emphasizes  the  fact  that 
the  values  of  x  and  y  which  are  sought  are  the  same  in 
both  equations.  Hence  an  expression  for  an  unknown 
obtained  from  one  equation  is  substituted  for  that  un- 
known in  the  other  equation.  This  method  is  useful  when 
one  of  the  unknowns  can  be  expressed  in  terms  of  the 
other  without  using  fractions  or  when  simple  fractions 
only  are  involved. 

EXERCISES 

Solve  by  the  method  of  substitution  and  check  results : 
aj-2y  =  8,  3a;  =  6y-3, 

a;-2y=-l,  6aj+10y  =  26, 

4x-y=10.  5aj-3y  =  9. 

14m  — 2n=l,  20y-3«=l, 

^    6aj+10y  =  42,  ^^    3aj+12  =  3  +  y, 

'2y  =  3a:.  '  y  =  x  -fl. 

6aj-|-3y  =  -l,  lS  +  2k  =  h, 

2a;-6y  =  8.  A  +  Aj=-9. 

x  +  y=7,  2a;  =  4y-h  6, 

•  2aj  +  3y«17.  7»  +  3y  =  4 
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98.  Simultaneous   equations   containing  fractions.     The 

method  of  solving  a  system  of  two  linear  equations  con- 
taining fractions  is  illustrated  by  the  following  example. 


EXAMPLE 


Solve  the  system 


1 


(1) 


3        6""  2  ' 

^  =  ^  +  -^-  (2) 

3       4  ^  12  ^^ 


Solution.    (l)-6,  16a:- 5  =  9. y.  (3) 

Transposing  in  (3),  16  x  —  9  y  =  5,  (4) 

(2).  12,  8a:  =  3y  +  7.  (5) 

Transposing  in  (5),  8  a:  —  3  y  =  7.  (6) 

The  system  (4)  and  (6)  can  now  be  solved  by  addition  and 
subtraction. 

As  in  the  foregoing  solution,  it  is  usually  best  to  clear 
the  equations  of  fractions  and  write  them  in  the  form  of 
(4)  and  (6)  before  attempting  to  eliminate  one  of  the 
unknowns.  Equations  (4)  and  (6)  are  each  in  what 
is  called  the  general  form  of  a  linear  equation  in  two 
unknowns.  This  form  is  represented  for  all  such  equa- 
tions by  aa;  +  Jy  =  (?,  where  a,  6,  and  c  denote  numbers, 
or  known  Hteral  expressions. 

EXERCISES 

Solve  the  following  systems  and  check  results : 
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.40!  +  .9y  =  6.7, 

4.  y      1 

a;  —  —  =  —  • 

2      2 

a;  .  y      13 

5.  3  ^  2       6 
2y-3a;  =  0. 


6. 


7. 


5  .  y  ^  _I 

3"^4         8' 

J^        05  __  11 

.04x  +  .3y  =1, 
.5  X  —  .25  y  =  4.5. 


7x  — 4y  =14, 
8.  2a;-f7 

— o y  =  ^• 


13. 


a;      y      6 


1 

£6 


1 

y 


1 

6 


Hint.  Solve  without  cleariTig  of 
fractions,  using  addition  and  sub- 
traction. 


14. 


15. 


1  .  1_4 

X  y      lo 

3  2^19 

X  y      16 

X  y      2 
7__6^16 

X  y*"  3 


9. 


5^  +  2  =  1, 
3^4      6 

a;  — 2      y  +  1 

5  2 


1 
2 


10. 


11. 


2x4-6      y  +  4 

7x4-1      lly  — 4 
3  7       ""    • 

-"2 ^  =  ~3"' 

a?-y  .  g4-y     ^. 

4     ■*■     3     "■^^• 


12. 


6      4"-^' 
44-gx     3-2y 
11  5 


4-4  =  0. 


16. 


17. 


18. 


19. 


-4-12  =  17, 

X 

--3y=0. 

X  ^ 

X  —  y  __  25      x  +  y 
2     """6""".    3     ' 

g  +  y-~9  ,  g  — y4-6 
2        ■*■        3        ""• 

x-2      y-10      10 -X 


y4-2      2x_4-y_x4-13 
3     ""     16     ■"      8     ' 

__  +  8-2x  =  — j-» 

^         3x  —  2y      ^      ,    . 
2y ^—^  =  3x4-4. 
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20  """y   2x  +  3y  -14 


=  0.  (1) 


2x-f  =  f.  (2) 


5 
4   4 

Hints.  Multiplying  (1)  hy  (x--y){2x+ Sy  — 14), 

2(2x  +  3y-  14)-  3(x-  y)  =  0,  (8) 

or  x  +  9y  =  28.  (4) 

(2).  4,  8x-y  =  5.  (6) 

Now  solve  equatioiis  (4)  and  (6)  by  substitution  and  check  as  usual. 

4x  +  y      2  5a;  +  3y  — 5  5 

21.  j/        _  25. 


a; 


^lOy      71 


25  a; 

■■  ■■  JL* 


3         3  10x  +  2y 

4x  ^  r  +  5      8  +  2 

=  4, 


22.  26. 

^^  2aj  1  ^'^     llr  +  4       ^ 

=  4. 


4a;  — 3y  +  l      4  r-\-s-\-l 

3a;-4y  +  2_^  2 


23^         a;-y  27.^"^^"*"^      3a;-h5y-6 

'  a;  +  y      5  '  ^  .  ^      i 

o;  3  4^2        • 

a;--3_a;-6  4 3_ 

^^    y  +  l-y-2'  ^^x-l-l^i 

x  +  y-5  __A_  =  _J_ 

a;-y  +  l~  2y-5      2a; -39' 

In  the  following  problems  the  student  should  state  two 
equations  in  two  unknowns.  Instead  of  using  x  and  y, 
the  first  letter  of  the  word  denoting  an  unknown  should 
be  used  to  represent  that  unknown.  Thus  in  Problem  5, 
p.  227,  n  should  represent  the  number  of  nickels  and  q 
the  number  of   quarters.     The  plan   here   suggested   is 
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desirable  for  many  reasons,  and  should  be  followed  in  all 
problems  containing  two  or  more  unknowns  unless  the 
words  denoting  two  of  the  unknowns  begin  with  the 
same  letter. 

In  solving  problems  like  1-12  on  pages  46-47,  there 
are  really  two  unknowns  involved ;  but  one  of  the  equa- 
tions to  which  each  of  those  problems  leads  is  so  simple 
that  what  amounts  to  the  method  of  substitution  was  em- 
ployed by  expressing  one  unknown  in  terms  of  the  other. 

PROBLEMS 

1.  The  difference  of  two  numbers  is  20  and  theur  sum  is  36. 
Find  the  numbers. 

2.  The  quotient  of  two  numbers  is  12  and  their  sum  is  39. 
Eind  the  numbers. 

3.  Find  two  numbers  whose  difference  is  28  and  whose 
quotient  is  5. 

4.  The  value  of  a  certain  fraction  is  |^.  If  6  be  added  to 
the  numerator  and  12  to  the  denominator,  the  value  of  the 
resulting  fraction  is  |^.    Find  the  fraction. 

5.  A  collection  of  nickels  and  quarters,  containing  63  coins, 
amounted  to  $8.35.   How  many  coins  of  each  kind  were  there  ? 

6.  If  1^  be  subtracted  from  the  numerator  and  ^  added  to 
the  denominator  of  a  certain  fraction,  the  value  of  the  result- 
ing fraction  is  ^.  The  sum  of  the  numerator  and  the  denomi- 
nator of  the  original  fraction  is  11.   Find  the  fraction. 

7.  The  difference  between  the  numerator  and  the  denomi- 
nator of  a  certain  proper  fraction  is  11.  If  |^  be  added  to  the 
numerator  and  |^  be  taken  from  the  denominator,  the  value  of 
the  resulting  fraction  is  -j^^.    Find  the  fraction. 
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8.  Two  weights  balance  when  one  is  12  inches  and  the 
other  8  inches  from  the  fulcrum.  If  the  second  weight  increased 
by  8  pounds  is  placed  6  inches  from  the  fulcrum,  the  balance 
is  maintained.    Find  the  two  weights. 

9.  Two  weights  balance  when  one  is  10  inches  and  the 
other  8  inches  from  the  fulcrum.   If  the  first  weight  is  de- 

r 

creased  bv  4  pounds,  the  other  weight  must  be  moved  2  inches 
nearer  tUe  fulcrum  to  balance.   Find  the  weights. 

In  20  years  A  will  be  twice  as  old  as  B.   Ten  years  ago 
ras  8  times  as  old  as  B.   Find  the  age  of  each  now. 

11.  The  perimeter  of  a  rectangle  is  184  feet  and  the  length 
is  8  feet  more  than  twice  the  width.  Find  the  dimensions  of 
the  rectangle. 

12.  A  part  of  ^1500  is  invested  at  6^  and  the  remainder 
at  5%.  The  combined  yearly  income  is  $81.  Find  the  number 
of  dollars  in  each  investment. 

13.  A  part  of  $3000  is  invested  at  4}^  and  the  remainder 
at  3^%.  The  annual  income  from  the  4^^  investment  is  $3 
less  than  double  the  annual  income  from  the  3^^  investment. 
Find  the  number  of  dollars  in  each  investment. 

14.  A  part  of  $5000  is  invested  at  4^  and  the  remainder 
at  6%.  The  4^  investment  yields  $16  less  in  4  years  than 
the  one  at  6^  does  in  3  years.  Find  the  number  of  dollars  in 
each  investment. 

15.  Five  rubles  are  worth  5  cents  less  than  10  marks,  and 
12  marks  are  worth  4  rubles  and  a  dollar.  Find  the  value  of 
a  ruble  and  of  a  mark  in  cents. 

16.  During  the  war  the  value  of  marks  in  New  York  fell  so 
much  that  on  Jan.  1,  1916,  6  marks  were  worth  exactly  as 
much  as  6  marks  were  worth  on  Aug.  1,  1914.  Between  the 
two  dates  mentioned  the  value  of  10  marks  decreased  by  40 
cents.   Find  the  value  of  a  mark,  in  cents,  at  each  date. 


/     ^ 


-        I 


'^Z       "  _     r 
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17.  The  sum  of  the  two  digits  of  a  two-digit  number  is  9.  If 
45  be  subtracted  from  the  number,  the  result  will  be  expressed 
by  the  digits  in  reverse  order.   Find  the  number. 

Solution.   Let  t  =  the  digit  in  tens'  place, 

and  u  =  the  digit  in  units'  place. 

Then  « +  w  =  9.  (1) 

But  t  standing  in  tens'  place  has  its  numerical  vahie  multiplied  by  10. 
Therefore  the  number  is  represented  by  the  binomial  lOt  •{■  u,  and 
the  number  formed  by  the  digits  in  reverse  order  is  represented  by 
the  binomial  lOu  •\- 1. 

Hence  10 «  +  w  —  45  =  10  m  +  ^  (2) 

Simplifying  (2),  <  -  w  =  5.  (3) 

Solving  (1)  and  (3),  t  =  7,  and  t*  =  2. 

Hence  the  number  is  72. 

Check.   7+2  =  9,72-45  =  27. 

18.  The  sum  of  the  digits  of  a  two-digit  number  is  10.  If  64 
be  added  to  the  number,  the  result  i»- expressed  by  the  digits 

Iverse  order.   Find  the  number. 

The  tens'  digit  of  a  two-digit  number  is  half  the  units' 
If  36  be  added  to  the  number,  the  result  is  expressed 
Ligits  in  reverse  order.   Find  the  number.  :,#  / 

It  a  two-digit  number  be  divided  by  the  sum  of  its  | 
the  quotient  is  4.    Twice  the  given  number  is  9  greater 
number  expressed  by  the  same  digits  in  reverse  order. 
Find  the  number. 

21.  If  a  two-digit  number  be  increased  by  4  and  then  the 
result  be  divided  by  the  sum  of  its  digits,  the  quotient  is  3. 
If  twice  the  number  be  divided  by  the  tens'  digit,  the  quotient 
is  29.   Find  the  number. 

22.  If  a  two-digit  number  be  divided  by  the  sum  of  its 
digits,  the  quotient  is  7.  If  the  number  formed  by  the  digits 
in  reverse  order  be  divided  by  3  plus  the  sum  of  the  digits, 
the  quotient  is  3.   Find  the  number. 


1 


'If 


280      COMPLETE  SCHOOL  ALGEBRA 

The  reciprocal  of  a  number  is  a  fraction  of  which  1  is  the 
numerator  and  the  number  itself  is  the  denominator.   Thus  ^ 

and  -  are  the  reciprocals  of  2  and  a  respectively. 

2       3 

23.  What  is  the  reciprocal  of  6?  7a?  ^?  j-?  2\?  3|? 

24.  The  sum  of  the  reciprocals  of  two  numbers  is  ^\,  and 
the  difference  of  their  reciprocals  is  ■^■^.   Find  the  numbers. 

25.  The  difference  of  the  reciprocals  of  two  numbers  is  ^^^. 
The  quotient  of  the  greater  number  divided  by  the  less  is  •^^. 
Find  the  numbers. 

26.  If  5  grams  be  taken  from  one  pan  of  a  balance  and 
placed  in  the  other,  the  sum  of  the  weights  in  the  first  will 
be  ^  the  sum  of  those  in  the  second.  But  if  16  grams  be 
taken  from  the  second  and  placed  in  the  first,  the  weights  in 
the  two  pans  will  then  balance.  Find  the  weight  in  each  pan 
at  first. 

27.  A  gives  B  |30 ;  then  B  has  twice  as  much  money  as  A. 
B  then  gives  A  $150  and  has  left  \  as  much  as  A.  How  many 
dollars  had  each  at  first  ? 

28.  The  circumference  of  the  fore  wheel  of  a  carriage  is 
1^  feet  less  than  that  of  the  rear  wheel.  The  fore  wheel  makes 
as  many  revolutions  in  going  286  feet  as  the  rear  wheel  does 
in  going  325  feet.   Find  the  circumference  of  each  wheel. 

29.  A  and  B  together  can  do  a  piece  of  work  in  7^  days. 
They  work  together  for  3  days,  and  A  finishes  the  job  by  him- 
self in  7  days.   How  many  days  would  each  require  alone  ? 

30.  A  man  rows  10  miles  downstream  in  2  hours  and  returns 
in  4  hours.  Find  the  rate  of  the  river  and  his  rate  in  still  water. 

Hint.  Let  x  =  the  man^s  rate  in  still  water  in  miles  an  hour,  and 
y  =  the  rate  of  the  river  in  miles  an  hour.  Then  his  rate  downstream 
Is  X  4-  y  miles  an  hour,  and  upstream  x  —  y  miles  an  hour. 
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31.  A  boat  goes  downstream  45  miles  in  3  hours  and  up- 
stream 16  miles  in  3  hours.  Find  its  rate  in  still  water  and 
the  rate  of  the  current. 

32.  The  rate  of  a  boat  in  still  water  is  7  J  miles  an  hour.  It 
goes  down  the  river  from  A  to  B  in  12  hours.  It  returns  one 
half  the  distance  from  B  to  A  in  9  hours.  Find  the  rate  of 
the  river  and  the  distance  from  B  to  A. 

33.  A  boat  which  runs  12  miles  an  hour  in  still  water  goes 
downstream  from  A  to  C  in  7  hours.  It  returns  upstream  to 
B,  36  miles  below  A,  in  5  hours.  Find  the  distance  from  A  to 
G  and  the  rate  of  the  stream. 

99.  Literal  equations  in  two  unknowns.  Linear  systems 
in  which  the  unknowns  have  literal  coefficients  are  solved 
by  the  method  of  addition  and  subtraction. 

EXERCISES 

In  the  following  exercises  consider  a,  b,  c,  and  d,  as  known 
numbers ;  solve  for  the  other  letters  involved  and  check. 

aj-f-y  =  3a,  Sx  —  y  =  10b, 

'  X  —  y  =  a.  '  4:X  +  9y  =  Sb, 

5a5-|-4y  =  17a,  6a5  —  4y  =  10a  —  4, 

'  8 05  +  y  =  11  a.  '  X  —  2ay  =  0. 

Sp  +  4:q  —  a=p  —  q  +  22ay 
'  p  -{-  a  —  q  =  Sp  —  2q  -\-  Sa, 

^    7.6m  +  3n  =  65, 
g    3a:  +  4y=6c,  8.  ^25m  +  .5n  =  0. 

X      Sy      ^ 

c      4c  9.  ,      ^. 

x  +  y  +  a  +  b=:2(a  +  b). 

2£      2y  __  6a  X       2y  _ 

„    T"^"3'~T'  ,^    2^""T  ^  ' 

7«  10.     o  rr  o 

y  .  X  OX      7y      o 


2      2  a       4a      2 


BE 
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a;  ■—  y  =  0. 

ax  +  3y=s3  +  6a, 

13.  «»  +  y  =  ^' 
'  c(y  — 3)=a5. 

4«-3y  =  12(a-5), 
3a;-2y  =  9a-8^. 

4a;  +  2y  =  a, 
2  a;  4-  4  y  =  6. 

16.  2^""«y  =  ^ 
8  05  —  ^y  =  4  a. 


17. 

1^ 

3 

X 

1 

18. 

a  .  5 

-  +  -  =  c, 
aj      y 

^        ^  —  /7 

X      y"" 

19. 

oa; 

+  5y  =  a  4-  ^ 
—  5y  =  a  —  ft. 

20. 

oo; 

-  fty  =  c, 

wv. 

3  ooj  —  2  5y  =  4  c. 

21. 

dx 

+  fty  =  <5, 

XEI 

?ix  +  ky^m. 

ICISBS 

1.  If  one  book  costs  a  dollars,  what  will  c  -^d  books  cost  ? 

2.  If  a  books  cost  b  dollars,  what  will  one  book  cost? 
e  books  ? 

3.  What  is  the  perimeter  of  a  rectangle  whose  length  is  a 
and  whose  width  is  ft  ?   What  is  its  area  ? 

4.  What  is  the  perimeter  of  a  rectangle  whose  length  is  4  a 
and  whose  width  is  ft  ?   What  is  its  area  ? 

5.  The  base  of  a  triangle  is  a  +  b.   The  altitude  is  a  —  ft. 
Find  the  area. 

6.  The  base  and  the  altitude  of  a  triangle  are  each  equal 
to  X  —  2  y.   Find  the  area. 

7.  The  area  of  a  triangle  is  k.   The  base  is  ft.   Find  the 
altitude. 

8.  If  X  denotes  A's  age  now,  what  does  x—  S  denote  ? 
x  +  5?   What  does  the  equation  «  +  5  =  2(»  —  8)  signify ? 
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9.  Forty  men  pay  d  dollars  each  as  dues  to  a  society.  The 
expenses  of  the  society  are  n  dollars.  How  many  dollars  are 
left  in  the  treasury  ?  How  would  you  interpret  the  result  if 
n  is  greater  than  40  c?  ? 

10.  If  10  apples  can  be  bought  for  x  cents,  how  many  can 
be  bought  for  y  cents  ? 

11.  If  a  apples  can  be  bought  for  25  cents,  how  many  can 
be  bought  for  c  cents  ? 

12.  A  farmer  has  grain  enough  to  last  one  horse  d  days. 
How  long  will  this  grain  last  k  horses  ? 

13.  A  farmer  has  grain  enough  to  last  h  horses  d  days. 
How  long  will  it  last  k  horses  ? 

GENERAL  PROBLEMS 

1.  The  altitude  of  a  triangle  is  a  inches  and  the  base  is 
10  inches.  If  2  inches  be  taken  from  the  altitude,  by  how 
much  must  the  base  be  increased  so  that  the  area  will  be  the 
same  as  before  ? 

Hint.  Let  x  =  the  increase  of  the  base  in  inches. 

Then  lOa ^  (a-2)(10  +  x) 

2  2 

2.  The  altitude  of  a  triangle  is  a  feet,  the  base  is  b  feet. 
The  altitude  is  increased  h  feet  and  the  base  decreased  so 
that  the  area  is  the  same  as  before.  How  many  feet  are  taken 
from  the  base  ? 

3.  The  sum  of  two  numbers  is  s  and  their  difference  is  d. 
Find  the  numbers. 

4.  The  first  of  two  numbers  is  a  times  th'e  second,  and  the 
first  minus  the  second  equals  b.   Find  the  numbers. 

5.  The  sum  of  two  numbers  is  b,  and  the  quotient  of  the 
first  divided  by  the  second  equals  a.   Find  the  numbers. 
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6.  If  a  be  added  to  the  numerator  of  a  certain  fraction, 
the  value  of  the  resulting  fraction  is  2.  If  ft  be  added  to  the 
denominator,  the  value  of  the  resulting  fraction  is  1.  Find 
the  fraction. 

Hint.  Let  -  =  the  fraction.    Then =  2,  and =  1. 

d  d  d  +  6 

7.  If  the  numerator  of  a  certain  fraction  be  increased  by 
1,  the  value  of  the  resulting  fraction  is  x.  If  the  denominator 
of  the  fraction  be  decreased  by  2,  the  value  of  the  resulting 
fraction  is  y.   Find  the  numerator  and  the  denominator. 

8.  The  value  of  a  certain  fraction  is  h.  If  2  be  added  to 
the  numerator,  the  value  of  the  resulting  fraction  is  c.  Find 
the  numerator  and  the  denominator. 

9.  A  boy  who  weighs  a  pounds  and  one  who  weighs  h 
pounds  balance  at  the  opposite  ends  of  a  teeter  board  whose 
length  is  I  feet.   How  far  is  the  fulcrum  from  each  boy  ? 

10.  A  certain  number  of  books  at  80  cents  each  and  another 
number  at  #1.10  each  cost  together  h  dollars.  If  the  prices  of 
the  books  had  been  interchanged,  the  total  cost  would  have 
been  k  dollars.   Find  the  number  of  each  kind. 

11.  Two  books  cost  c  dollars.  The  first  cost  d  cents  more 
than  the  second.   Find  the  cost  of  each. 

12.  A  and  B  have  k  dollars  in  all.  If  A  gives  h  dollars  to  B 
they  have  equal  sums.   How  many  dollars  had  each  at  first  ? 

13.  If  A  gives  h  dollars  to  B,  they  will  have  equal  sums.  If 
B  gives  k  dollars  to  A,  A  will  have  twice  as  much  as  B.  How 
many  dollars  has  each  ? 

14.  If  A  gives  $10  to  B,  B  will  have  h  dollars  more  than  A. 
But  if  B  gives  k  dollars  to  A,  A  will  have  three  times  as  much 
as  B.   How  many'dollars  has  each  ? 

15.  A  and  B  have  together  $40.  A  gives  h  dollars  to  B,  after 
which  B  gives  k  dollars  to  A.  Then  they  have  equal  sums. 
How  many  dollars  had  each  at  first  ? 
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16.  A  gives  r  dollars  to  B  and  then  has  ^  as  much  money  as 
B.  Then  B  gives  $8  to  A  and  has  left  |  as  much  money  as  A. 
How  many  dollars  had  each  at  first  ? 

17.  A  part  of  $1000  is  invested  at  a%  and  the  remainder 
at  6%.  The  yearly  income  from  both  investments  is  c  dollars. 
How  many  dollars  are  there  in  each  investment  ? 

18.  A  portion  of  x  dollars  is  invested  at  5  ^  and  the  remainder 
at  4%.  The  yearly  income  is  y  dollars.  How  many  dollars  are 
there  in  each  investment  ? 

19.  A  works  three  times  as  fast  as  B.  Together  they  can 
do  a  piece  of  work  in  c  days.  How  many  days  would  each 
require  alone? 

Hint.  Let  a  and  6  denote  the  number  of  days  required  by  A  and  B 
respectively  to  do  the  work  alone. 

Then  8  a  =  6,  and  -  +  -  =  - . 

a     6      c 

20.  A  works  h  times  as  fast  as  B.  Together  they  can  do  a 
piece  of  work  in  4  days.  How  many  days  would  each  require 
alone? 

21.  A  and  B  together  can  do  a  piece  of  work  in  d  days. 
A  can  do  \  of  the  work  in  6  days.  How  many  days  does 
each  require  alone? 

22.  A  and  B  together  can  do  a  piece  of  work  in  6  days. 
A  can  do  \  of  the  work  in  h  days.  How  many  days  does  each 
require  alone  ? 

41 

23.  B  requires  twice  as  much  time  as  A  to  do  a  piece  of 
work  which  they  can  do  together  in  n  days.  How  many  days 
does  each  require  alone  ? 

24.  A  and  B  together  can  do  a  piece  of  work  in  ^  days. 
A  works  q^  times  as  fast  as  B.  How  many  days  does  each 
require  alone  ? 
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100.  Linear  systems  in  three  unknowns.  The  method 
of  obtaining  the  set  of  roots  of  a  system  of  linear  equa- 
tions in  three  unknowns  is  illustrated  in  the  following: 

EZAMPLB 

r4a:-2y  +  «  =  9,  (1) 

Solve  the  system iSx  +  y -\-2z  =  lS,  (2) 

[2a;  +  3y-3«=-2.  (3) 

Solution.  Eliminate  one  unknown,  say  z,  between  (1)  and  (2),  thus: 

(1).2,  8ar-4y  + 22  =  18.  (4) 

(2),  8x  +  y  +  22  =  13.  (5) 

(4)-(5),  5ar-5j^=5,  (6) 

or  a?  —  y  =  1.  (7) 

Now  eliminate  z  between  (1)  and  (3),  as  follows : 

(1).3,  12ar-6y  +  32  =  27.  (8) 

(3),  2x  +  3y-32  =  -2.  (9) 

(8)  +  (9),  14  a:  -  3  y  =  25.  (10) 

Solving  (7)  and  (10)  we  obtain        a:  =  2,  y  =  1. 

Substitute  2  for  x  and  1  for  y  in  (2), 

6+1  +  22  =  13.  (11) 

Solving  (11),  2=3.  (12) 

Check.   Substituting  2  for  {t,  1  for  y,  and  3  for  z  in  (1),  (2),  (3), 

8-2  +  3  =  9,        or        9  =  9. 
6  +  1  +  6  =  13,      or      13  =  13. 
4  +  3-9=- 2,    or    -2  =  -2. 

The  foregoing  example  illustrates  the 

Rule.  Decide  from  an  inspection  of  the  coefficients  which 
unknoum  is  most  easily  eliminated. 

Using  any  two  equations^  eliminate  that  unknoum. 

With  one  of  the  equations  juM  used^  and  the  third  equation^ 
again  eliminate  the  same  unknoum. 
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The  last  two  operations  give  two  equations  in  the  same  two 
unknoums.  Solve  these  two  equations  by  the  rule  (^pp.  S20-22iy 

Svhstitute  the  two  values  found  in  the  simplest  of  the  origi- 
nal equations  and  solve  for  the  third  unknown. 

Check.  Substitute  the  values  found  in  each  of  the  original 
equations  and  simplify  results. 

EXERCISES 

Solve  for  the  unknowns  involved :  • 

x  +  y  +  z=^%  3aj  —  y  —  2«=—  2, 

1.  a;  —  y  —  «=—  3,  8.  6x  +  «^4, 

x  +  y  —  z  =  5.  3y  —  4«=  — 11. 

x  +  y  +  z=:S,  aj-|-y  =  l, 

2.  2a;  +  y  -  «  =  6,  9.  y  +  «  =  3, 
a.-y-2«  =  0.  z  +  x^S. 

aj  — y  — 2«=— 8.  ^^        ^^ 

5x  — 7y  4-4:«  =  3, 

3^  +  B-C  =  -8,  11.  6a;  +  3y-.5«=-3, 
4.  ^-4B  +  2C  =  9,  4x  +  6y  +  3«  =  25. 

2^  +  3B  +  3C  =  13.  3^, +  2^, +  4^3  =  9, 

3a._2y  +  4«  =  9,  12.  A^--A^--2A^=S, 
6.  2a;  +  3y-2«=-3,  ^1^  -  3.4^+ 2^,  =  2. 

5x  +  2y  +  Sz  =  6.  111^ 

eh  +  5k  +  4.m  =  9,  X     y      z 

6.  4^  +  6A;  +  5m  =  5,  13.  i  +  l  +  i  =  |, 
5^  +  4A:  +  6w=16.  «      y      «      3 

a:-f3y  +  2«=17,  x^y^  z" 

7.  y  —  4  »  =  —  5,  Hint.  Solve  without  clearing  of 
*  +  2  y  =  —  8.                       fractions. 
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2      10_3^_g  2      3^34^ 

p       q       r             '  X      z       3 

14.1  +  6^6^  16.  5  +  ^  =  24, 

p      q       r  X      y 

1  +  5_1=_1  1  +  5  =  28. 

p      q      r           2  z      y 


PROBLEMS 

1.  Eind  three  numbers  of  which  the  sum  of  the  first  and 
second  is  54,  the  second  and  third  65,  and  the  first  and  third  59. 

2.  The  sum  of  three  numbers  is  70.  The  sum  and  the 
quotient  of  two  of  them  are  45  and  5  respectively.  Find  the 
numbers. 

3.  The  perimeter  of  a  triangle  is  60  feet.  Two  of  its  sides 
are  equal,  and  the  third  side  is  6  feet  longer  than  either  of  the 
first  two.    Find  the  length  of  each  side. 

4.  The  sum  of  two  sides  of  a  triangle  is  53  feet  and  their 
difference  is  19  feet.  The  perimeter  of  the  triangle  is  62  feet. 
Find  the  length  of  each  side. 

5.  The  sum  of  the  two  sides  of  a  triangle  which  meet  at 
one  vertex  is  41  feet,  at  another  vertex  46  feet,  and  at  the 
third  vertex  67  feet.   Find  the  length  of  each  side. 

6.  The  sum  of  three  numbers  is  24.  The  quotient  of  two 
of  them  is  3,  and  the  sum  of  these  two  divided  by  the  third 
is  5.   Find  the  numbers. 

Fact  from  GeomMry,  The  sum  of  the  three  angles  of  any  tri- 
angle (each  angle  being  measured  in  degrees)  is  180  degrees. 

7.  Two  of  the  angles  of  a  triangle  are  equal,  and  their  sum 
is  equal  to  the  third.  Find  the  number  of  degrees  in  each  angle. 

8.  Angle  ^  of  a  triangle  is  12  degrees  greater  than  angle  B^ 
and  angle  B  is  21  degrees  greater  than  angle  C  How  many 
degrees  are  there  in  each  ? 
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9.  The  sum  of  two  angles  of  a  triangle  is  30  degrees  more 
than  the  third,  and  the  third  is  15  times  the  difference  of  the 
first JiTOi^^ifiow  many  degrees  are  there  in  each  ? 

A  and  B  together  can  do  a  piece  of  work  in  6  days, 

C  in  8  days,  and  B  and  C  in  12  days.    I'ind  the  time  ^. 

required  by  each  alone  and  by  all  together.  j,^  h 

11.  Two  pumps  together  can  fill  a  tank  in  6  hours.  The  first 
of  these  and  a  third  together  can  fill  the  tank  in  8  hours.   All  -^  ^.    ^J 
three  togethercsm  fill  the  tank  in  4  hours.   Find  the  number^  ^      ( 
of  hoiurs  r^qtiired  by  each  alone. 

[  l^^The  siun  of  the  digits  of  a  three-digit  number  is  19. 
jSrounits'  digit  exceeds  the  tens'  digit  by  3.  If  495  be  added 
to  the  number,  the  result  is  expressed  by  the  digits  in  reverse 
order.   Find  the  number. 

13.  If  the  tens'  and  units'  digits  of  a  three-digit  number  be 
interchanged,  the  resulting  number  is  54  less  than  the  original 
number.  If  the  tens'  and  hundreds'  digits  be  interchanged, 
the  resulting  number  is  360  more  than  the  original  number. 
The  sum  of  the  digits  is  11.   Find  the  original  number. 

Note.  Perhaps  the  student  wonders  whether  a  linear  equation  in 
three  unknowns  has  a  graphic  representation.  It  may  partially  satisfy 
his  curiosity  to  say  that  by  means  of  three  axes  at  right  angles  to  each 
other  such  a  representation,  though  beyond  the  scope  of  this  book, 
is  possible.  Further,  the  points  whose  x,  y,  and  z  values  satisfy  the 
equation  lie  in  a  flat  surface  called  a  plane.  Two  such  surfaces  may 
intersect  in  a  straight  line,  and  the  system  of  two  equations  which 
the  surfaces  represent  is  satisfied  by  the  x,  y,  and  z  values  of  any 
point  on  this  line.  If  three  such  surfaces  intersect  in  a  single  point, 
the  system  which  the  surfaces  represent  is  satisfied  by  the  a;,^,  and  z 
values  of  this  point.  In  the  systems  of  equations  in  three  unknowns 
on  page  237  the  student  is  really  finding  the  coordinates  of  the  point 
of  intersection  of  three  planes. 

Since  space  has  but  three  dimensions,  this  method  of  representa- 
tion of  linear  equations  in  two  or  three  unknowns  cannot  be  extended 
to  equations  containing  four  or  more  unknowns. 
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101.  Square  root  of  algebraic  expressions.  The  square 
root  of  ^  +  2ftH-ii*  is  ±{t+u). 

A  study  of  this  form  will  enable  us  to  extract  the  square 
root  of  any  polynomial;  Obviously  the  square  root  of  t^ 
(the  first  term  of  the  trinomial)  is  ty  the  first  term  of  the 
root.  If  i^'  is  subtracted  from  the  trinomial,  the  remainder 
is  2tu  +  u\  The  next  term  of  the  root  (u)  can  be  found 
by  dividing  the  first  term  of  the  remainder  (2tu)  by  2^ 
(twice  that  term  of  the  root  already  found). 

The  work  may  be  arranged  thus: 

Trial  divisor,  2 1 


Complete  divisor,     2  ^  +  u 


2  tu  +  u^ 

2  m  -f  u^  =  (2  f  4-  ti)  tt 


Therefore  the  required  roots  are  ±(t+  u). 

The  foregoing  process  is  easily  extended  to  extracting  the 
square  root  of  the  polyiiomial  4a?*— 20a:3-f-37a?— 30a:H-9, 
whose  square  root  contains  three  terms,  as  follows : 

4x*-20x»+37x«-30x+9  [2£2--5£+3 
(2x«)«=    4x* 


First  trial  divisor,  2  •  2x*=ix^ 
First  complete  divisor,  4x*— 5  x 
Second  trial  divisor, 

2(2ar«-5x)=4x«-10x 
Second  complete  di\isor,  4 x'—  lOx + 3 

240 


-20x»+37x« 

-20a:«+25g«  =  (43:«-5ar)(~5g) 


12z«-30z+9 

12x^-303:  •f9  =  (4g»-.10a:+3)3 
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Therefore  the  required  roots  are  db  (2  a:^  —  5  a:  +  3). 

The  term  2x^  was  obtained  by  taking  the  square  root  of  4  a:*; 
the  second  term,  —  6  ar,  by  dividing  —  20  a;*  by  the  first  trial  divisor, 
4  a^ ;  and  the  third  term,  3,  by  dividing  12  a:^  by  4  a:*,  the  first  term 
of  the  second  trial  divisor. 

The  method  just  illustrated  may  be  stated  in  the 

Rule.  Arrange  the  terms  of  the  polynomial  according  to 
descending  powers  of  some  letter  in  it. 

Extras  the  square  root  of  the  first  term.  Write  the  result 
(with  plus  sign  only^  as  the  first  term  of  the  root  and  sui- 
tract  its  square  from  the  given  polynomial. 

Double  the  root  already  found  for  the  first  trial  divisor^ 
divide  the  first  term  of  the  remainder  hy  ity  and  vmte  the 
quotient  as  the  second  term  of  the  root 

Annex  the  quotient  just  found  to  the  trial  divisor,  making 
the  complete  divisor;  multiply  the  complete  divisor  by  the 
second  term  of  the  root  and  subtract  the  product  from  the 
last  remainder. 

If  terms  of  the  polynomial  still  remain,  double  the  root 
already  found  for  a  trial  divisor,  divide  the  first  term  of  the 
trial  divisor  into  the  first  term  of  the  remainder,  write  the 
quotient  as  the  next  term  of  the  root,  form  the  complete  dim- 
sor,  and  proceed  as  before  until  the  process  ends,  or  until  the 
required  number  of  terms  of  the  root  have  been  found. 

Inclose  the  root  thus  found  in  a  parenthesis  preceded  by 
the  sign  ±. 

Note.  The  process  of  extracting  the  square  root  of  numbers  was 
familiar  to  mathematicians  long  before  they  knew  how  to  find  the 
square  root  of  polynomials.  This  is  consistent  with  the  fact  that 
the  development  of  the  methods  of  performing  operations  on  literal 
number  symbols  generally  followed  and  grew  out  of  the  similar 
operations  on  numerals.  The  application  of  the  rules  for  extract- 
ing the  square  root  of  numbers  to  that  of  polynomials  is  generally 
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ascribed  to  Recorde  (1510-1558),  who  was  the  author  of  the  earliest 
English  work  on  algebra  that  we  know.  This  book,  which  bears 
the  title  "The  Whetstone  of  Wit,"  gives  an  accurate  idea  of  the 
algebraic  knowledge  of  the  time,  and  had  a  very  wide  influence. 


EXERCISES 

Obtain  one  square  root  of : 
-^a2+6a  +  9.  4.  4aW+4a;*+a* 

2.  a^+10ax  +  25a\  5.  a*+ Sa^-f  2a*+ 2a +  1. 

3.  x^+ie-Sa^.  6.  24a?- 32  a; +  16 -fa*- 8a». 

7.  a*  +  4a?y  +  6a;y-h4a;2^  +  y*. 

8.  21c2+c*+20c-10c«+4. 

9.  n«+9»2+10n8-h25-6»*-30w. 

10.  (J*-12c4-9c2+4  +  4c»-6(j». 

11.  5a*+12a*+16-23a^+4a«  +  8a  — 22a^. 
}L  c*-  4  o»a  +  6  cV-  4  ca^+  a\ 

i^.  30  ar2^+ 25  2^*- 11  ajy- 12  xV  + 4  aj*. 
14.  -  36 a*x  +  36  aW+  9  a«-  24 ab^  + 16 x*+  48  aa». 
•       15.  9c*-2a%V+4a8^>»c  +  a*Z>*-12a^A 
16.  2a^c»-4a;c»-4a^2+4a?+c<^+aV. 

4c"  ^  c*  ,Q     9    .  «' 

y*"25*  ^**  ^ 

19.  a;*-4a;»+5a?-2a;  +  ^. 


17.  4  -  -^  +  ^.  18.  -^  +  y  -  3. 


AA      4.>is.>i2     ^^*      8a,  4 
20.  a*+4a»+4a2 3"  +  9' 

a?      2x^      X      1 
v„    25m*      127 m«      „       ,  10m»  ,  9 
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102.  Square  root  of  arithmetical  numbers.  Since  1  =  1^ 
and  81  =  9^  a  one-digit  or  a  two-digit  square  has  only  one 
digit  in  its  square  root. 

And  as  100  =  10^,  and  9801  =  (99)2,  ^  three-digit  or  a 
four-digit  square  has  two  digits  in  its  square  root. 

Also  10,000=1002,  and  998,001  =  (999)2 ;  hence  a 
five-digit  or  a  six-digit  square  has  three  digits  in  its 
square  root. 

These  examples  illustrate  the  relation  between  the  num- 
ber of  digits  in  a  number  and  the  number  of  digits  in  its 
square  root.  They  also  suggest  a  method  of  obtaining  the 
first  digit  in  the  square  root  of  any  number. 

For  example,  take  the  four  numbers  78'43'66,  7'84'35, 
.98'01,  and  .03'27'4.  Beginning  at  the  decimal  point  iii 
each,  point  off  periods  of  two  digits  each,  as  indicated. 
Any  period  incomplete  on  the  right,  as  in  .03'27'4,  should 
be  completed  by  annexing  one  zero ;  thus,  .03'27'40.  Now 
the  first  digit  in  the  square  root  is  the  greatest  integer 
whose  square  is  less  than  or  equal  to  the  left-hand  period. 
This  is  true  whether  the  latter  contains  two  digits  or  one. 
Hence  the  first  digit  in  the  square  root  of  78'43'56  is  8, 
in  the  square  root  of  7'84'35  is  2,  in  the  square  root  of 
.98'01  is  9,  and  in  the  square  root  of  .03'27'40  is  1. 

Moreover,  the  number  of  digits  in  the  square  root  of  a 
perfect  square  is  equal  to  the  number  of  periods,  provided 
a  single  digit  remaining  on  the  left  is  called  a  period. 

Just  how  t  and  u  are  involved  in  the  square  of  (t  +  w), 
01  t^  +  2tu  +  w2,  is  obvious  on  inspection,  because  the  parts 
^2,  2tu^  and  i?  cannot  be  united  into  one  term.  In  the 
square'  of  an  arithmetical  number,  however,  the  parts  are 
united.  Thus  (53)2=  (50  +  3)2==  2500  +  300  -f  9  =  2809. 
Now  it  is  clear  how  50  and  3  are  involved  in  2500  +  300  +  9, 
but  it  is  not  plain  from  2809  alone.  Pointing  off,  however. 
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enables  us  to  discover  at  once  the  first  digit,  5,  which  is 
equivalent  to  5  tens,  or  50.  With  the  exception  of  pointing 
off,  the  method  of  extracting  the  square  root  of  an  arith- 
metical number  does  not  differ  greatly  from  the  method  of 
extracting  the  square  root  of  an  algebraic  expression.  In 
fact,  the  formula,  the  square  root  of  t^-f  2  tu+u^=±(t+u)j 
can  be  used  to  explain  the  two  processes. 

If  t  denotes  the  tens  and  u  the  units,  t^-{'2tu  +  u^  is 
closely  related  to  2500  +  300  +  9,  t^  being  2500,  or  (60)2 ; 
w*  being  9,  or  3^ ;  and  2  tu  being  2  •  50  •  3.  Therefore  the 
process  of  extracting  the  square  root  of  2809  may  be  based 
on  these  relations  and  the  work  arranged  as  follows: 


2t 
2^+w=100  +  3 


2809  [50 +  3 
(50)2  2500 

2.50=100 


309 

309=(100  +  3)3=(2e+^)^=2^^+u2 


Therefore  ±  53  are  the  two  square  roots  of  2809. 
If  the  number  has  three  digits  in  its  square  root,  the 
work  and  explanations  may  be  arranged  thus : 


<2  =  (100)2 
First  trial  divisor, 

2^=2.100  =  200 
First  complete  divisor, 
2«  +  w  =  200  +  30  =  230 
Second  trial  divisor, 

2e  =  2. 130  =  260 
Second  complete  divisor, 
2t  +  u=260  +  2  =  262 


174'24[100j-30jf2 
100  00  =  10  tens  squared 


74  24 


69  00= (2  .  10  tens + 30  units)  30 


524 


524  =  (2  .  13  tens  +  2  units) 2 


Therefore  ±  132  are  the  square  roots  of  17,424. 
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When  the  method  and  reasons  for  the  process  have 
become  familiar,  the  work  may  be  shortened  by  omitting 
the  explanations  and  unnecessary  zeros  as  follows: 


28'09  53 

1'74'24  182 

25 

1 

108 

309 

23 

74 

309 

69 

■ 

262 

524 

524 

The  method  of  the  two  preceding  solutions  is  the  one 
commonly  used  for  extracting  the  positive  square  root  of 
a  number.    For  it  we  have  the 

Ruk.  Begin  at  the  decimal  point  and  point  off  as  many 
periods  of  two  digits  each  as  possible:  to  the  left  if  the 
number  is  an  integer ;  to  the  right  if  it  is  a  decimal;  to  both 
the  left  and  the  right  if  the  number  is  part  integral  and 
part  decimal. 

Find  the  greatest  integer  whose  square  is  equal  to  or  less 
than  the  left-hand  period^  and  write  this  integer  for  the  first 
digit  of  the  root. 

Square  the  first  digit  of  the  rooty  subtract  its  square 
from  the  first  period^  and  annex  the  second  period  to  the 
remainder, 

Dovhle  the  part  of  the  root  already  found  for  a  trial  divisor y 
divide  it  into  the  remainder  (omitting  from  the  latter  the 
right-hand  digit^^  and  write  the  integral  part  of  the  quotient 
as  the  next  digit  of  the  root 

Annex  the  root  digit  just  found  to  the  trial  divisor  to 
make  the  complete  divisor^  multiply  the  complete  divisor  by 
this  root  digity  subtract  the  result  from  the  dividend^  and 
annex  to  the  remainder  the  next  period  for  a  new  dividend. 
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Double  the  part  of  the  root  already  found  for  a  new  trial 
divisor  and  proceed  as  before  until  the  desired  number  of 
digits  of  the  root  have  been  found. 

After  extracting  the  square  root  of  a  number  involving 
decimalSj  point  off  one  decimal  place  in  the  root  for  every 
decimal  period  in  the  number. 

Check.  If  the  root  is  exact,  square  it.  The  result  should 
be  the  original  number.  If  the  root  is  inexactj  square  it 
and  add  to  this  result  the  remainder.  The  sum  should  be 
the  original  number. 

Sometimes  in  using  a  trial  divisor  we  obtain  too  great  a  quotient 
for  the  next  digit  of  the  root.  This  happens  in  obtaining  the  second 
digit  of  the  square  root  of  32,301,  where  2  into  22  q/oo/mn 
gives  11.    Obviously  10  and  11  are  both  impossible.  '— 

If  9  is  tried  we  get  9  •  29,  or  261,  which  is  greater 


than  223.   Similarly,  8  is  too  great.   But  7-27  =  189,        ' 
which  is  less  than  223.   Therefore  7  is  the  second  digit  of  the  root. 
Occasionally  the  trial  divisor  gives  a  quotient  less  than  1.   This 
indicates  that  the  required  root  digit  is  0,  which  should  be  written 
in  the  root  and  the  work  continued  as  usual-    An 
instance  of  this  kind  occurs  in  finding  the  second       9^42.49130 
digit  in  the  square  root  of  9'42.49.    The  quotient  of       9 
4  -f-  6  is  §,  which  is  not  an  integer.     Therefore  the    6|  42 
second  digit  of  the  root  is  0.   Then  the  next  period, 
49,  should  be  brought  down.    The  new  trial  divisor  will  be  60, 
which  will  give  7  as  the  third  digit  of  the  root.     The  work  can 
easily  be  completed,  giving  30.7  as  the  square 
root.  3.00'00'00[L732 

An  attempt  to  extract  the  square  root  of  3         JL 
by  annexing  decimal  periods  of  zeros  and  ap-    27 
plying  the  rule  becomes  a  never-ending  process. 

The  number  3  has  no  exact  square  root,  and    ^^^ 
no  matter  how  far  the  work  is  carried,  there  is 
no  final  digit.  As  the  work  stands,  we  know  that    3462 
the  square  root  of  3  lies  between  1.732  and  1.733. 


200 
189 


1100 
1029 


7100 
6924 
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Obtain  the  positive  sqnare  root,  to  three  decimal  places,  of : 

1.  4489.  4.  6241.  7.  24649.  10.  165680. 

2.  5184.  6.  9216.  8.  43436.  11.  223729. 

3.  5329.  6.  16129.  9.  53361.  12.  328329. 

Fadi  from  Geometry,  In  the  adjacent  right  triangle, 
a*  +  ^*  =  c* ;  the  sides  a  and  5,  which  form  the  right  angle, 
are  called  the  legs ;  and  c,  the  side 
opposite  the  right  angle,  is  called 
the  hypotenuse. 

If  leg  a  is  8  and  leg  h  is  15, 
then  substituting  in  a^+V^  =  <? 
gives  64  + 225  =-f^.  Whence  289 
=  <?  and  c  =  ±  17. 

Since  —17  is  not  a  practical  answer,  it  is  rejected. 

In  Exercises  13-16  find  the  hypotenuse  and  the  area  of  a 
right  triangle  whose  legs  are : 


13.  63  and  16. 

14.  48  and  55. 


15.  104  and  153. 

16.  645  and  812. 


In  Exercises  17-19  find  the  other  leg  and  the  area  of  a  right 
triangle  in  which  the  hypotenuse  and  one  leg  are  respectively : 

17.  109  and  91.        18.  2.57  and  .32.        19.  2.05  and  1.87. 

Extract  the  square  root  in  Exercises  20-23  inclusive  to  four 
decimals,  and  in  Exercises  24t-2S  inclusive  to  three  decimals. 

A  common  fraction  or  the  fractional  part  of  a  mixed  number  should 
be  reduced  to  a  decimal  before  extracting  the  square  root,  unless  the 
root  is  seen  to  be  exact. 


20.  6.4271. 

21.  884.3. 

22.  .0869. 

SE 


23.  .00321. 

24.  3. 

25.  6. 


26.  2f. 

27.  2f. 

28.  ^. 
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(Li  the  following  find  all  inexact  answers  to  two  decimals.) 
In  rectangle  ABCD  line  DB  is 
called  a  diagonal. 

29.  Find  the  diagonal  of  a  rec- 
tangle whose  adjacent  sides  are 
28  feet  and  195  feet  respectively. 

30.  One  diagonal  of  a  rectangle 
is  409  and  one  side  is  391.   Find  the  other  side  and  the  area. 

31.  One  diagonal  of  a  rectangle  is  533  and  one  side  is  92. 
Find  the  perimeter  of  the  rectangle. 

32.  A  rectangle  is  7  yards  longer  than  it  is  wide.    Its  per- 
imeter is  138  feet.   Find  one  diagonal. 

33.  One  diagonal  of  a  square  is  74  meters.   Find  the  side. 

34.  The  side  of  a  square  is  52  inches.   Find  one  diagonal. 

35.  One  leg  of  a  right  triangle  is  10.   The  hypotenuse  is 
twice  the  other  leg.    Find  the  hypotenuse  and  the  other  leg. 

36.  The  hypotenuse  of  a  right  triangle  is  three  times  one 
leg  and  the  other  leg  is  16.   Find  the  sides. 

37.  A  rectangle  is  2.4  times  as  long  as  it  is  wide.   One 
diagonal  is  b2.   Find  the  length  and  the  width. 

38.  The  width  of  a  rectangle  ia  25^o  ^^^s  than  the  length. 
The  diagonal  is  100.   Find  the  area. 

39.  The  length  of  a  rectangle  is  10.   The  diagonal  is  twice 
the  shorter  side.   Find  the  width. 

Fact  from  Geometry,  A  line  drawn 
from  one  vertex  of  an  equilateral  tri- 
angle to  the  middle  point  of  the  oppo- 
site side  is  perpendicular  to  that  side. 

Then,  in  the  equilateral  triangle 
ABCy  if  D  is  the  middle  point  of -4C, 
BD  is  the  altitude ;  and 

BD*=  IB*-  Id'=  Ab'-  (^y 
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40.  If  BC  in  the  foregoing  triangle  is  6,  find  BD  and  the 
area  of  the  triangle. 

41.  liAC  in  the  foregoing  triangle  is  8,  findfZ)  and  the 
area  of  the  triangle. 

42.  If  BD  in  the  foregoing  triangle  is  14^  find  AB  and  the 
area  of  the  triangle. 

43.  The  perimeter  of  an  equilateral  triangle  is  45.  Find  the 
altitude. 

44.  The  altitude  of  an  equilateral  triangle  is  25  centimeters. 
Find  one  side. 

Note.  A  method  of  extracting  the  square  root  of  numbers  not 
unlike  that  in  use  to-day  was  employed  by  the  Greek,  Theon,  about 
A.D.  350.  In  the  Middle  Ages  square  roots  were  extracted  with  a  fair 
degree  of  accuracy  by  using  the  formulas  of  approximation : 

(1)  V^Ti  =  a  +  ^.  (2)  VifTI=a  +  ^. 

The  true  value  of  the  square  root  of  the  number  was  proved_to  be 
between  the  results  obtained  by  these  expressions.  Thus,  if  V65  was 
desired,  it  was  noticed  that  65  =  64  +  1,  and  from  (1) 

V65  =  V64  +l  =  V82  +  l  =  8  +  --i-  =  8^, 

2  •  8 

while  from  (2) 

J  •  o  +  1 

Thus  the  true  value  of  V65  is  between  these  two  numbers.  This 
method  was  known  to  the  Arabs. 

It  should  be  kept  in  mind  that  the  use  of  decimal  fractions  and 
of  the  decimal  point  was  not  common  until  the  eighteenth  century. 
Consequently  the  complete  development  of  the  method  of  extract- 
ing  the  square  root  given  in  the  text  is  comparatively  recent. 


>.   -    -  ^*- —  1       1  .      »     tj, 


CHAPTER  XX 

RADICALS 

103.  Rational  numbers.  The  quotient  of  two  integers 
is  called  a  ratknial  number. 

Any  integer  is  a  rational  number,  since  it  may  be  con- 
sidered as  the  quotient  of  itself  and  1. 

Thus  5,  —  8y  3,  —  {,  and  4.693  are  rational  numbers. 

104.  Radical.  A  radical  is  an  indicated  root  of  an  alge- 
braic or  arithmetical  expression. 

Thus  Vi,  Va,  Va^  and  Va:*  — 6x  +  6  are  radicals. 

If  a  number  under  a  radical  sign  is  such  that  the 
root  cannot  be  taken  exactly,  the  radical  represents  an 
inatioiial  number.  C 

Thus  V2,  v^,  Va,  -^5,  are  irrational  num- 
bers, since  the  indicated  roots  of  2,  of  3,  and 
of  5  will  never  come  out  even  however  far 
the  process  of  extracting  the  root  is  carried. 

Though  no  irrational  numbers  can  be  ex- 
pressed exactly  in  decimals,  we  can  represent 
a  few  of  them  by  the  lengths  of  lines.   Thus      -A.  \  B 

in  the  right  triangle  ABC^  M  AB-AC  =  \  inch,  BC-^/2  inches. 
If  AB  were  2  inches  and  A  C  were  1  inch,  BC  would  be  Vd  inches. 

There  are  other  types  of  irrational  numbers  which  cannot 
be  expressed  in  terms  of  radicals,  but  their  consideration 
is  too  complicated  for  this  text. 

If  a  negative  number  occurs  under  a  square-root  sign, 
the  radical  represents  an  imaginary  number. 

260 
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/^  (f  A  Thus  V—  2,  V—  8,  and  V—  4  are  imaginary  numbers. 

If  the  student  pursues  the  study  of  algebra  he  will  learn  that 
imaginary  numbers  are  required  to  express  completely  the  cube 
and  higher  roots  of  any  positive  or  negative  number. 

For  example,  he  will  learn  that  the  number  27  has  two  other  cube 
roots  besides  the  number  3. 

105.  Index.  The  small  figure  like  the  4  in  V"  is  called 
the  index  of  the  radical. 

The  index  determines  the  order  of  the  radical  and  indi- 
cates the  root  to  be  extracted. 

In  5  \^,  3  is  the  index,  and  the  radical  is  of  the  third  order. 

106.  Radicand.  The  radicand  is  the  number,  or  expres- 
sion, under  the  radical  sign. 

In  V?  and  Vcuc,  7  and  ax  are  the  radicands. 

107.  Principal  root.  For  a  given  index  the  principal  root 
of  a  number  is  its  one  rooty  if  it  has  but  one ;  or  its  positive 
rooty  if  it  has  two  roots. 

The  principal  root  of  \^- 27  is  -  3  ;  that  of  v^  is  +  2,  not  -  2. 

108.  Fractional  exponents.  Radical  expressions  may  be 
written  in  two  ways,  with  radical  signs  or  with  fractional 
cTyponeTits.  The  relation  between  the  two  will  now  be  ex- 
plained. To  do  this  it  is  necessary  to  extend  the  meaning 
of  the  term  exponent^  which  as  defined  on  page  9  applied 
to  positive  integral  exponents  only.  We  shall  assume  that 
the  laws  which  govern  the  use  of  integral  exponents  hold 
for  fractional  exponents  also. 

The  fact  that  a?*  Qfi^af"  illustrates  the  more  general 
law  of*  •  a^ ^  af^'^^y  where  a  and  h  represent  either  integers 
or  fractions. 

Accordmgly  x^  *  o^  =^x^^^  =^  x^  ov  x.   Since  rr*  multiplied 

^  by  itself  gives  x^  o^  must  he  another  way  of  writing  the  square 
root  of  X. 


262      COMPLETE  SCHOOL  ALGEBRA 

Hence  V5  may  be  written  x^. 

Then     4i=V4  =  2,    and     (25a2)i=V25^=:5a. 

Further,  a;»  •  a;»  •  a;»  =  a?^  =  a:. 

And  since  x^  is  one  of  the  three  equal  numbers  whose 
product,  is  a:,  x^  is  another  way  of  writing  the  cube  root  of  x 
Therefore  Vi  may  be  written  x^. 


This  means  that 

8i=^  =  2. 

Similarly, 

In  general  teriiiSy 

<rx^:^.. 

Now 

x'^  =  x^.xi.x^={x^f={yfif. 

and 

a:*  =  a;Si=(a*)i=V^. 

Hence 

a:^=(Vi)^  or  v^. 

In  general  terms, 

x«  =  -^xf. 

Thus  Q^  means  the  wth  root  of  x  to  the  ath  power. 

The  student  should  fix  in  mind  that  the  denominator 
of  the  fractional  exponent  is  the  index  of  the  root,  and 
the  numerator  the  power  to  which  the  radicand  is  raised. 
Moreover,  whether  one  extracts  the  root  first  and  then 
raises  the  result  to  the  power,  or  vice  versa,  depends  wholly 
on  convenience. 

ORAL  EXERCISES 

Read  in  radical  form : 

6.  5  a*.         .y  \^.  Sa^(bc)i. 

7.  (5  a)*'.    ^^  1^.  5W. 


1. 

xl 

2. 

X*. 

3. 

(cd)i. 

4. 

(2  x)K 

5. 

2xi 

10.  7si(t  +  w)^,  14.  2  a;V- 


1   c 
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Find  the  numerical  values  of : 

15.  25^.  20.  125*  25.  (J^)*. 

16.  27*  21.  (-  8)*.  26.  (^i^)*. 

17.  16*.  22.  32*.  27.  (^i^)i 

18.  4*.  23.  81*.  28.  25*  .  4*. 

19.  64*  24.  (-  216)*.  29.  4* .  (^)*. 

30.  What  is  the  principal  square  root  of  4  ?  of  25  ?  of  36  ? 
the  principal  cube  root  of  +  8 ?  of  -  8  ?  of  —  27 ?  of  +  27? 
the  principal  fifth  root  of  32  ?  of  -  32  ?  of  243  ?  of  —  243  ? 

31.  What  is  an  index  ?  a  radicand  ?  Illustrate. 

EXERCISES 

Write  with  fractional  exponents  and  simplify  results : . 

1.  V^\  8.  2'y/2^.  15.  3V^.  -v^. 

2.  V^.  9.  3-^^.  16.   -v^.  V^. 

3.  3V2^.  10.  4-^/27^.  17.  ^s/^-  V^. 

4.  -y^:  11.  2"^^.  18.  (-  32)* .  -v^-  64. 

5.  5  Vl6^.  12.  4  ■v'^^.  19.  36*  •  Vj. 

6.  ■^.  13.  i2a^^v^.  20.  9*  • -v^. 

7.  -v^.  14.  c>/(d^\  21.  (^)*.'^. 

^    10^  Simplification  of  radicals.   The  form  of  a  radical 

expression  may  be  changed  without  altering  its  numerical 

value.   Such  changes  are  necessary  for  many  reasons.   For 

example,  the  numerical  value  of  a  radical  expression  is 

most  easily  obtained  from  its  simplest  form.    It  will  be 

1       V2 
nMde  clear  later  that  -r=  =  — •    Granting  that  the  two 

fractions  are  really  equal,  one  can  see  by  inspection  that 
the  value  to  several  decimals  can  be  computed  more  easily 

from  the  seicoud  fraction  than  from  the  first. 

/ 

/ 
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BXAHPLE8 

Study  the  following  changes  of  form : 

1.  ■\/36  =  V4T9  =  Vi.  V9  =  2.3  =  6. 

2.  Similaily,  V8  =  V4T2  ==  Vi  .  V2  ==  2  V2. 

3.  More  generally,  V^  =  V?  Va6  =  a  "^Jab. 

4.  Also  -v^  =  -^^8T3  =  \/8-\/3  =  2^. 

5.  More  generally,  Va%  =  V?  V^  =  a  "VS. 

6.  Finally,  ^/^^z-y/d'-Vb^cy/b. 

« 

The  six  preceding  examples  illustrate  the  correctness  of 
the  following  rule  for  simplifying  a  radical  involving  the 
square  root  of  an  integer  or  an  integral  expression. 

Ruk.  Separate  the  radicand  into  two  factors  one  of  which 
is  the  greatest  perfect  square  which  it  contains.  Then  take 
the  square  root  of  this  factor  and  write  it  as  the  coefficient 
of  a  radical  of  which  the  other  fader  is  the  radicand. 

If  the  radical  already  has  a  coefficient  other  than  the 
number  ly  multiply  the  resvU  obtained  above  by  this  coefficient. 

A  similar  rule  holds  for  radicals  involving  the  cube  and 
higher  roots. 

Thus  .  VlQ^Vs^  =  2</i, 

and  \/96  =  "^[2^3  =  2  i^. 

Note.  Although  the  Arabs  were  by  no  means  able  to  state  all 
the  rules  explained  in  this  chapter,  it  is  interesting  to  note  that  they 
did  recognize  the  truth  of  a  few  of  them.  For  instance,  a  writer 
about  A.D.  830  gives,  in  his  own  notation,  of  course,  the  facts  con- 
tained in  the  formulas  Vc^  =  ay/b,  and  Va&  =  Vay/bk 
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ta,  V245. 

iQ.  V343. 


^  Vl35. 
5^  7-^^128. 


^.  3Vi62. 


JK(.  V363.  ^  4^250. 

i^^.  2V72O.  ^8-1^375. 

h.  Vi260.  ^;  ^^^448. 

^^.  ^2  -^^625. 

•^.  39.  ■Vo'. 

^  2-^.  Hint.   Va»  = 


40. 

41.  V4x». 


>f.  lOVlTS.    ^.  -^. 

57.  V8  +  4V2. 

Solution.  V8  +  4V2  = 
V4(2  +  V2)  = 
2  V2  +  V^. 


42.  V8^. 

43.  V8a». 


4^  2Va8^. 
4K  3  V8  a^x. 
\  5ajV4aV 

48.  -v^. 
Hint.  \^  = 


4e.  ■\w 

if.  2a^. 


54.  6a;-v^4aV. 

55.  -^27  a«x. 


do.  VlOO  -  25  V5. 
dX.  V9  V2  -  27. 
i|2.  V/2*-i2*V3. 
63.  Vig^  -f  4  Jg^,  vl.  ^ 


58.  V4-4V3. 

59.  \/l8  +  9  Vs.  65.  VaV  +  a»Va. 

The  foregoing   exercises   are   easier   to  simplify  than 
radicals  whose  radicands  are  fractions  or  fractional  expres 
sions.    The  latter  arise  frequently  in  practice,  especially 
in  certain  parts  of  geometry. 


UJ I 
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Study  the  following  simplification  of  fractional  radicands: 
1.  V|jV|==vT^=>/iV6  =  iV6. 

ybx       i26x*        i26a*  6a: 

These  examples  illustrate  the  following  rule  for  sim- 
plifying a  square  root  which  has  a  fractional  radicand. 

Rule.  Multiply  the  numerator  and  the  denominator  of  the 
radicand  hy  the  least  whole  number  or  simplest  expression 
which  will  make  the  resutting  denominator  a  perfect  square. 

Then  separate  the  radicand  into  two  factors^  one  of  which 
is  a  fraction  and  at  the  same  time  the  greatest  perfect  square 
which  the  radicand  contains. 

Take  the  square  root  of  this  factor  and  write  it  as  the 
coefficient  of  the  radical  of  which  the  other  factor  is  the 
radicand.  If  the  original  radical  has  a  coefficienty  nndtiply 
the  result  as  obtained  above  by  this  coffident, 

A  similar  rule  holds  for  simplifying  a  cube  root  and 
radicals  of  higher  orders  which  have  fractional  radicands. 


Simplify  the  following 
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^27.  Vl21  -  (V-)'-  

28.  Vl69-(^y.        32.  Vif»+iJ«. 


x^ 


29.  xhr-  33 


•  ^'^-(t; 


pa      _  41.   V»1-|-3V1J43. 

+  fV2. 

The  need  for  simplifying  radicals  presents  itself  in  vari- 
ous problems,  as,  for  example,  in  simple  geometrical  work 
on  right  triangles. 

PROBLEMS 

(Obtain  answers  in  simplest  radical  form.) 

1.  One  leg  of  a  right  triangle  is  8  and  the  other  is  10.  Find 
the  hypotenuse. 

Solution.   X  =  V82  +  102  =  Vl64  =  V4  •  41  =  2  Vil. 

2.  The  hypotenuse  of  a  right  triangle  is  8  and  one  leg  is  4. 

Find  jbhe  other  leg  and  the  area. 

R 

3.  The  hypotenuse  of  a  right  triangle  is  R  and  one  leg  is  -^' 

Find  the  other  leg  and  the  area. 

4.  Find  the  diagonal  of  a  square  whose  side  is  12. 


258 


COMPLETE  SCHOOL  ALGEBRA 


5.  Find  the  sides  of  a  square  whose  diagonal  is  12. 

6.  Find  the  sides  of  a  square  whose  diagonal  is  2  R. 

Problems  involving  the  following  classes  of  triangles  are 
of  frequent  occurrence  in  practical  work  and  often  require 
the  use  of  radicals: 

(a)  An  isosceles  right  triangle;  that  is,  a 
right  triangle  with  two  equal  sides.  ^ 

As  indicated  in  the  figure,  if  each  leg  is  S 
the  two  acute  angles  are  45"  each. 

(5)  A  right  triangle  with  one  angle  30"  or  60". 

As  indicated  in  the  figure,  if  one  acute  angle  is  30"  the 
other  is  60",  and  vice  vei-sa.    More  important 
still,  the  hypotemise  is  always  twice  the  shorter   ^ 
leg, 

(c)  An  equilateral  triangle. 

As  indicated  in  the  figure,  when  the  alti- 
tude is  drawn,  it  divides  the  base  into  two 
equal  parts,  and  in  each  of  the  right  triangles 
formed  the  same  relations  exist  as  in  (b),  above. 

7.  If  each  leg  of  an  isosceles  right  triangle  is  6,  find  the 

hypotenuse. 

Hint.  x»  =  6«  +  6». 

6 


X  =  V86  +  86,  etc. 

8.  Find  the  hypotenuse  of  an  isosceles  right 
triangle  if  one  leg  is  8 ;  if  one  leg  is  13. 

9.  The  hypotenuse  of  an  isosceles  right  triangle  is  10. 
Find  the  legs. 

Hint,  x^  +  x^  =  100.  x«  =  50,  etc. 

10.  The  hypotenuse  of  an  isosceles  right  triangle  is  13. 
Find  the  legs. 

11.  One  angle  of  a  right  triangle  is  30".   The  hypotenuse  is 
20.   Find  the  other  two  sides. 

HiKT.  See  (6),  above. 
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12.  One  angle  of  a  right  triangle  is  60^   The  hypotenuse  is 
12.   Find  the  other  two  sides. 

13.  One  angle  of  a  right  triangle  is  30®.    The  leg  opposite 
it  is  10.   Find  the  hypotenuse  and  the  other  leg. 

14.  One  angle  of  a  right  triangle  is  60°  and  the  adjacent  leg 
is  12.   Find  the  other  two  sides. 

15.  The  side  of  an  equilateral  triangle  is  12.    Find  the 
altitude  and  the  area. 

Hint.   See  (c)  and  (6),  page  268. 

16.  The  side  of  an  equilateral  triangle  is  S.   Find  the  alti- 
tude and  the  area. 

17.  The  altitude  of  an  equilateral  triangle  is  10.   Find  the 
Side  and  the  area. 

•       ... 

18.  The  legs  of  a  right  triangle  are  equal.  Its  hypotenuse  is 
20.   Find  the  legs  of  the  triangle. 

19.  The  legs  of  a  right  triangle  are  equal  and  its  area  is  60. 
Find  the  hypotenuse. 

20.  The  legs  of  a  right  triangle  are  —  and  -^«   Find  the 
hypotenuse. 

21.  One  leg  of  a  right  triangle  is  —  •   The  hypotenuse  is  R. 
Find  the  other  leg. 

Find  X  and  y  in  terms  of  22  in  the  following : 


22.    «  X     .  23. 


z 

-   -  / •  '  .  /» 

'  24.  The  legs  of  a  right  triangle  are  R  and   o'C^'^l)' 
Find  the  hypotenuse. 

110.  Addition  and  subtraction  of  radicals.  Radicals  of 
the  same  order  which  are  in  their  simplest  form  and  have 
like  radicands  are  really  similar  terms*  They  can  be  added 
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or  subtracted  and  the  result  expressed  by  one  term  accord- 
ing to  the  rule  on  page  83. 

Thus  8V2-7\^  +  9V^=5V2. 

SimUarly,  tVj  -  }V2  =  Jv^- JV^  =  2  V2. 

The  last  example  illustrates  the  necessity  of  acquiring 
the  ability  to  simplify  radicals  before  attempting  to  carry 
out  the  fundamental  operations  of  addition  and  subtraction. 

If  the  radicands  are  unlike  and  cannot  be  simplified 
fuithelr,  the  radicals  are  really  dissimilar  terms,  and  ad- 
dition or  subtraction  can  only  be  indicated.    (See  page  34.) 

Thus  V2,  Vs,  and  "VZ  are  three  dissimilar  radicals,  and  the  ad- 
dition of  the  three  can  only  be  indicated  thus :  V^  +  V3  +  v^> 


Simplify 

^.Vy27+Vi2.  !!k^' V28  +  Ves. 

]>V^  Vis  -  V20.  ^YVi8-V98. 

'  V'2V^-3V8.        "        yV75--\/27  +  2  Vis. 

l^-  i+Vj.  "•    2  ~  N  2  '       \.  8Vf-V72. 

16.  Vl  +  2  V|  ^  3  y/l.        .  iQ.  V^+2  V^-  >/J^. 
■' 17.  Vf  -  V^  +  2  VlO.      ■    2lp.  ■v^  +  2-§'I§9. 

18.  V^-Vi20-2>/|.        2^.  2  ■^'^  -  VSO. 
^.  41^-^20. 

-HwTi->^w.'4^=6l=*i»V6,etd.    -   -  -  --  -.•--■■ „  . 
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3/  .4«4 


2 

a' 


V3x^  -  18a5  +  27-  '>/27(a?+2x  + 1). 

Note.   Though  methods  of  classifying  irrational  expressions  are     f) 
found  in  the  work  of  Euclid,  the  Hindus  and  the  Arabs  were  the 
first  to  develop  this  part  of  algebra  in  anything  like  the  form  used 
to-day. 

111.  Httltipllcation  of  radicals.    Monomial  radicals  of 
the  same  order  are  multiplied  as  follows:  V 


1.  Multiply  3  VS  by  2  V5. 

Solution.   3V8.2V5  =  6V40  =  6.2Vi0=12Vi0. 

2.  Multiply  5 ^4aar»  by  V2^.  ^ 
Solution.  5  \^4  ax^ .  ^2  a^a^  =  5  ^8  a^x^  =  10  ax  </x. 

The  method  just  illustrated  of  multiplying  monomial 
radicals  of  the  same  order  may  be  stated  in  the 

Ruk.  Take  the  product  of  the  coefficients  of  the  radicals 
for  the  coefficient  of  the  radical  in  the  result. 

Multiply  together  the  radicands  and  write  the  product 
under  the  common  radical  sign. 

Reduce  the  result  to  its  simplest  form. 

The  preceding  rule  does  not  hold  for  radicals  of  different  orders. 
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\ 
Perform  the  iDdicated  operation  and  sipplify  restdts : 

1.  V5  .  Ve.  7.  6*  .  20*.  '  '^'^  13.  i2  V2  .  iJ  Vs. 


\  a 


2.V7.V7  8.18i.8i  i,/^:^. 

8.  2V3.3V2.  9.  VJI'VtF.  \!'2  / 

4.  3V2.6V2.  10.  Vi-VV^-  «    ,-  r- 

r-       r-  J-      r—      15.  ^V2./jV3 

5.  V2 .  Vs.  11.  -VH .  V^.  2 

6.  V3  .  V27.  k.  a*  .  (6c)i  16.  2  VS  .  Vii?. 
H5.2>^.7V;W.                     25.-^8.-^. 

ft;.V2^.V4;;.V6^.       27.(Vit^)^       ^Z* 

21.  (3  V3^*.  V2  /  ^i '  ^  >^ 

22.  •?^. -5^  ^'^'^^ 

23.  -5^.^^  1^      W 

24.  (100)* .  (30)*  *'*•  N V  •  Ns^' 

Find  the  radical  expression  haring  the  coefficient  1  equiva^ 
lent  to  each  of  the  following  : 

SI.  6Vi  32.  7  Vs. 

SdlutkuL  5v^  =  V25V2  =  V50.  33.  10  V5. 

34.  8\/j.        36.  aVi.  33.  3^. 

35.  12>/|.       37.  2a V^.  Hist.  3^2  =  ^M?.^. 

39.  6^  41.  2^  43.  a^. 

I 

40.2^  42.  3x/j.  44.  (a +ar)Al^^ — 

The  maltiplicatioa  of  binomial  or  of  polynomial  radical 
eqprassioiis  of  the  same  order  inyolyes  no  new  principle. 
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EXAMPLE 

Multiply       3V5-4V3by2V5  +  V3. 

Solution.  3V5-4V3 
2\/5+  V3 
30     -8V15 

+  3Vi5-12 


30      -5Vl5-12=18-5Vl5.  6    -^  9  iT^ 

EXERCISES         y^  ^       *•  ^     **  ^ 

Perform    the   indicated    multipl^tion   and   simplify  the 
results : 


//(4V7-3r. 

y^(2V7-3V2y 


1.  (V2-3)(3V2  +  6). 

2.  (2V5-4)(3V5  +  3). 

$K  (3  V2  +  V3)  (2  V3 -  V2). 
(2  V5  -  3  V2)(3  V5  +  2  V2). 
(  V5  -  V3  +  V2)(  VS  -  V3  +  V2). 
(3  V2  +  2  V3  +  V30)(  V2  +  V3  -  V5). 
'^  (iJ  V2  -  2)  (i2  •\/2  -  3). 


10.  (i2V3-i2V2)(i?V3  +  2i2V2). 
ll.(«-fV2)(«-fV2). 


A. 


U.f(V6-l)*. 


,..«._  (I  _|V2)*. 


.....-(fVH-f)-.  \  A^-^-^l 

BE  ^         "^ 
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18.  The  hypotenuse  of  a  right  triangle  is  R  and  one  leg  is 

R  —  -ft-VS.   Find  the  other  leg. 

R 

19.  One  leg  of  a  right  triangle  is  -o  (  VB  — l)  and  the  hy* 

potenuse  is  R.   Find  the  other  leg. 

20.  The   legs    of  a   right  triangle  are  Ry/2  +  '^  and 

-t\2—^>/2.  Find  the  hypotenuse  and  the  area. 

21.  Show  by  substituting  and  simplifying  that  2  +  2  Vs  is 
a  root  of  the  quadratic  equation  26^  -^  4  x  =  8. 

22.  Does  l-^Vil  satisfy  sc* -7a; +  2  =  0? 

112.  Radical  equations.  An  irrational  or  radical  equa- 
tion in  one  unknown  is  an  equation  in  which  the  unknown 
occurs  in  a  radicand.  The  solution  of  the  simpler  types  of 
radical  equations  depends  mainly  on  a  knowledge  of  mul- 
tiplication of  radicals.  The  ability  to  square  or  to  cube 
each  member  of  an  equation  and  the  exercise  of  a  little 
judgment  in  transpomig  at  the  proper  time  are  sufficient  to 
solve  any  of  the  equations  which  arise  in  elementary  work. 

The  necessity  of  checking  all  results  obtained  cannot  be 
too  strongly  emphasized.  The  pupil  should  remember  that 
an  answer  is  a  root  on  the  one  condition  that  it  satisfies  the 
original  equation. 


Solve  for  x  and  check : 

1.  V2aj-7=3.  6.  Va;  -  3  -  6  =  0.  j 

Hint.  Squaring  each  member,      Hint.  Transpose  before  squaring. 

2x— 7  =  9,  etc.  

, 7.  2V3x+l-8  =  0. 

2.  V3aj-6  =  6.  -         , 

^      y r        fz  ^.  2V6a;- 4  + 3  =11. 

8.  Va;  —  6  =  VS.  / 

4.  V2x  +  3  =  V7.  \  •v^a;~l=2. 

5.  2Va^=:V6.  10.  ^2x+l=3. 


I 

I 


11.   •v^4aj,-6  =  4.  14.  2-^3a;  -  9 +  4^^  6. 

^  ^2a;-l-f-6  =  a  15.  3 Vaj- 2  =  V2a  +  3. 

ll  3-\/2a?+7=6.  1^  2  Vaj  +  3  =  Vaj  + 18. 


i/3V2a;-6  =  2Va  +  4. 


-^        ,       18.  V2a;  — 1  -  V2  -  a;  =  0. 
/7?    rpl        n       Hiirr.   Transpose,  then  square.  ^        -  - 

vl-^     19.  V4x-3  -  V3a:  +  5  =  0.       *      ' 
^~  ^  t/.  V6aj  -5-V5a;  +  7  =  0. 

i/.  2V3aj-3  -3V2  +  aj  =  0. 

22.  3  —  Vaj  +  3  =  Vx, 

Hint.   Squaring  each  member,  9  —  6  V»  +  3  +  x  +  8  =  x. 
Transposing,  —  6  Vx  +  S  =  — 12. 

Dividing  by  —  6,  Vx  +  8  =  2. 

Squaring  again,  x  +  8  =  4,  etc. 

23.  6  — V2a;  +  5  =  V2^. 

24.  7  -  V3a;  -f  7  —  VSx  =  0. 
Hint.   7  —  VSx  =  V3x  +  7,  etc. 


1 


25.  V3a;  —  5  +  V3a;  +  7  =  6. 

«^  Va  +  V2  -  ■y/x-\-2  =  0. 

sat'^Va  +  l-Y2aj-3  =  V3flc-2.    j^./^  \,\^^ 

Hint.   Squaring,  x  +  1  —  2 V(x  +Vi) (2x  —  8)  +  2x^-  8  =  8x  —  21  ^ 

Transposing,  2  V(x  +  l)(2x  — 8)  =  0,  Qte.      .  ', 


/ 


J/i.  Vaj  -  3  +  V2a;  +  4  =  V3a;  + 1.  "^ 

i6.  Va?  +  3  +  Vaj  -  4  =  V4a;  -  3.  ^"-'^ 

i/.  Vaj  +  4  4-Va^^  =  V4aj--3.  4^-^    \^  - 

^.     Va;  —  3       Vaj  — 4  ^^     Va;  —  3       Va;  —  5 

31.  -7==  =  — 7==-  32.  -7=  =  — ==• 

Va;-|-1      V«-2  V^+2      Va?  - 1 
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113.  Division  of  radicals.  It  is  frequently  necessary  to 
find  the  approximate  value  of  an  expression  which  involves 
division  by  a  radical  expression.   Thus  2-^V3,  V3-hV5, 

4-V3        ,      3V2  ^  u.  1.    .. 

_,  and  --= -p=  are  types  which  often  occur. 

2_V3  V5+V2  ^ 

To  find  the  approximate  value  of  2-5-\/3  we  may 
extract  the  square  root  of  3  to  several  decimal  places 
and  then  divide  2  by  the  approximate  root  obtained. 
Both  of  these  processes  are  long  and  one  of  them  is 
unnecessary.  For,  writing  2  -5-  V3  as  a  fraction  and  multiply- 

ing  both  terms  by  V3  gives .  To  find  the  approximate 

3 

value  of  this  last  fraction  requires  but  one  long  operation. 
Similarly,  the  process  of  finding  the  approximate  value 
of  \/7-5-(V7— V2)  involves  three  rather  lengthy  operations 
—  the  extracting  of  two  square  roots,  and  one  long  divi- 
sion. The  labor  of  two  of  these  operations  can  be  avoided 
in  a  manner  similar  to  that  shown  above. 

114.  Rationalizing  factors.  One  radical  expression  is 
the  lationalizing  factor  for  another  if  the  'product  of  the 
two  is  rational. 

A  rationalizing  factor  of  Vs  is  Vs^f or  Vs  •  Vs  =  3. 

For  v^  a  rationalizing  factor  is  \^4,  since  "^2  •  ^/i  —  ^/^  =  2. 

Similarly,  Vt  —  V2  is  a  rationalizing  factor  of  Vz  +  V2,  as  their 
product  ( V7  -  V2)  ( Vr  +  V2  )  =  7-2  =  5. 

In  like  manner  (3  Vs  -  2  V3)  (3  Vd  +  2  Vs)  =  45 -12  =  33. 
Therefore  3  Vs  —  2  Vs  is  a  rationalizing  factor  of  3  V5  +  2  V3. 

The  binomial  radicals  of  the  last  two  illustrations  are  of 
the  general  types  Va  +  Vft  and  Va  —  Vj.  Such  binomials 
are  called  conjugate  radicals  and  either  is  a  rationalizing 
factor  of  the  other.  If  a  and  h  are  rational,  the  product 
( Va  +  V6)  ( Va  —  V6),  or  a  —  6,  is  also  rational. 


1.  Vs. 

6.  V27. 

2.  3V6. 

7.^. 

3.  2V7. 

8.  ■v'S. 

4.  Vs. 

9.  2-v^. 

5.  V32. 

10.  ■^. 
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Determine  a  rationalizing  factor  for  each  of  the  following 
expressions  and  £nd  the  product  of  the  given  expression  and 
this  factor: 

11.  -v^.  16.  4V3-V2. 

12.  V2  +  3.  17.  2V5  +  7V6. 

13.  VS  —  V2.  18.  -V^  -  Va. 

14.  3  +  V7.  19.  Vs^  +  Vx. 

15.  3V2-5.  20.  Va-2aj. 

Direct  division  of  similar  radicals,  coefficient  by  coeffi- 
cient and  radicand  by  radicand,  is  often  possible. 

> 

Thus  V6^V2=V3^'- 

And  I2ViO-i--2\^=6V2r. 

If  direct  division  cannot  be  exactly  performed,  we  use  the 

Rule.    Write  the  dividend  over  the  divisor  in  the  form  of  a 
fraction.    Then  multiply  the  numerator  and  denominator  of 
the  fraction  hy  the  rationalizing  factor  of  the  denominator 
and  simplify  the  resulting  fraction. 


Perform  the  indicated  division : 

V  ViO^V2.  4.  V7-f.V3. 

V  Vi8^V3.  5.  2V6-^3V2. 
3.  V5-^^.  ^    VlO^V3. 
Solution.    V5-4-V2.  r-        r- 

V§      V2.V2       2  \  V6-5-Vi8. 
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V6  +  2V2.  12.  V6-Vi8-f-V2. 

V  8Vl6-*-4V6,  13.  (Vi2-V2i)+3V3. 

il^  3  V2 -^  15  Vs.  lL(V6-V9+18)-!-2V2. 
15.  8-)-(3+V7). 

Solrttoa.  8  +  (3+V7)=— ^  =  7— ^fe^^ 

'     3+V7     (3+'V7)(8-V7) 

-^'..■'\  9-7 

16.  9+(3-V2).  A^^^2V3 

HlKT.  jg      4V5+V3 

VS  V6(V5  +  v^)  *     V6-V3* 

V5-V2      (V6-V2)(V5  +  V2)         ■  2Q_   V3+V7 

V7-2   ' 
Find  to  three  decimals  the  val]ie  of : 

21.  6p|-3V2.  /^^^  j^^^  2 

^Jk^SVH.  *^V3'  ;V3-V2' 

^3  V5  .28.  V3-V2. 

Simplify :  / 

29.  Va-f-Vx.      ^'.-y/Sa:^ -i-Va^.      31.  2Vaa-f-3Vtoi 

Biographical  Note.  FrauQois  Vieta,  The  reason  that  algebra  is  a 
universal  language  which  does  not  depend  entirely  on  the  nationality  of 
the  writer  lies  in  the  fact  that  the  symbols  used  to  indicate  the  various 
operations  and  relations  are  widely  understood  and  adopted.  This  has 
not  always  been  the  case,  and  for  a  long  time  during  the  early  history 
of  the  subject  there  was  no  accepted  notation  in  algebra,  but  each  man 
used  any  symbol  that  suited  him.  One  of  the  men  who  did  most  to  estab- 
lish a  fixed  notation  was  Francois  Vieta  (1540-1608),  a  French  lawyer 
who  studied  and  wrote  on  mathematics  as  a  pastime.  He  was  in  public 
life  during  his  whole  career  and  was  well  known  for  his  ability  to 
decipher  the  hidden  meaning  of  dispatches  captured  from  the  enemy. 
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It  was  he  who  established  the  use  of  the  signs  +  and  —  for  addition 
and  subtraction,  which,  to  be  sure,  had  been  used  before  his  time,  but 
were  not  generally  accepted.  He  also  denoted  the  known  numbers  in 
an  equation  by  the  consonants,  B^  C,  D,  etc.,  and  the  unknowns  by 
the  vowels,  A,  E,  I,  etc.  He  recognized  the  existence  of  negative  roots 
of  equations,  but  rejected  them  as  absurd. 

To  denote  the  second  and  third  powers  of  the  unknown,  he  used  the 
letters  Q  (qtuidratus)  and  G  (cvJbus)  respectively.  Instead  of  using  the 
sign  =  he  wrote  aeq.  {aequoUis  or  aequatur).  Thus  Vieta  would  have 
written  the  equation  x^  —  8x^  +  16x  =  40  in  the  form 

lC-8Q  +  16iVaeq.40. 

Before  the  time  of  Yieta  this  equation  would  have  been  written  in  a 
much  more  primitive  notation.  For  instance,  with  writers  only  a  little 
earlier  it  would  appear  as 

Cubus  m  8  Census  p  16  rebus  aequatur  40. 

It  is  easily  seen  that  operations  on  equations  in  this  form  would  be  very 
hard  to  perform. 

Yieta  is  further  distinguished  as  being  the  first  man  to  obtain  an  exact 
numerical  expression  for  the  number  ir,  which  occurs  in  geometry.  His 
form  of  expression  calls  for  an  infinite  number  of  operations  which,  of 
course,  could  never  be  performed,  but  the  further  one  proceeded,  the 
closer  would  be  the  approximation  obtained.  In  a  certain  sense  the 
familiar  sign  V  implies  an  infinite  number  of  operations,  for  one  can 
never  go  through  the  process  of  extracting  the  square  root  of  2,  for 
instance,  and  come  out  even.  Yieta's  method  of  denoting  tt  was,  how- 
ever, more  involved  than  this  and  made  use  of  complicated  irrational 
fractions. 


<. 
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'S^^X.  QUADRATIC  EQUATIONS 

115.  Solution  by  completing  the  square.  The  quadratic 
equation  was  defined  on  page  137.  Before  taking  up  the 
work  that  follows,  the  student  should  review  the  method 
of  forming  trinomial  squares  given  on  page  121. 


ORAL  EXERCISES 

What  terms  should  be  added  in  order  to  make  the  following 
expressions  perfeet  squares  ?  ^ 

l.a^'h2x  +  t  5.  x^  +  lSx  +  y  9.  x^-^5x'{-?'^  rf 

2.  a^+4a;4-ttr  6.  a;^- 18a; +f \  10.ar»  +  7aj4-? 

B.  x'-^10x-\-7^  7.x^+3x-\^\  11.  ^^-f^  +  ?\\\ 

4.  ar»-6a;+6l  8.  a^^  +  aj  +  if  I2.t^  +  ^t  +  ?     c^l 

EXAMPLES 

1.  Solve  a;*  4-  4  a;  -  21  ==  0.  (1) 

Solution.   Transposing,    x^+^x=s 21.  (2) 
Adding  4  to  each  member  of  (2), 

a:a  +  4a;  +  4  =  25.  (8) 

Then                                 (a;  +  2)«  =  52.  (4) 

Extracting  the  square  root  of  each  member  of  (4), 

a:  +  2  =  ±  5.  (5) 

Whence  a;  =  -2  +  5  =  3, 

and  a:  =  —  2  —  5  =  —  7. 
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Check.   Substituting  3  for  x  in  (1),  9  +  12  -  21  =  0,  or  0  =  0. 
Substituting  -  7  for  a:  in  (1),  49  -  28  -  21  =  0,  or  0  =  0. 

2.  Solve  Zt?  -  10a;  -8  =  0.  (1) 

Solution.    Transposing,  Sar^  — 10a:  =  8.  (2) 

Dividing  (2)  by  the  coefficient  of  a:,  r* —  =  -  •  (3) 

o         3 

Adding  (—  J)^  to  each  member  of  (3), 

8\3/       39       9  ^  ' 

Then  («-«)'  =  G)'-  (5) 

Extracting  the  square  root  of  each  member  of  (5), 

Whence  a:  =  f  db  5  =  4  and  —  §. 

Check.   Substituting  4  for  x  in  (1), 

3.42-10.4-8  =  0. 

48  -  40  -  8  =  0,  or  0  =  0. 

Substituting  —  §  for  x  in  (1), 

3(-§)2-10(-§)-8  =  0. 
§  +  ^^"-8  =  0. 

i^  -  8  =  0,  or  0  =  0. 

The  method  of  solving  a  quadratic  equation  in  x  illus- 
trated in  the  preceding  examples  may  be  stated  in  the 

£u2!e.  Transpose  so  that  the  terms  containing  x  are  in  the 
first  mernber  and  those  which  do  not  contain  x  are  in  the  second. 

Divide  both  members  of  the  equation  by  the  coefficient  of  x* 
unless  that  coefficient  is  +1. 

Then  add  to  both  members  the  square  of  one  half  the 
coefficient  of  x  (in  the  equation  just  obtained)^  thus  maJdnff 
the  first  member  a  perfect  trinomial  square. 

Rewrite  the  equation^  expressing  the  first  member  as  the  square 
of  a  binomial  and  the  second  member  in  its  simplest  form. 
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Extract  the  square  root  of  both  memhen  of  the  t 
and  write  the  siffn  ±  b^ore  the  square  root  of  the  second 
member,  thus  obtaining  two  linear  equations. 

Solve  the  equation  in  wJdeh  the  second  mefmher  is  taiken 
with  the  siffn  +  and  then  solve  the  equation  in  which  the 
second  member  is  taken  with  the  sign  ~.  The  results  are  the 
roots  of  the  quadratic. 

Guck.   Substitute  each  result  separately  in  place  of  x  in 
the   original   equation.    If  the  resvlting   equations  are  not 
obvious  identities,  simplify  ^'^^  until  it  becomes  one. 
If,  after  the  equation  has  been  simplified  in  accordEmce 
*with  the  first  two  directions  of  the  foregoing  rule,  the 
ft    Jk^rm  in  the  first  power  of  it  is  lacking,  that  is,  the  equa- 
te V    tion  is  in  the  form  3^  =  6,  it  is  often  called  a  pure  quadratic 
^5/        Such  an  equation  may  be    solved  immediately  by  the 
extraction  of  the  square  root  of  each  member. 
Thus,  it  5  z*  -  3  =  12,  then  5  k»  =  15,  **  =  3,  and  a:  =  ±  V3. 


Solve  by  completing  the  sqnare,  where  necessary,  and  check 
as  directed  by  the  teacher.     ;  ■  ^  , 

'^Jtfa^-43;-32  =  a  11.  2a^-9a!  +  4  =  0. 

*fV-2a:-15  =  0.  12.  2(«-3«=9. 


^.  a:*  =  18. 

W^^Ta;-18  =  0. 

:a!  +  4)-3(a;  +  4)=0. 
+  6  =  y". 
E«  -  4a!  -  3  ==  0. 
-6j*  +  2^  =  0. 


13.  Sa:*-6=70. 

14.  a;"  +  8  =  4a^-40. 

15.  5a!  =  6ar'-14. 

12 
17.  6('— 13<  +  6  =  0. 


-3?  =  2x.  18.  42  +  2ir'  = 
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(1) 

(2) 
(8) 

(*) 
(6) 

(6) 
(7) 
(8) 
(») 

ao) 


19.  Why  is  not  equation  (5),  Example  1,  page  2J0,  written 
with  the  sign  ±  before  each  member  ? 

20.  2a^  —  5x+l=0. 

Solution.  Transposing,  2  x'  —  5  2  =  —  1. 
Dividing  each  member  of  (2)  by  2, 

«»— fx  =  -  J. 

Adding  (—  |)^  to  each  member  of  (3), 

Then  (x  -  |)«  =  i  J. 

Extractmg  the  square  root  of  each  member  of  (5), 

Whence  a:  =  |  ±  J  Vl7. 

Now  jVl7=J(4.123+)  =  1.031-. 

Then  |  +  J  \^  =  1.25  +  (1.031  -)  =  2.281  -. 

Also  I  -  J Vl7  =  1.25  -  (1.031  -)  =  .219  +. 

Check.  Since  (9)  and  (10)  are  not  the  exact  values  of  x,  they  will, 
if  substituted  for  x  in  (1),  make  its  first  member  nearly  but  not 
quite  zero.  An  exact  check  on  the  radical  forms  of  the  roots  can  be 
obtained  by  substituting  from  equation  (7)  in  equation  (1). 

The  check  may  be  shortened  by  substituting  both  roots  at  the 
same  time,  as  follows : 

Substituting  J  ±  J  Vl7  for  a:  in  2  a:^  -  5  x  + 1  =  0, 

2  (f  ±  J  Vrfy  -  5(t  db  i  Vl7)  +  1  =  0. 
2(H±|Vi7+H)-5(|dbiVl7)  +  l  =  0. 

^  ±  I  Vi7 + ■ -v- -  ¥  T  f  v^ + 1  ==  0. 

The  radical  terms  vanish  because  the  two  upper  signs  l&f ore 
ihem  must  first  be  taken  together,  and  then  the  two  lower  signs. 

Therefore        ¥  +  "V"  -¥  +  I  =  0>  or  J^^ -  -^  =  0. 

In  quadratic  equations  like  the  preceding  the  radical 
.  ol  the  roots  are  often  sufficient ;  at  other  times  values  t 
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or  three  decimal  places  are  necessary.    Unless  otherwise 
directed,  obtain  only  the  radical  forms  of  irrational  roots. 

In  the  following  ten  exercises  obtain  correct  to  three  deci- 
mal places  the  values  of  any  radical  answers  which  may  occur : 

6^^9^+10^+17=0.  27.  ar»-6V3a?  =  -9. 

22.  a;^  +  2aj  -  4  =  0.  28.  ^^  -  3^  V2  +  4  =  0. 

23.  a^-2aj-3i  =0.  A)fa;^+ 5  =  6- 4ic-3x2. 
24^30^ -6x +1=0.  J  1    o 

""  -''^l-4t;^  =  2t;.  31.  a;*~4ar^  +  3  =  0. 

..^^1^^     This  is  not  a  quadratic  equation,  but  many  equations  of 
5t  this  form  can  be  solved  by  completing  the  square. 

SOlntion.  a:*-4a;2  +  3  =  0. 

j'  ..       \f.'  a:*-4a;3=-3. 

'^\,  '   ^'    '  a:*-4a;«  +  4=-3+4=l. 

V    '  a;a  =  8an<il. 

« 

'  ;,'*  a:  =  ±  Vs  and  ±  1. 

'  '  Check  as  usual. 

32.  a*  -  5a;^  +  4  =  0.  ^^x^-^K^a?  +  24  =  0. 

33.  9»*-13aj2  +  4  =  0.  ev4aj*-13aj^  +  3  =  0. 


^ 


Sl>  9a;*  -  82a;2  +  9  =  0.  (ZIJ  16aj*  -  81a;^  +  5  =  0. 


\ 


Note.  The  student  has  undoubtedly  noticed  that  quadratic  equa- 
N,  tions  have  two  roots.  Mathematicians  attempted  for  many  years  to 

^  prove  that  cubic  equations  always  have  three  roots  and  that  equa- 
tions of  the  fourth  degree  have  four  roots.  This  was  finally  done  in 
the  seventeenth  century  by  the  Italians  Cardan  and  Ferrari. 

That,  any  equation  in  one  unknown  has  a  number  of  roots  equal 
to  its  degree  was  first  proved  by  K.  F.  Gauss.  He  gave  three  distinct 
proofs  of  this  fact,  although  no  one  before  his  time  had  been  able  to 
prove  it  at  all.  Since  the  time  of  Gauss  hundreds  of  proofs  have 
been  given  by  mathematicians  in  all  parts  of  the  world. 

The  mathematical  researches  which  have  been  stimulated  and 
carried  to  a  high  degree  of  completeness  by  the  study  of  this  problem 
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have  been  very  numerous.   This  situation  illustrates  the  important 
fact  that  when  a  scholar  takes  up  a  scientific  study  with  the  intention 
of  reaching  a  definite  result,  the  indirect  results  of  his  investigations 
are  frequently  even  more  important  than  the  solution  of  the  main   ^ 
problem  which  he  had  set  himself. 

Few  scientists  possess  the  vision  to  determine  surely  at  the  begin- 
ning of  an  investigation  all  of  the  directions  in  which  it  may  lead. 
The  distinction,  however,  between  a  great  man  and  a  little  one  largely 
lies  in  the  instinct  which  the  great  man  has  to  treat  subjects  which 
prove  to  be  fruitful.*  >.         i  ^     •:.  *^  { $ 

REVIEW  EXERCISES  s^.  Z"^;   .      7/ 

Solve,  and  check  as  directed  by  the  tgjicher :  4.  ^ ,    _    ^Ci .   L  ' ;  v 

p(5x-2)(x--6)  J^5^x.'^12      2        ^T -- ( '-^-^ 

=  (2a;-12)(2aj-4). 


-c 


. __. /; 

3.  4a;2  +  15aj=-9.  -^*  x- 2      2          »     V  ;:    / f.  '^ 

4.  x  +  l  =  20x^, 

5.  252/*- 20y- 12  =  0. 
6.6x  +  a?+3  ,,/^a;       1       5--x 

=  2-3aj^  +  10x.  ^'  4Ti""i2""6^' 
7.  (3aj  +  6)(a;--3) 


.^ 


=  (2a;  +  l)(a5-2). 


y"-  2^rx      6 


A     9      a 

1/  3  '^  _       =(x  +  l)(x  +  4). 

*  *.  +  2  4fe}a;*-10a!«+16  =  0. 

12.  -^  +  1  =  0.  M.  «* -  8a!«  + 15  =  0. 

^^'  ?^ir2~Y'^^'  S}5.  8a;*-18a;2+9  =  0. 


ii£'     :^     ;    '  Kf'^ 
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PROBLEMS 
(Beject  all  answers  which  do  not  satisfy  the  conditions  of  the  problems.) 

1.  The  square  of  a  certain  number  plus  twice  the  number 
itself  is  8.   Find  the  number. 

2.  If  from  twice  the  square  of  a  certain  number  the  num- 
ber itself  be  taken,  the  remainder  is  28.   Find  the  number. 

3.  Find  two  consecutive  odd  numbers  whose  product  is  675. 

v^  Find  three  consecutive  even  numbers  whose  sum  is  ^  the 
product  of  the  first  two. 

5.  A  rectangular  field  is  14  rods  longer  than  it  is  wide.  Its 
area  is  20  acres  (1  acre  =  160  square  rods).  Find  the  dimen- 
sions of  the  field. 

6.  The  sum  of  a  certain  number  and  its  reciprocal  is  2^^ 
Find  the  number. 

7.  The  area  of  a  triangular  field  is  4|-  acres.  The  base  is 
36  rods  longer  than  the  altitude.  Find  the  base  and  the  altitude. 

8.  Two  square  fields  together  contain  40  acres.  A  side  of 
one  is  16  rods  longer  than  a  side  of  the  other.  Find  the  side 
of  each. 

9.  The  hypotenuse  of  a  right  triangle  is  41  feet.  One  leg 
is  31  feet  shorter  than  the  other.   Find  the  legs. 

10.  One  leg  of  a  right  triangle  is  -I  as  long  as  the  other. 
The  hypotenuse  is  30.    Find  the  legs. 

11.  The  area  of  a  square  in  square  feet  and  its  perimeter  in 
inches  are  expressed  by  the  same  number.   Find  the  side. 

12.  The  dimensions  of  a  certain  rectangle  and  the  longest 
straight  line  which  can  be  drawn  on  its  surface  are  represented 
in  inches  by  three  consecutive  numbers.   Find  its  dimensions. 

13.  The  edges  of  two  cubical  bins  differ  by  one  yard.  Their 
volumes  differ  by  127  cubic  yards.    Find  the  edge  of  each  bin. 
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14.  The  rates  of  two  trains  differ  by  6  miles  per  hour.  The 
faster  requires  1  hour  less  time  to  run  252  miles.  Find  the  rate 
of  each  train. 

15 .  An  automobile  made  a  round  trip  of  180  miles  in  11  hours. 
Returning,  the  rate  was  increased  3  miles  per  hour.  Find  the 
rate  each  way. 

16.  A  page  of  a  certain  book  is  2  inches  longer  than  it  is  wide. 
The  printed  portion  covers  half  the  area  of  the  page  and  the 
margin  is  1  inch  wide.  Find  the  length  and  width  of  the  page. 

17.  The  price  of  oranges  being  raised  10  cents  per  dozen, 
one  gets  6  fewer  oranges  for  a  dollar.   Find  the  original  price. 

18.  Two  pumps  together  can  fill  a  standpipe  in  30  minutes. 
One  pump  alone  requires  32  minutes  less  time  than  the  other. 
Find  the  time  each  requires  alone. 

19.  How  long  will  it  take  a  stone  to  reach  the  ground  if 
dropped  from  an  elevation  of  1600  feet  ?  (See  Exercise  45, 
p.  17.) 

20.  A  man  drops  a  stone  over  a  cliff  and  hears  it  strike  the 
ground  below  6^  seconds  later.  If  sound  travels  1152  feet  per 
second,  find  the  height  of  the  cliff. 

116.  Quadratic  equations  with  literal  coefficients.  Such 
equations  are  solved  as  in  the  following  example. 

EXAMPLE 

Solve  for  x  the  equation  a*  —  6  ox  —  7  a*  =  0,  and  check  the 
result. 

Solntion.   Transposing,  x^—  Qax  =  7a^. 

Completing  the  square,  x^  —  6  ax  +  9  a^  =  16  a*. 
Then  (a:  -  3  d)^  =  16  a\ 

Extracting  the  square  root,         z  —  3a  =  ±4a. 
Whence,  transposing  and  combining,  x  =  7a,  and  —  a. 

Check.    (7  a)2-  6  a  .  7a  -  7a^  =  49  a^  -  42  a^  -  7a^  =  0,  or  0  =  0. 

(-  a)^-  ?  a(-  a)  -  70^  =  a^  +  6  a*  -  7a^  =  0,  or  0  =  0. 


/ 
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Solve  for  x  andcl^gcfci******  /         C 

1.  oi?  +  2hx=^Zb\  9.  a;*  — 12a  =  3aa;  — 4a;. 

2.  aj*  +  4«c  =  5c2.  10.  2a^  -  3 te  -  2A*  =  0. 

3.  a^  — 8cx-9c2  =  0.  ifetlO  ar»  =  3  a^  —  oar. 


4.  a;«  +  aa;-2a"  =  0.  pfT  2a;^- 5^  + 2  A*  =  0. 

5.  a:^  — 2aaj  =  l  — a*.  13.  oa:^  — 6a —  2 oar +10  =  0. 

6.  aj«  —  a'  =  0.  14.  caj^  -h  2a;  =  3caj  +  6. 

7.  a'a^  =  ^*.  pS^aa?  +  a  =  a^  +  a;. 

8.  3i^+hx=^2h\  ]/l^ca?^ax^2cx  +  2a. 

History  of  the  quadratic  equation.  Though  the  development  of  the 
method  of  solving  quadratic  equations  is  closely  connected  with  the 
general  growth  of  algebra,  yet  it  is  possible  to  indicate  rather  briefly 
the  most  important  steps  in  the  process. 

The  first  writer  on  formal  algebra  was  Diophantos,  who  lived 
at  Alexandria,  in  Egypt,  about  a.d.  275.  Most  of  his  work  that  is 
preserved  is  devoted  to  the  solution  of  problems  that  lead  to  equsr 
tions.  So  far  as  we  know  he  was  the  first  to  indicate  the  unknown 
number  by  a  single  letter,  in  this  respect  being  far  in  advance  of 
many  mathematicians  who  lived  much  later.  It  is  a  little  remarkable, 
in  fact,  that  so  able  and  original  a  man  as  Diophantos  should  have 
exerted  so  little  influence*  on  his  successors.  He  solved  his  quadratic 
equations  by  a  method  not  unlike  that  of  completing  the  square,  but 
his  imperfect  knowledge  of  the  nature  of  numbers  made  it  impossible 
for  him  to  understand  the  entire  significance  of  the  process.  Though 
he  made  every  effort  not  to  consider  equations  whose  roots  were  not 
positive  integers,  sometimes  they  would  creep  in,  and  under  such  cir- 
cumstances, when  his  method  led  him  to  a  negative  or  irrational  root, 
he  rejected  the  whole  equation  as  absurd  or  impossible.  Even  when 
both  of  the  roots  were  positive  he  took  only  the  one  afforded  by  the 
positive  sign  in  the  formula  for  solving  a  quadratic. 

The  difficulties  of  Diophantos  are  typical  of  those  encountered  by 
mathematicians  for  the  next  fifteen  hundred  years.  The  difficulty 
lay  not  in  finding  a  formal  method  of  solving  the  equation,  but  in 
understanding  the  result  after  it  was  obtained.   The  meanings  of 
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negative  and  of  imaginary  numbers  have  been  two  of  the  most 
difficult  of  all  mathematical  ideas  for  men  to  grasp. 

Five  or  six  hundred  years  later  the  Hindus  devised  a  general  solu- 
tion of  the  quadratic,  but  their  chief  advance  over  Diophantos  lay 
in  the  fact  that  they  did  not  regard  an  equation  whose  roots  were 
negative  as  necessarily  absurd,  but  merely  rejected  the  negative  result 
with  the  remark,  **It  is  inadequate;  people  do  not  approve  of 
negative  roots."  The  Hindus,  however,  did  realize  that  a  quadratic 
equation  sometimes  has  two  roots,  a  fact  that  Diophantos  never 
comprehended. 

No  material  gain  in  the  understanding  of  the  solutions  of  the 
quadratic  can  be  found  until  the  seventeenth  century.  The  keenest 
mathematicians  of  the  sixteenth  century,  like  Cardan  and  Yieta, 
rejected  negative  roots,  though  by  this  time  irrational  roots  were 
admitted.  In  fact,  in  1544  Stif el,  a  German,  published  an  algebra  in 
which  irrational  numbers  are  included  among  the  numbers  proper. 
But  he  affirms  that  except  in  the  case  where  a  quadratic  equation 
has  two  positive  roots  no  equation  has  more  than  one  root.  It  was 
not  until  the  work  of  Descartes  and  Gauss  became  widely  known 
that  the  nature  of  the  roots  of  all  kinds  of  quadratic  equations  was 
completely  understood. 

117.  Systems  Involving  a  linear  and  a  quadratic  equation. 
A  qaadratic  equation  in  two  unknowns  contains  one  or  more 
terms  of  the  second  degree,  but  no  term  of  higher  degree 
in  those  unknowns.  Every  system  of  equations  in  two 
unknowns  in  whicli  one  equation  is  linear  and  the  other 
quadratic  can  he  solved  hy  the  method  of  substitution. 

EXAMPLE 

Solve  the  system  /  a:^  +  2/*  =  5,  (1) 

la:-y=l.  (2) 

Solution.    Solving  (2)  for  a:,  a:  =  1  +  y.  (3) 

Substituting  1  +  y  for  a:  in  (1),  (1  +  yy  +  y^  =  5.  (4) 

From  (4),  y"  +  y  -  2  =  0.  (5) 

Solving  (5),  y  =  1  or  —  2. 

BE 
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Substituting  1  for  y  in  (3),  a:  =  1  + 1  =  2. 

Substituting  -  2  for  y  in  (3),  ar  =  l-2  =  —  1. 

rar  =  2  ra?  =  — 1 

Therefore  {         -  and  <  ^  are  the  two  sets  of  roots. 

Check.  Substituting  2  for  x  and  1  for  y  in  |  ^H'     t^]Z^' 

Substituting  - 1  for  ar  and  -  2  for  y  in      /^J^'      J  1 1  -  ?' 

The  similarity  between  this  method  and  that  for  the  solution  of 
linear  systems  by  substitution  should  be  carefully  noted. 

The  method  of  the  preceding  solution  is  stated  in  the 

Rule.  Solve  tJie  linear  equation  for  one  unknown  in  terms 
of  the  other. 

Substitute  this  value  in  the  quadratic  equation  and  solve 
the  resulting  equation^ 

Substitute  each  of  the  roots  of  the  quadratic  equation 
thus  found  in  the  linear  equation^  and  solve^  thus  obtaining 
two  sets  of  roots  of  the  simultaneous  system. 

Cheeky  as  usual,  in  both  equations. 

EXERCISES 

Solve  the  following  systems,  pair  results,  and  check, 
set  of  roots :  I         ^  ^ '  V 

^      *'2aj+y  =  6.        7^a;-3y  =  5.  ^^^  +  2i=0. 

<!*•  a;«  +  y^=13.       ^  2x+y-^ms,   ^xy+12^0. 

'^^  0:^  +  2/^  =  25,    v.   a?^-^xy  =  25, 

Vj^3a:-4y  =  0.      ''•2^4.^=10.  ^* 

^'     CJ^^  +  ^y^^>        Vy^ga:«  +  3rry +  3^  =  22, 
Al^/o;  — y=9.  *2aj  =  y. 

'^2x^y  =10.  (3^  3aj  -  y  =10. 


;^ 
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PROBLEMS 
(Reject  all  results  which  do  not  satisfy  the  conditions  of  the  problem.) 

^lA  Find  two  numbers  whose  difference  is  3  and  the  differ- 
ence of  whose  squaxes  is  45. 

^yThe  sum  of  two  numbers  is  18  and  the  sum  of  their 
squares  is  170.   Find  the  numbers. 

3.  A  rectangular  field  is  39  rods  longer  than  it  is  wide  and 
its  area  is  10  acres.   Find  the  length  and  the  width. 

4.  The  difference  of  the  areas  of  two  squares  is  208  square 
feet  and  the  difference  of  their  perimeters  is  32  feet  Find  a 
side  of  each  square. 

5.  The  perimeter  of  a  rectangle  is  92  feet  and  its  area  is 
504  i^quare  feet.   Find  the  length  and  the  width. 

6.  The  base  of  a  triangle  is  5  inches  longer  than  its 
altitude.  Its  area  is  1^^^  square  feet.  Find  the  base  and  the 
altitude  of  the  triangle. 

7.  The  perimeter  of  a  rectangle  is  3  c  and  its  area  is  -^^ 

Find  its  dimensions. 

8.  Do  positive  integers  differing  by  3  exist  such  that  the 
sum  of  their  squares  is  115  ?   If  so,  find  them. 

9.  If  a  two-digit  number  be  multiplied  by  the  sum  of  its 
digits,  the  product  is  576.  If  three  times  the  sum  of  its 
digits  be  added  to  the  number,  the  result  is  expressed  by 
the  digits  in  reverse  order.    Find  the  number. 

10.  The  annual  income  from  a  certain  investment  is  (48.  If 
the  principal  were  $200  more  and  the  rate  of  interest  1  %  less,  the 
annual  income  would  be  $2  more.  Find  the  principal  and  the  rate. 

11.  A  wheelman  leaves  A  and  travels  north.  At  the  same 
time  a  second  wheelman,  who  travels  50%  faster  than  the  first, 
Ifeaves  a  point  3  miles  east  of  A  and  travels  east.  An  hour 
after  starting,  the^stance  between  them  is  17  miles.  Find 
the  rate  of  eachs 


CHAPTER  XXII 

RSVISW  OF  FIRST  YEAR  ALGEBRA 

On  the  student's  return  to  the  study  of  algebra  after  a 
considerable  interval  of  time,  some  of  the  principles,  defi- 
nitions, examples,  and  processes  studied  in  the  first  year's 
work  may  be  imperfectly  recalled  or  perhaps  wholly  for- 
gotten. In  the  review  material  which  follows,  many  ques- 
tions are  included  as  oral  exercises.  If  the  student  cannot 
answer  these  or  other  questions  pertaining  to  the  review, 
it  then  becomes  an  essential  part  of  his  work  to  look  up 
in  the  preceding  pages  the  points  involved  and  to  master 
them. 

FUNDAMENTAL  OPERATIONS 

118.  Order  of  fundamental  operations.  Review  section  10 
and  the  examples  on  page  14. 

EXERCISES 

1;  In  what  order  is  an  indicated  series  of  additions,  sub- 
tractions, multiplications,  and  divisions  carried  out  ? 

Simplify : 

2.  6  -  2  +  8  -  7.  6.  36  ^  4  . 3  -  8  +  2. 

3.  8  +  12-J.3-5.  7.  (19  -  3  . 5)  (8  -  5) -5- (14 -«- 7). 

4.  8.6 -s- 4.  8.  50-4(20-4.2)-?- 3 +  2.  7. 

5.  24  ^  2  -!-  3.  9.  12  -  8  ^  2  -f- 10  . 3  -  6  -t-  8  . 2. 

10.  (28  -^14  .  24  -s-  8  -  3  -f-10)(30  -f-3  ^-  6  -  2). 

11.  (16  -h  32  X  48  -^  8  -  8  -h  3)  +  (42  -fr-  6  .  7  -  42  -  6)  .  6. 

282 
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In  connection  with  the  rule  of  section  10  it  should  be 
noted  that 

If  the  multiplication  of  two  numbers  or  number  symbols  is  indi- 
cated by  juxtaposition  without  any  symbol  of  multiplication,  it  is 
customary  to  think  of  the  multiplication  as  already  having  been 

119.  Addition  and  subtraction.  Review  the  definitions, 
examples,  and  rules  of  Chapters  III  and  V. 

EXERCISES 

1.  What  is  the  result  of  addition  called  ? 

2.  How  are  positive  numbers  added  ?   negative  numbers  ? 
numbers  having  unlike  signs  ? 

3.  What  is  the  name  of  each  of  the  three  numbers  in  sub- 
traction ?   Illustrate. 

4.  What  are  similar  terms  ?   Illustrate. 

5.  What  is  a  monomial  ?   a  binomial  ?   a  polynomial  ? 

6.  How  can  the  correctness  of  the  result  of  subtraction  be 
checked  ? 

Add: 

7.  12,  -  8,  -t-  4,  -  3,  and  6. 

8.  4  a,  3  a,  —  la,  6  a,  and  —  2  a. 

9.  5  a  —  3  c  +  6,  2  a  —  6  c  +  11,  and  4  a  —  c  —  9. 

10.  3  s  —  4  ^  +  6,  —  7^  +  6^  -  8,  and  ^  +  s  -f  10. 

11.  a*  -  3  a  + 1,  -  2  a^  -  7a  +  6,  and  3  a*  -  4  +  5  df.- 

Subtract  the  second  expression  from  the  first : 
12.6a,4a.  15.  7a:^  -  10,  5ar»  + 20. 

13.  8a»,  15a».  16.  bx  -  6,  2a:  +  8. 

14.  4»  +  3,  8.T  +  6.        17.  cc^  -  5a;  +  6,  20?  ^%x-  10. 

18.  a^-4ac-3c^,  4a^  +  10ac-c^. 

19.  3a-2«>-6c,  4a  +  6&-7c-2.     
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20.  3a*-2c"-6ac,  5a^  +  4c2-3ac. 

21.  a;~  3^  +  «  —  4ac +  7aa;,  4a;  — ^-f  8  —  5aa5  + 9ac. 

22.  a^—c  +  Sx  —  c?m  —  800,  4a'  +  m  —  8«  —  lOac  +  4 a^ 

Eind  the  expression  which  added  to  the  first  will  give  the 
second : 

23.  3ir*- 6a:  +  2,  6«*  —  llic  + 8. 

24.  4«^-3ca;  +  c*,  10a:*  +  8caj-9A 

Find  the  expression  which  subtracted  from  the  second  will 
give  the  first : 

25.  4a*-2a5  +  ^^7a«--10aft  +  662. 

26.  <j"-6ca;  +  8a:«,  9x*-10caj  +  4  +  c». 

27.  From  the  sum  of  ^*  —  4#  -  9  and  3  ^*  —  8^  + 1  take  the 
sum  of  3  ^  -  6  +  4  ^»  and  5  -  8  ^^  +  4  ^. 

28.  From  the  sum  of  oa;  —  ac  —  4  c*  and  4  c*  —  3  oc  take  the 
sum  of  4 c^  —  8 ox  +  a^  and  4ac  +  3aa;  —  5A 

120.  Multiplication.    Review  the  definitions,  examples, 
and  processes  of  Chapter  VIII.   • 

EXERCISES 

1.  Illustrate  and  define :  exponent,  coefficient,  power,  abso- 
lute value  of  a  number. 

2.  What  is  a  literal  exponent  ?  Illustrate. 

3.  What  is  the  name  of  each  of  the  three  numbers  in 
multiplication?   Illustrate. 

4.  What  is  meant  by  arrangement  of  an  algebraic  expres- 
sion with  respect  to  a  certain  letter? 

5.  Arrange  a*  +^*  —  4a%  —  6a'^  +  4a^*  according  to  the 
descending  powers  of  5. 

6.  Arrange  ^•  —  3^  —  5  +  ^  —  2^^  according  to  the  ascend- 
ing powers  of  t ;  according  to  the  descending  powers  of  t, 

7.  Is  arrangement  of  multiplier  and  multiplicand  in  the 
same  order  desirable  ?  Why  ? 
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8.  In  multiplication  of  monomials  how  is  the  coefficient 
of  the  product  determined?  the  sign  of  the  product?  the 
exponent  of  each  letter  in  the  product? 

9.  Using  literal  exponents,  state  in  symbolic  form  the 
law  governing  the  exponents  of  the  like  letters  in  multiplier, 
multiplicand,  and  product. 

10.  How  can  the  correctness  of  the  result  of  multiplication 
be  checked  ? 

Perform  the  indicated  multiplication : 

11.  (6a;^- 3a  +  4)3a;.     14.  (x^  _  aj  +  2) (3 a;  -  4). 

12.  (3a;-6)(4aj-f  3).      15.  (2x^  -  5x  +  S)(x' -  5x  +  6). 

13.  (28-St)(^s  +  5t),   16.  (a*  +  2a2-4)(aa-2a-3). 

17.  (^*-2^4-6)(^*-3^-^^. 

18.  (2s^  -  Sst  +  t^(s^  +  5st  -  4:t^. 

19.  (a^  -  ac  +  <^(a^  +  (^  -h  ac). 

20.  (a^  +  2ab  +  h^  {aj'  +  h-  ah). 

21.  (4:h''  +  eic"  +  9 hk)(4:h^  +  eic^ -  9 hk). 

22.  (2a2-3c«  +  4ac»)(2a^-3c«-4ac»). 

23.  (t^  +  l-i-  t)(t''  +  1  -  ^«)(^*-|-  1  -  t). 

24.  (or* -f  92^*  + 16 +  3a;y-4aj  +  12y)(a;-3y  + 4) 

Find  the  value  of : 

25.  Sa^  +  2x  +  5ilx  =  5. 

26.  3^^ -4^ +  8  if  ^=-3. 

27.  9  -  8  ^  +  6  ^^  -  3  ^»  if  ^  =  2. 

28.  2a»-3a»c  +  4ac2-3c2if  a  =  3andc  =  -2. 

29.  Does  15(x  -  a)-  e(x  +  a)=  S(5a  -  Sx)  iix  =  2a? 

30.  Does  ax(a  +  3)  -{-  a(10  -  a^=  X  +  3  ii  X  =  a  —  S  ? 

31.  Does 7 —7  = 11 — z ifa  =  0?  ifa;=— 2? 

X  —  1      05+1  ar  —  1 


286      COMPLETE  SCHOOL  ALGEBKA 

121.  Division.   See  Chapter  X  for  examples  and  rules. 

EXERCISES 

1.  In  division  of  monomials  how  is  the  coefficient  of  the 
quotient  determined?  the  sign  of  the  quotient?  the  expo- 
nent of  the  letters  in  the  quotient  ? 

2.  Using  literal  exponents,  state  in  symbolic  form  the  law 
governing  the  exponents  of  like  letters  in  multiplication  and 
division. 

3.  What  is  the  name  of  each  of  the  three  numbers  in 
division  ?   Illustrate. 

4.  How  can  the  correctness  of  work  in  division  be  checked  ? 

Perform  the  indicated  division : 
6.  (2a^'-5x  +  S)-i'(2x-Sy 
6.  (6x»-13aj  +  6)-!-(3-2cc). 

8.  (6a»  +  6a^-28-26a)-*-(2a  +  4). 

9.  (6a;«- 5a;* +  25a»- 17 iB*)-*.(5a^-2a^. 

10.  (s•-7s«-8)-^(5^  +  4^-25). 

11.  (x*'-'5a^x  +  2a')'i-(a^  +  2ax-a^. 

12.  (2t*  -12t^  -  2  +  llt  -7  t')-i-(l-'  3t  -  2t^, 

13.  (32x*  -  60  -  2x  -lOAa^  -\-  92x^^(5  +  6x  -  4tx^^. 

14.  (a^  -  2ab  +  Ir^  -  9x^-i-(Sx  +  b  -  a). 

15.  (4:bc  +  l-4:<?--b^-^(2c-b-l). 

16.  (27a-18aZ»^-3a«  +  3aZ>*)-r-(3-«'2-f  a*)- 

17.  (3aj*  +  9x2  +  2  -  5a;  -  8a;»  -  a;*)-j.  (a;  -  1)^ 

18.  (4:a^  +  9  -  4:ab  +  b^  -  6b  +  "12 a)-i-(b  -  S  -  2a). 

19.  (a;»  +  87/^  +  125-30a:y)-s-(a;  +  2y  +  5). 

20.  (x«  +  y«  +  «•  -  3xj/z)^(x  +  y  +  z). 
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122.  Removal  and  insertion  of  parentheses.  See  Chapter 
VII  for  examples,  principles,  and  rules. 

EZERCISBS 

Remove  parentheses  and  simplify : 

1.  a4-(a-*)-(a-3*).  3.  Sb -[(a  -  b)-(c  -  a)'], 

2.  a  — (a  — c)  + (2c-3a).         4.  2c  —  2(a  —  c)-l- 3(c  —  a). 

5.  x  —  y  +  S(x  —  y)—4:(2x  —  yy 

6.  4a;-a+[-(3(j-ar)-(2a-3aj)]. 

7.  a-[-(a-3)  +  (3c-2a)-5a]+6c. 

8.  a;  -  3  -(a  ■^2x)-'[2(a  -  «  -  5)-  3(6  -  2a)]. 

9.  (2  ^2 -3^) -2  ^(3  +  ^). 

10.  (a  +  b)a  -(a  —  b)b  +  Sab. 

11.  4x*-3a«-(a-2a;)(3a;-a). 

12.  (x  -  4:)(x  -  S)-(x  -S)(x  +  2). 

13.  Sa(a  --  b)-'(a  +  b)(a  —  b). 

14.  (aj-3)(aj-4)-(a;-.5)(a;-f  3). 

15.  6a;-[-(a-c)  +  (3c-4a)]. 

16.  7c -[(3c -4)- 6 -(4a;- 3a -c)]. 

17.  4a;-2(a;-3)-3[aj-3(4-2aj)+8]. 

18.  Sx  -  2[1  -  3(2 a;  -  3  -  a)-  6{a  -(3a;  -  2  a)  -  4}]. 

Without  changing  their  values,  rewrite  the  following  trino- 
mials so  that  the  last  two  terms  are  in  a  parenthesis  (a)  pre-' 
ceded  by  a  plus  sign,  (b)  preceded  by  a  minus  sign. 

19.  a;  —  y  —  3.  22.  a;  +  y  +  «.  25.  2 a;  +  5y  —  «. 

20.  2aB  +  y  — 8.        23.  x  —  Sy  +  4^z,      26.  3a;— 82^+6«. 

21.  7a;  — 4y-|-10.      24.  3a;-|-4y— 7«.      27.  x  —  y  —  z, 

123.  Important  special  products.  Certain  products  are 
of  frequent  occurrence.  These  forms  should  be  learned  so 
that  one  can  write  or  state  such  results  without  the  labor 
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of  actual  multiplication.  In  addition  to  the  four  special 
products  of  pg»ges  105-111  the  three  special  products  which 
follow  should  be  mastered. 

The  square  of  the  polynomial  a+b—c  gives  the  formula 

(a  +  6- c)»  =  fl»  +  6*  +  c»+ 2a&- 2ac- 26c. 

This  may  be  expressed  in  words  as  follows: 

The  square  of  any  polynomial  is  equal  to  the  sum  of  the 
squares  of  each  of  the  terms  plus  tmce  the  algebraic  product 
of  each  term  by  every  term  that  follows  it  in  the  polynomial. 

The  cube  of  the  binomial  a  +  6  gives  the  formula 

(a+by  =  <f  +  Z<fb  +  3aV  +  V. 

This  may  be  expressed  in  words  as  follows : 

The  cvhe  of  the  sum  of  two  numbers  equals  the  cube  of  the 
first,  plus  three  times  the  square  of  the  first  times  the  second^ 
plus  three  times  the  first  times  the  square  of  the  second^  plus 
the  cube  of  the  second. 

Similarly, 
This  can  be  expressed  verbally  in  a  similar  manner, 

ORAL  EXERCISES 

State  the  result  of  the  indicated  multiplication : 

1.  («  +  6)^.  4.  (3  a;  -  6)1  7.  (p?  -  x)\ 

2.  (3aj  +  2)».  b.{x  +  7a)\  8.  (a*  +  3a)« 

3.  {x-2)\  6.  (2aj-3y)^  9.  {x-b)(x  +  B). 

10.  (aj  +  3)(x  +  4).  14.  (2aj-l)(2aj+l). 

11.  (a;  +  l)(x  +  7).  15.  (4a;  -  3  c) (4a;  +  3c). 

12.  {x  —  3)  (a;  —  5).  16.  (ax  —  c)  {ax  +  c). 

13.  (x  -  3)(»  +  4).  17.  (3a  +  2a;)(2a;  -  3a). 
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18.  (x  +  2)(2a;  -  9).  29.  (a  +  ft  +  c  +  df  = 

19.  (oaj  -  3)  (oaj  +  5).  aJ"  j^  V"  ^  (?  +  d^ 

20.  (3x  +  l)(3x  +  4).  +2ah^2ac  +  2ad 

«  «  +2bc  +  2bd 

21.  (a«-3a)(a«  +  4a).  ^         ^^^^ 

22.  (a  +  ft  +  c)l  30,  («4.c  +  a;  +  eO». 

23.  (a  +  c-aj)^  31,  (,,  +  5  +  c-aj)l 

24.  (a-c  +  aj)l  32,  (aj-y-c-a)^ 

25.  (a-c  +  1)^.  33.  (^  +  2a4-c  +  y)*. 

26.  (a  +  c  +  6)l  34.  (Sx  +  a  +  y-cf. 

27.  (a- 3a; +  2)1  35.  (2a  -  c  -  3a; +  2^)^ 

28.  (a  -  3  ft  -  c)«.  36.  (a  +  c)«. 

37.  (a  +  2)».  40.  (1  -  a)«.  43.  (a^  -  a)». 

38.  (a  -  xy.  41.  (a  4-  2  a;)».  44.  (a?  +  2  a;)«. 
89.  (a  -  2)«.                42.  (3  a  -  x)\  45.  (2  a  -  3  a;)«. 

LINEAR  EQUATIONS  IN  ONE  UNKNOWN 

124.  Definitions.  For  definitions  and  illustrations  of  an 
equation  and  of  an  axiom  see  pages  39-40 ;  of  an  identity, 
of  an  equation  of  condition,  and  of  the  root  of  an  equation 
see  pages  54-55.  The  foregoing  ideas  are  used  in  the 
solution  of  the  follawing: 


EXAMPLE 

Solve  -^ —  -  =  a;  4-  7. 


Solution.                         ^^     o  =  ^  +  "^^ 

(1) 

Multiplying  each  member  of  (1)  by  2, 

(Att.  ni) 

5a;-l  =  2a?+14. 

(2) 

Adding  1  to  eB<5h  member  of  (2), 

(Ax.  I) 

6a^  =  2a?  +  15. 

(3) 
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Subtracting  2  x  from  each  member  of  (3),  (Ax.  II) 

3  a:  =  15.  (4) 

Dividing  each  member  of  (4)  by  8,  CAx.  IV) 

ar  =  5.  (5) 

Check.   Substituting  5  for  x  in  (1),  we  have 

i^  -  ^  =  5  +  7,  or  12  =  12. 

Since  substituting  5  for  x  satisfies  (1),  5  is  the  root  of  (1). 

125.  Transposition  in  equations.  For  the  definition  and 
illustrations  of  transposition  see  pages  56-57. 

126.  Equivalent  equations.  Two  or  more  equations  in 
one  unknown,  even  if  of  very  different  form,  are  equivalent 
if  all  are  satisfied  by  every  value  of  the  unknown  which 
satisfies  any  one  of  them. 

Equations  (2),  (8),  (4),  and  (5)  of  section  124  are  each 
equivalent  to  equation  (1)  and  to  each  other,  for  all  are 
Botisfied  by  the  same  value  of  the  unknotvru 

Of  the  four  axioms  or  assumptions  of  section  27  we 
make  constant  use.  If  the  "  same  number  "  referred  to  in 
each  axiom  does  not  contain  an  unknown,  the  result  is 
always  an  equation  equivalent  to  the  original  one.  Further, 
if  identical  expressions  involving  the  unknoum  be  added  to  or 
subtracted  from  each  member  of  an  equation,  the  resulting 
equation  is  equivalent  to  the  first.  If,  however,  both  mem- 
bers of  an  equation  be  multiplied  by  identical  expressions 
containing  the  unknown,  the  resulting  equation  mat/  not 
be  equivalent  to  the  original  one. 

Multiplying  each  member  of  the  equation  a:  —  2  =  3  by  ar  —  1,  we 
get  a:"  —  3ar  +  2  =  3x  —  3,  or  a:*  —  6a;  +  5  =  0.  Now  this  last  equa- 
tion has  the  roots  1  and  5,  whereas  the  given  equation  has  the  root  5 
only.  Here  the  root  1  was  introduced  by  multiplying  the  given 
equation  by  a;  —  1.  Results  obtained  from  the  use  of  Axiom  III  with 
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multipliers  which  contain  an  unknown  should  always  be  carefully 
checked.  When  a  root  is  obtained  which  does  not  satisfy  the  original 
equation,  this  root  should  be  rejected. 

The  use  of  Axiom  IV  when  the  divisor  contains  the 
unknown  may  result  in  the  loss  of  a  root  which  the  process 
of  checking  will  not  discover.  If  an  equation  is  divided 
by  a  factor  containing  an  unknown^  thi%  factor  shoidd  be  aet^ 
equal  to  zero.  The  root  of  the  equation  thus  obtained  is 
a  root  of  the  given  equation. 

For  example,  if  each  member  of  a;*  —  4  =  3  a;  +  6  is  divided  by 
z  +  2,  the  result  is  a:  —  2  =  3,  whence  a:  =  5.  Since  the  equation 
x^  —  4  =  3a:  +  6is  satisfied  by  a;  =  6,  then  5  is  a  root  of  it. 

But  a:  =  —  2  satisfies  a;*  —  4  =  3a;  +  6.  This  root  would  be  lost 
by  dividing  by  ar  +  2  and  solving  the  resulting  equation. 

With  these  and  certain  other  rare  exceptions  which  will 
be  noted  later,  the  application  of  the  axioms  will  produce 
an  equation  equivalent  to  the  given  one. 

For  solving  equations  in  one  unknown  which  do  not 
involve  fractions  we  have  the 

Rule.    Free  the  equation  of  any  parentheses  it  may  contain^ 
Transpose  and  solve  for  the  unknown  involved. 
R^ect  all  values  for  the  unknown  which  do  not  satisfy  the 
original  equation. 

127.  Checking.  For  checking  the  values  obtained  from 
the  solution  of  an  equation  see  page  42. 

EXERCISES 

Solve,  and  check  the  results  as  directed  by  the  teacher : 

1.  5a; -4-1  =  2a; +  7.  3.  16a;  =  3(4a;  -  5). 

2.  l  +  aj  +  5a;  +  17  =  0.  4.  2(a;  +  2)-(a;  +  6)=  0. 

5.  3(2a; -7)- 2(5 -2a;)  + 1  =  0. 

6.  3(a;  +  2)-5(2a;-3)=0. 
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7.  4(4a;-l)+3-2(3  +  a;)=0. 

8.  4(x-2)+3(2-a;)-3a;  =  6(a;  +  l). 

9.  (a; +  !)(«- 2)=  aj«  4- 3. 

10.  (4a;-3)(2a;-6)-(4a;-7)(2a;-l)=0. 

11.  (aj  +  2)^  +  48=(a;-4)l 
\     12.  (oj  +  4)«  -  (2  -  «)«  =  84. 

13.  (a;  +  3)(6x  +  5)-(2a:-|-4)(3a;-8)=38. 

14.  (y-4)(6-y)  +  (y  +  2)(2/-4)=0. 

15.  (a;  +  4)(aj  +  3)  =  (a;  +  2)(aj-|-l)+42. 

16.  Give  an  illustration  of  a  numerical  identity. 

17.  Describe  the  process  of  transposing  a  term  from  one 
member  of  an  equation  to  the  other. 

18.  What  is  the  essential  difference  between  an  identitj  and 
an  equation  of  condition  ? 

19.  ic  —  2  a  =  4  a  —  05. 

20.  Ss  —  x  =  x  —  4:r. 

21.  ax  —  2ab  =  4:ab  —  ax, 

22.  m(x  —  5 a)  —  S m(a  —  x)  =  0. 

23.  x(b  +  a)=  ab  +  a\ 

24.  x(a  —  c)  =  a^  —  c^, 

25.  oic  —  2  cau  =  a^  —  4  c^. 

26.  2aa;  — 4a2-f-4a  =  l  f  «. 

27.  a4K  -i- 1  —  a^  =  x. 

28.  (x  +  a)(x  +  b)=  a?  +  2 a^  +  Sab. 

29.  (a  — -  c)(x  —  m)  =  (m  —  c)(x  —  a). 

30.  a^  —  a^  +  Sax  =  S  —  10a-^x. 

31.  c(l  +  a;)+w(aj  +  l)-a;(m  +  c-f-l)=0. 

32.  Form  an  equation  in  x  which  has  the  root  9 ;  the  root  — 15. 
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128.  The  solution  of  problems.  Review  the  steps  of  a 
solution  as  stated  and  illustrated  on  pages  45-46. 

PROBLEMS 

1.  One  number  is  five  times  another,  and  their  sum  is  102. 
What  are  the  numbers? 

2.  The  sum  of  two  numbers  is  54.  Twice  one 'of  them 
equals  ten  times  the  other.   What  are  the  numbers? 

3.  The  sum  of  three  consecutive  even  numbers  is  1044. 
Find  the  numbers. 

4.  Of  four  consecutive  numbers  the  product  of  the  sec- 
ond and  fourth  exceeds  the  product  of  the  first  and  third  by 
201.    Find  the  numbers. 

5.  One  pupil  is  four  years  older  than  another.  Eight  years 
ago  the  first  was  twice  as  old  as  the  second.  Find  their  ages  now. 

6.  Two  men  are  48  and  18  years  of  age  respectively.  How 
many  years  hence  will  the  older  be  twice  as  old  as  the  younger  ? 

7.  One  man  is  three  times  as  old  as  another.  Fifteen  years 
ago  the  first  was  six  times  as  old  as  the  second.  Find  their 
ages  now. 

8.  A  is  twice  as  old  as  B,  and  C  is  three  times  as  old  as  D. 
B  is  8  years  older  than  D.  In  ten  years  the  sum  of  their  ages 
will  be  113  years.   How  old  is  each  ? 

9.  A  certain  square  plot  is  surrounded  by  a  border  6  feet 
wide.  The  area  of  this  border  is  816  square  feet.  What  is  the 
side  of  the  square  ? 

10.  A  certain  picture  is  4  inches  longer  than  it  is  wide,  and 
the  frame  is  2  inches  wide.  The  area  of  the  framed  picture 
is  192  square  inches  greater  than  that  of  the  picture  alone. 
What  are  the  dimensions  of  the  picture  ? 

11.  Can  a  rectangle  of  perimeter  112  inches  be  drawn  which 
has  a  length  5  inches  greater  than  twice  the  width?  If  so, 
find  its  dimensions. 
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12.  A  sum  of  $15.75  consists  of  dollars,  quaxters,  and  dimes. 
If  there  are  6  more  quarters  than  dollars,  and  twice  as  many 
dimes  as  quarters,  find  the  number  of  coins  of  each  kind. 

13.  A  collection  of  109  coins  is  made  up  of  quarters,  dimes, 
and  nickels.  There  are  7  fewer  dimes  than  quarters,  and  3 
less  than  five  times  as  many  nickels  as  dimes.  Find  the 
amount  of  the  collection. 

14.  The  sum  of  the  digits  of  a  certain  two-digit  number 
is  14.  If  the  order  of  the  digits  is  reversed,  the  number  is 
decreased  by  36.    Find  the  number. 

15.  The  digits  of  a  certain  three-digit  number  are  consecutive 
odd  numbers.   If  the  sum  of  the  digits  is  15,  find  the  number. 

Facts  from  Geometry.  The  area  of  a  circle  is  the  square  of 
the  radius  multiplied  by  7r(7r  =  ^^-  nearly),  or  ^  =  irR^. 

The  circumference  of  a  circle  equals  the  diameter  times  tt. 
The  usual  formula  is  C  =  2  irR, 

16.  If  the  radius  of  a  given  circle  is  increased  14  inches,  the 
area  is  increased  1232  square  inches.   Find  the  first  radius. 

17.  By  adding  2  inches  to  the  radius  of  a  circle  whose  radius 
is  8  inches,  how  much  is  the  circumference  increased?  the  area  ? 

18.  Substitute  R  inches  for  8  inches  in  Problem  17  and 
solve.   Interpret  your  results. 

19.  Imagine  that  a  circular  hoop  1  foot  longer  than  the  cir- 
cumference of  the  earth  is  placed  about  the  earth  so  that  it 
is  everywhere  equidistant  from  the  equator  and  lies  in  its  plane. 
How  far  from  the  equator  will  the  hoop  be  ? 

20.  Compare  the  result  of  Problem  19  with  the  one  obtained 
when  a  similar  process  is  carried  out  with  a  sphere  18  inches 
in  diameter,  instead  of  with  the  earth. 

21.  The  rope  attached  to  the  top  of  a  flagpole  is  5  feet 
longer  than  the  pole.  The  lower  end  of  the  rope  just  reaches 
the  ground  when  taken  to  a  point  25  feet  from  the  base  of  the 
pole.   Find  the  height  of  the  pole. 
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FACTORING 

129.  Definition  of  factoring.  Factoring;  is  the  process  of 
finding  the  two  or  more  algebraic  expressions  whose 
product  is  equal  to  a  given  expression. 

In  iniiltiplication  we  have  two  factors  given  and  are  required  to 
find  their  product.  In  division  we  have  the  product  and  one  factor 
given  and  are  required  to  find  the  other  factor.  In  factoring,  how- 
ever, the  problem  is  a  little  more  difficult,  for  we  have  only  the 
product  given,  and  our  experience  in  multiplication  and  division  is 
called  upon  to  enable  us  to  determine  the  factors. 

130.  Rational  expressions.  An  algebraic  expression  which 
can  be  written  without  the  use  of  indicated  roots  of  the 
letters  involved  fl5  rational  in  these  letters. 

Thus  2,  5  a;,  3  ^  —  V2,  and  a^  are  rational  expressions  with  respect 
to  the  letters  involved.  In  this  chapter  factors  which  involve  radicals 
(literal  or  numerical)  will  not  be  sought. 

131.  Integral  expressions.  If  a  rational  expression  can 
be  written  so  as  not  to  involve  an  indicated  division  in 
which  an  unknown  letter  occurs  in  a  denominator,  it  is 
said  to  be  integral. 

Thus  3,  7  a,  ->  and  4  a:  —  3  are  integral  expressions  with  respect  to 
5 

the  letters  involved.   In  this  chapter  factors  which  involve  fractions 
wiU  not  be  sought. 

132.  Prime  factors.  An  integral  expression  is  prime  when 
it  is  the  product  of  no  two  rational  integral  expressions 
except  itself  and  1. 

It  must  be  remembered  that  to  factor  an  integral  expres- 
sion means  to  resolve  it  into  its  prime  factors. 

The  methods  of  this  chapter  enable  one  to  factor  integral  rational 
expressions  in  one  letter  which  are  not  prime,  as  well  as  some  of 
the  simpler  expressions  in  two  letters.  No  attempt  is  made  even  to 
define  what  is  meant  by  prime  factors  of  other  expressions. 
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133.  Polynomials  with  a  common  monomial  factor.  Study 
the  examples  on  page  116. 

ORAL  EXERCISB8 

Factor: 

1.  3a  +  6.  7.  2o  +  A:<?^2cd. 

2.  6aj  + 15.  8.  4a  — 10a*— 2a» 

3.  a^+a.  9.  6ao  — 36c  +  3c. 

4.  ^s^-Zqc.  10.  14a*-7a»  +  7a«-7a. 

5.  cd  +  <?cP.  11.  3c*-6c*+9c»-16c*. 

6.  A-21A%.  12.  10a;y-2a;2/»+2ar^y«-2«y. 

13.  State  the  method  you  have  employed  in  factoring  the 
foregoing  exercises.  ^ 

134.  Polynomials  which  may  be  factored  by  grouping 
terms  and  taking  out  a  common  binomial  factor.  Study 
the  examples  on  page  117. 

EXERCISES 

Separate  into  polynomial  factors : 

1.  2(a  +  *)  +  a;(a  +  ft).  5.  A(m +3n)- 2A:(m  +  3n). 

2.  3(6  +  5)  +  a(5  +  6).  6.  x(r  —  8)+  y{s  -  r). 

3.  a{c  —  d)'-h{c-'  d).  Hint.  Write  in  the  form 

4.  2(x  — y)— a;(a;  — y).  x(r-«)-y(r-«). 

7.  5r(3m-2n)-2s(2?i-3m). 

8.  ac  +  2cx  +  Saj/  +  6xy. 

9.  cc?-3c/+2(£-6/. 

10.  r^5  +  2rs-  3r^-6rf. 

11.  a^-3a2^-3ajV  +  9y^- 

12.  ax  +  ay  +  bx  +  bj/  +  CX  +  cy, 

13.  mr  —  2r  +  mS'~2s-\-mt  —  2t 

14.  State  the  method  you  have  employed  in  factoring  the 
foregoing  exercises. 
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135.  Trinomials  which  are  perfect  squares.  Study  the 
examples  and  rules  on  pages  121-122. 

ORAL  EXERCISES 

Separate  into  binomial  factors : 

1.  a^+2ax  +  0?.  5.  16  —  8  oa;  +  ah?, 

2.  a?-2xy  +  y^,  6.  (a-f  ft)^- 2(a  +  6)  +  l. 

3.  4_4a.  +  a;2.  7.  (r- 5)^- 6(r  -  s)  + 9. 

4.  r»  — 10rs  +  26s^.  8.  9  +  6 (a  +  a?) -f  (a -|- a)'. 

9.  16-S(a-2x)  +  (a-'2xy, 

10.  (a  +  by-6(a  +  b)(c  -  c[)+9(c  -  d)\ 

11.  a^"  -  12  a"  +  36. 

12.  a;2«  _  14  ^^^V  +  49  jr^^ 

13.  State  the  method  employed  in  factoring  the  foregoing 
exercises. 

136.  A  binomial  which  is  the  difference  of  two  squares. 
Study  the  examples,  solutions,  and  hints  on  pages  124  and 
126. 

EXERCISES 

Factor: 

1.  a"-a?.  6.  25a2-36&V.  11.  a;*-l. 

2.  a?- 9.  7.  a*-25&*.  12.  a;«-l. 

3.  16-«*.  8.  ay -9.  13.  16 -a*. 

4.  a2-165^.  9.  a* -16.  14.  625  -  a;*. 

5.  16  a^  -  25  2/».  10.  a*  -  h\  15.  81  -  c\ 

16.  State  the  method  em-  20.  9(a- 3y)^  — 16«^ 
ployed  in  factoring  the  fore-  2I.  d^—(h  +  c)\ 
going  exercises.  22.  4  A^  -  (r  -  «)*. 

17.  a*  -  aj«.  23.  9 m^  -  4(n  +  3)*. 

18.  {a  -  2)«  -  t?.  24.  (a  -  cf  -  ((^  +  e)l 

19.  16(a;  -  yf  -  z\  25.  a{r  4-  2s)«  -  a(a;  -  y)* 
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26.  4a(a-a;)*-9a(c  — 2dr)*. 

27.  m^  +  2mn  +  n* -(a^  —  2xy  +  ^. 

28.  a?  -  2xy  +  y*  -  a*  -  2a^  -  6». 

29.  a*  -  22a  +  121  -  5«  +  205c  -  lOOc*. 

30.  4c*-a*-2a5-6'.  33.  r»  -  r«  - (r*  -  «*). 

31.  49a;*-493^-14y-l.  34.  m  +  n-m*  +  n^ 

32.  a^^y^-ia-h).  35.  r*- r  -  3«  -  9«*. 

137.  Quadratic  trinomials.   Study  carefully  the  examples 
on  page  128. 


EXERCISES 


Separate  into  binomial  factors : 

1.  x*-f  5  a;  +  6. 

2.  a?'\'lx^l2. 

3.  ci«  +  ll<^  +  18. 

4.  c»-2c-36. 

5.  r»  -  r  -  90. 

6.  9-10a;H-a*. 

7.  r*-4rs  +  3s^. 

8.  m*  — 7m7i  +  10n^ 

9.  l-|-2n-24nl 

10.  (a  +  6)'-2(a  +  5)-8. 

11.  (a;-y)«  +  4(»-y)  +  3. 

12.  a***  + 12  a~  +  35. 

13.  c*«-7c«-18. 

14.  State  the  method  em- 
ployed in  factoring  the  fore- 
going exercises. 

15.  2ar»  +  5a;  +  2. 

Hint.  Study  the  examples  on 
pages  130-131. 


16.  4a'»-|-7a-|-3. 

17.  3iB^-hl3a;-hl2. 

18.  3  X* -h  17  a; -h  10. 

19.  4«*  +  8a;-|-3. 

20.  2h^-6b  +  2. 

21.  6(r»-t-7c-h2. 

22.  3a:* -11a -I- 8. 

23.  10a^-29aj  +  10. 

24.  12x'-llxy  +  2f. 

25.  2a*  +  3a-2. 

26.  2a*- a -15. 

27.  9a*  +  3a -2. 

28.  12r*-fl0r-12. 

29.  6a*-lla»ft-7a*ft*. 

30.  ea^  +  lOoV--^^!^- 

31.  2x*  +  5ay-12y*. 

32.  6a**-7a~-h2. 

33.  3a*«-10a~-8. 

34.  lOa^^-a'^-S. 
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138.  Expressions  reducible  to  the  difference  of  squares. 
The  type  form  is        ^  +  k[fV  +  V'. 

If  h  has  such  a  value  that  the  trinomial  is  not  a  perfect 
square,  a  trinomial  of  this  type  can  often  be  written  as  the 
difference  of  two  squares.  Thus,  if  A  =  1,  the  addition  and 
subtraction  of  a^l^  accomplishes  this  result. 

EXAMPLES 

1.  Factor  a*  +  a%^  +  b\ 

Solution,     a*  +  a^b^  +  5*  =  a*  +  2  a^b^  +  J*  -  a^b^ 

=  (a«  +  b^y  -  (aby 
=  (a«  +  J*  +  ab)(a^  +  b^-ab). 

2.  Factor  49  A*  +  34  h^Ic^  +  25  k\ 

Solution.  If  86  A^ik*  is  added,  the  expression  becomes  a  perfect 
trinomial  square.  Adding  and  subtracting  86  h^i^,  we  have 

49  A*  +  84  AW  +  25  ifc*  3=  49  A*  +  70  A«ifc«  +  26  A:*  -  86  h^k^ 

=  (7*2  +  6*2)2- (6  Aifc)a 
=  (7  A*  +  6  ifc2  +  6  Aifc)  (7  A2  +  5  ifc«  -  6  Al:). 

EXERCISES 

Factor : 

1.  aj*  +  xV  ^  y4  11.  25aj*  -  19a?  +  9. 

2.  c^  +  (?€p  +  d^.  12.  9aa5«-28aa;V  +  4ay«. 

3.  a*  +  a*5*  +  b^  13.  4a«a;  +  3aWaj  +  9b^x. 

4.  a*  +  3a2&2  +  454  ^4,  4a* +  1. 

5.  m*  +  w?  +  t.  Hint.  4a*  +  l  = 

6.  x*  +  6a?  +  9.  4a*  +  4a2  +  l-4a2. 

7.  o*  +  4c2  +  16.  15.  c*  +  4c?*. 

8.  26a*-19a*  +  l.  16.  64aV  +  ar». 

9.  25a;*-lla^+l.  17.  4a*~H-5*~. 
10.  4?^  -  447^*2  +  49s*.  18.  a;*"*  +  4y*^ 
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139.  A  binomial  the  sum  or  the  difference  of  two  cubes. 
Study  the  examples  on  page  133. 

EXERCISES 

Factor : 

1.  a*  +  d\  8.  m»-(2n)».  15.  125ic«  +  8y«. 

2.  »•  +  2».  9.  8a;"  -  y».  16.  (a  +  by  +  c«. 

3.  d*  +  8.  10.  125  -  a?.  17.  m"  -  n"  -  m  +  w. 

4.  ar»  +  125.  11.  a»  +  (ft^«  18.  ««-8y«  +  a;-2y. 
5.a^-f,  12.  (?•  +  !?.  19.  r»-8««+r-2s. 

6.  ir»  -  2».  13.  w«  -  n\  20.  »»•*  +  i«* 

7.  m«  -  64.        14.  (2  a)»  -  (3  ^)«.       21.  a»"*  -  5»*. 

22.  Describe  the  process  of  factoring  the  sum  of  two  cubes ; 
the  difference  of  two  cubes. 

140.  The  Remainder  Theorem.  If  any  rational  integral 
expression  in  x  be  divided  by  x  —  n^  the  remainder  is  the 
same  as  the  original  expression  with  n  svJbstitvted  for  x. 
Although  a  proof  of  this  fact  is  too  difficult  for  inclusion 
here,  its  truth  is  illustrated  in  the  following : 

EXAMPLE 

Divide  «*  —  6a; +  6  by  aj  —  nw 


Solution.  0:3-  5a; +  6 

x*—    fix 


X  —  n 


X  +  (n  -  5) 


(n-5)x  +  6 

(n  --  5)  X         —  n'  +  5  n 

n^  —  5  »  +  6  =  Remainder 

Here  the  remainder  n* — 5  n + 6  is  the  same  as  a?  —  5  a; + 6, 
tl^e  given  expression,  when  n  is  substituted  for  x. 
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EXERCISES 

1.  Divide  x^  +  bx  +  chyx  —  n  and  show  that  the  remain- 
der is  n^  +  bn  +  c. 

2.  Divide  x^  +  bx  -\-  chj  x  —  a  and  find  the  remainder. 

3.  Divide a;*+  (ix^+  bx  +  chj x^n  and  find  the  remainder. 

4.  In  (x^  +  ar^  —  5  X  +  3)  ^  (cc  —  2)  find  the  remainder  (a)  by 
division,  (b)  by  the  Remainder  Theorem. 

Solution  (b),  2^  +  2^-  5  -2  '+  3  =  5. 

5.  In  (x'*  —  x  +  5)  -^  (x  —  3)  find  the  remainder  (a)  by  divi- 
sion, (b)  by  the  Remainder  Theorem. 

By  use  of  the  Remainder  Theorem  find  the  remainders  in  the 
following: 

6.  (x»  +  a:^^5x  +  S)-¥-(x  -  3). 

7.  (a;»-3aj-15)^(a;  +  4). 

8.  (a^-2x2-100)-5-(aj-5). 

9.  (aj»-2x2-2aj-3)-5-(a;-3). 
10.  (a;*-2a^  +  a:-2)-^(a;-2). 

141.  Factor  Theorem.  By  substituting  2  for  rr  in  a?— 5  x+6 
we  obtain  4  — 10  +  6,  or  0.  Hence  a;  —  2  is  an  exact  divisor 
(or  factor)  of  a?  —  5  a:  +  6.  Again,  if  8  is  substituted  for  x 
in  a?  —  5  a;  +  6,  the  expression  equals  zero.  Hence  a;  —  3  is  a 
factor  of  a?—  5  a; + 6.  The  foregoing  examples  illustrate  the 

TTieorem.  If  any  rational  integral  expression  in  x  becomes 
zero  when  a  number  n  is  substituted  for  x,  then  x— n  is  a 
factor  of  the  expression. 

The  Factor  Theorem  may  be  used  to  factor  some  of  the 
preceding  exercises  and,  in  addition,  many  others  which  are 
very  difficult  to  factor  by  previous  methods. 
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When  searching  for  the  values  of  x  which  will  make  an 
expression  zero,  only  integral  divisors  of  the  last  term  of  the 
expression  (arranged  according  to  the  descending  powers 
of  x)  need  be  tried,  for  the  last  term  of  the  factor  must 
be  an  integral  divisor  of  the  last  term  of  the  expression. 

Note.  By  means  of  the  Factor  Theorem  we  are  able  to  solve 
cubic  and  higher  equations  when  the  roots  are  integers.  The  solu- 
tion of  the  general  cubic  equation  is  one  of  the  famous  problems  of 
mathematics  and  one  which  is  accompanied  by  many  interesting 
applications.  This  problem  was  first  solved  by  the  Italian,  Tartaglia, 
about  1530,  but  was  published  by  Cardan,  to  whom  Tartaglia  ex- 
plained his  solution  on  the  pledge  that  he  would  not  divulge  it.  For 
many  years  the  credit  for  the  discovery  was  given  to  Cardan,  and  to 
this  day  it  is  usually  called  Cardan's  Solution. 

• 

EXAMPLE 

Factor  a^-f  2a;--3. 

Solution.  If  a;  —  n  is  a  factor  of  x^  +  2  x  —  8,  then  n  must  be  an 
integral  divisor  of  3.  Now  the  factors  of  —  3  are  1,  —  1,  3,  and  —  3. 
If  1  is  put  tor  a:,  then  ar'  +  2  x  —  3  equals  zero,  hence  a;  —  1  is  a  factor 
of  a:*  -f-  2  a:  —  3.  Dividing  ar*  +  2  a:  —  3  by  a:  —  1,  we  obtain  the  quotient 
a:*  +  a:  +  3.  Since  a:*  +  x  +  3  is  prime,  the  factors  of  a:*  +  2  x  —  3 
are  x  —  1  and  x*  -t-  x  +  3. 

ORAL  EXERCISES 

1.  Is  CB  —  1  a  factor  of  cc*  +  3  sc  —  4  ? 

2.  Is  a;  -  2  a  factor  of  2a;»  +  o^  -  20 ? 

3.  Is  a  -  2  a  factor  of  a»  —  3a  +  2  ? 

4.  Is  oj  —  1  a  factor  of  cc*  +  3  x*  —  4  ? 

5.  Is  r  + 1  a  factor  ofr*  —  4r*  —  4r-f-l? 

6.  Is  r  -  3  a  factor  of2r»-r»-|-6? 

7.  Is  s  -1-1  a  factor  of  35»  -  6s^  +  8  ? 

8.  Is  Aj  -  3  a  factor  of2Aj»-5A:*-9? 
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BXBRCISBS 

Factor : 

La^-fa;-2.  i.  x^  +  x-10.  7.  ««  — 2ar*- 6aj  +  61 

2.  aj»  +  2a;  +  3.  5.  d^  +  d^  - 12.  8.  x^-a^-4:. 

3.  a»  +  a^-36.  6.  x»  -  x^  +  4a; -4.  9.  a*— 7ar*~6x. 

10.  f-f-dy  +  d.  12.  a;* -7a;*  +  4a; +12. 

11.  2a;«-2x2~a;-6.  13.  a*- 6a»  +  11a*  -  6a. 

14.  Describe  the  process  of  factoring  the  above. 

142.  The  sum  or  difference  of  two  like  powers.  The  type 
form  is  a"  ±  b" 

The  cases  in  which  a**  ±  6~  is  divisible  hy  a  +  b  or  a  —  b 
can  be  determined  by  the  Factor  Theorem. 

Thus  in  a**  —  6*,  n  being  either  an  odd  or  an  even  in- 
teger, substitute  b  for  a.  Then  a^  —  J"  becomes  J"  —  6**  =  Q. 
Therefore  a  —  6  is  always  a  factor  of  a^  —  b\ 

In  a^  —  6",  n  being  even,  put  —  b  for  a.  Then  a^  —  b^ 
becomes  b^  ^b'^  =  0,  since  (—  J)"  is  positive  when  n  is  even. 
Therefore,  when  n  is  even,  a  +  J  as  well  as  a  —  6  is  an  exact 
divisor  of  a"  —  b\ 

In  a"  +  J**,  n  being  even,  put  either  +  J  or  —  6  for  a. 
Then  a"  +  6*  becomes  6**  +  b\  which  is  not  zero.  Therefore 
a«  -I-  J«  is  never  divisible  by  a  +  6  or  a  —  6  when  w. is  even. 

In  a"  +  6^  n  being  odd,  put  -  b  for  a.  Then  a""  +  6'* 
becomes  (—  6)**  +  6**  =  0,  smce  (—  i)**  is  negative  when  n 
is  odd.  Therefore,  when  n  is  odd,  a  +  i  is  a  divisor  of  dP'  +  6". 

Summing  up  : 

I.  tf*  —  6"  is  always  divisible  by  a  —  &. 

II.  cf^^tf^  when  n  is  eveUy  is  divisible  both  by  a  +  6 
andbya-6. 

III.  a"  +  6"  is  never  divisible  by  a  —  6. 

IV.  tf*  +  6",  when  n  is  odd^  is  divisible  by  a  +  &. 
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ORAL  EXERCISES 

Eor  each  of  the  following,  state  a  binomial  factor : 


1.   X^-}f. 

2.  a:»-5». 

3.  27-.a». 

4.  x*-2*. 

5.  32 iB*—/. 

21.  8«-l. 

22.  10»-1. 


6.  x^  —  y^. 

7.  x'  -  2\ 

8.  2V-yl 

9.  a*  —  c*. 
10.  a«-Z»«. 


16.  1- 


11.  m»  +  2«. 

12.  a«  +  8. 

13.  «*  +  /. 

14.  r^+2f, 

15.  a* +32. 

23.  Is  10^  + 1  divisible  by  11? 

24.  Is  10»  - 1  divisible  by  9  ? 

EXAMPLE 


r'. 


17.  l-r» 

18.  l  +  r\ 

19.  l  +  7*». 

20.  5»-|-l. 


Factor  «•  +  ^. 
Solntion.  By  division, 

^  =  x*  —  ar'y  +  ar*y*  —  xy^  +  y*. 

Hence  a:*  +  y*  =  (x  +  y)  (x*  —  or'y  +  or^y^  —  xy*  +  y*). 

Kote  that  the  signs  of  the  second  factor  are  alternately  plus  and 
minus.   Also  note  the  order  in  which  the  exponents  occur. 


Factor : 

1.  a^-^z\ 

2.  a;*  +  l. 

3.  a^  +  2\ 

4.  x*  +  32. 

5.  ^ay-\'{hy. 

6.  a^  — «*. 

Hint.  Find  the  sec- 
ond factor  by  division 
and  observe  the  signs 
of  the  terms  and  the 
order  in  which  the  ex- 
ponents occur. 

7.  a* -2*. 


EXERCISES 

8.  a*-32a^. 

9.  (2a;/- 2432/^. 

10.  a'  '-x\ 

11.  1  -  r\ 

12.  a;' -128. 

13.  a"  +  y". 

14.  a^°  +  32x^. 

15.  x^  +  a\ 

16.  1  +  r^ 

17.  128  ar^ -1-1. 


18.  1  — r». 

Hint.  Write  only  the 
first  five  terms  and  the 
last  term  of  the  poly- 
nomial factor. 

19.  1  +  7^. 

20.  a;*- y*. 

Hint.  Factor  first 
as  the  difference  of  two 
squares. 

21.  x^  -  f. 

22.  a^-^^. 
28.  a"-ft^. 
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143.  General  directions  for  factoring.  The  following 
suggestions  will  prove  helpful  in  factoring: 

/.  First  look  for  a  common  monomial  factor^  and  if  there 
is  one  (other  than  J),  separate  the  expression  into  its  greatest 
monomial  factor  and  the  corresponding  polynomial  factor, 

XT.  Then  from  the  form  of  the  polynomial  factor  determine 
with  which  of  the  following  types  it  should  be  classed^  and 
use  the  methods  of  factoring  applicable  to  that  type. 

1.  ax+ay  +  bx+by.  6.  fljc*  +  fer+c. 

2.  ff±2ab+V.  6.  (f  +  k(fV  +  b\ 

3.  tf-V.  7.  (f±V. 

4.  x^  +  bx+c.  8.  (f±V. 

m.  Proceed  again  as  in  U  with  each  polynomial  factor 
obtained,  until  the  original  expression  has  been  separated  into 
its  prime  factors. 

IV.  If  the  preceding  steps  fail,  try  the  Factor  Theorem^ 

» 

REVIEW  EXERCISES 

.  Factor ; 

1.  6x^  +  2a^  +  2a?.  12.  2  A%  +  4  A%« -  30  AA*. 

2.  5  a»  +  2a«  -  15a  --  6.  13.  »*  +  7x^  + 16. 

3.  2c»(^  — 8(^«.  li.  a*d''Sad\ 

4.  Sm^-Sm^-^lSm.  15.  2a'^  +  64a^. 

5.  2a?  +  3ax  +  a\  16.  m^n  +  mnK 

6.  a;*-7a?2/*  +  92/*.  17.  a:*  +  4a5- 6/ 

7.  a*e^a(^.  18.  oo;^  — 4a  +  3a:*  — 1^» 

8.  2x'y-'2xf.  19.  aV-c^-a^  +  l. 

9.  aj»  -  2a;*  -  9x^.  20.  x*  -  13a!*  +  36. 

10.  187*-.24r85  +  8rA  21.  a*  -  a^^»» -  a V  +  6^ 

U*  46fljV*-20flJ2A  22.  OJ^-o^. 
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23.  «■  -  3a;*-4aj  +  12.  40.  c*  + 4(i«  -  a*- 4cdf. 

24.  (a  +  xy  +  10(a  +  x)'{'25.  41.  (a-.2x)(r»+(2aj-a)rfl 

25.  a«  +  27a^  42.  6a*  +  3a«-3al 

26.  (a;4-2/)'-6(a;4-y)«  +  9««.  43.  16a*  +  7a» +  1. 

27.  (a  —  «)*  —  16(to  —  nf.  44.  a^y^  _  54 

28.  a*-lla«  +  l.  45.  d}  ^  d^Jf -\- a%  -  a\ 

29.  a*  +  a«^^.  45.  «*  4.  8  aZ»»  +  a»  +  2  a^^. 

30.  4(a-ft)»-12(a-5)o  +  9c»  47,  9^.  4^^  _  33,-2^. 

31.  a«-.10a^  +  25^»-^.  43,  a:»-6(2a:-6). 

32.  a?-2aj(a-6)-36(a-5)«.  ^^    3a«-14a(ft-o)+8(6-c)». 

33.  aj»-8a^  +  17a;-10.  «^      4  4  .   . 

•  •        .        •  50.  aV  +  4. 

34.  a:*  -  ic*^  -f  »•  -  a;V  g  .        -  . 

35.  a»-^  +  (a-6)l  "*  ^^  +  ^^- 

36.  c»-2ce^  +  c^'-2(c-60-35.  ^^-  aJ*-lpa5-3. 

37.  2(a  +  i)«+3c(a+«>)-2c«.  S^-  a«-5a*-f  4. 

38.  a»  +  2»«  +  3a«6  +  3aZ^l  54.  a  -  1  +  x*  -  ir». 

39.  32a»  -  ay^  55.  ««  +  a;  -  y  -  y*. 

56.  a*  +  2ic?/  +  2^-25a*-10a-l. 

57.  a*-Z»*~2a^(a^-6^. 

58.  ,2«?:t3a?  +  aj.  66.  a2"»_^» 

59.  ?»^  -  8 m  -.7  w>,  67.  a;^**  +  (r  +  s)ic"  -f  rs. 

60.  2a;* -10x^  +  43?.  68.  Ara^'*  +  A/^**  +  A^jx'*  4- A«. 

61.  a»  +  1  +  3  a*  +  3  a.  69.  a*"*  +  a^"'^^'*  +  h^. 

62.  12 X*  -  8a;  +  a;*  -  6a;®.  70.  a'*"  +  Z^*^ 

63.  a«a;^  +  2a»x4-a^               .  71.  a'*"  —  ^»®^ 

64.  mr  —  WW  —  nr  +  w«.  72.  a**^  +  ^*'*. 

65.  Jf"^  -  2  A'^A;'^  +  A;^^  73.  a*"*  -  5»*. 

74.  Solve  for  X,  ox  +  &r  —  3  a  =  3  i. 

Splntion.    Rewriting,  ar  +  6a:  =  3a  +  3  5. 

Factoring  in  each  member,  a:  (a  ^  6)  =  3  (a  +  6). 

Dividing  each  member  by  a  +  &,  r W^," .  -*-  v, « ..L :•   • , v 
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75.  Solve  for  x,  ex  +  dx  =  c^  -{-  od. 

76.  Solve  for  m,  ma  —  mc  +  bcr=  ab, 

77.  Solve  for  y,  5  ay  —  3  %  —  5  a"  +  3  a^  =  0. 

78.  Solve  for  z,  az  —  Sad=:sbz  —  Sbd, 

79.  Solve  for  a;,  ex  -—  2  cte  =  c*  —  4  c?^. 

80.  Solveforr,  r(2a-7c)=4a^-28ac4-  49  A 

81.  Solve  for  m,  m(S a  ^  c)  —  9  ad  =  2 ec  —  6 ae  —  S cd, 

82.  Solve  for  x,  a4K —  Sbx  —  a^  =  3b^  —  Aab. 

83.  Solve  fory,  y  + 21  d^'\'4:d  =  7 dy  +  l. 

84.  Solve  for  x,  d(l  —  S  a)  -\-  x  +  S ac  =  c  +  3 ax. 

85.  Solve  for  z,  az  +  ae  —  2  eo  +  2  cd  =  2  cz  -}-  ad. 

86.  Solve  for  x, 5 x  —  2 ex  —  a (5  —  2 c)  =  5 a -{- 5 --2 c  —  2 ac. 

87.  Solve  for  x,  a^  —  aaj  +  x  —  a*  —  1  =  0. 

88.  Solve  for  x,  c^ -- c^x  -  2cdx  -  Sd^  =  A:d^x. 

89.  Solve  for  m,m{a-  2) (a^  +  4)  =  a*  -  16. 

90.  Solve  for  «,  16s  —  Sos  +  4a2s  -  2a»s  +  «*«  -  32  =  a*. 

144.  The  solution  of  equations  by  factoring.    Study  the 
principle  and  examples  on  pages  139—140. 

EXERCISES 

Solve  by  factoring : 

1.  ar*-4  =  0.  10.  a:«-a2a.  +  2aar»-2a«=0. 

2.  ar»-5x  =  0.  11.  y*  -  7y  -  6  =  0. 

3.  a^-4a2=0.  12.  y* - 13 2/^  +  36  =  0. 

4.  2^=64y.  13.  ic*-5ic»=-^4a;. 

5.  ar»  +  5  =  6aj.  14.  «»  + 12;?;  -  6«2  -  8  =  0. 

6.  2ar»  +  a.  =  6.  15.  3a:«  +  72aj  +  33ar^  =  0. 

7.  m2-aw-2a==0.  16.  Sx^  +  71a;»  -  9aj*  =  0. 

8.  f-tj  +  2  =  2f.  17.  (2a;- 3)2-(5a;  + 6)2  =  0 

9.  x2-9a*-aj  +  3a  =  0.      18.  (x  -  3)^  -  2  (aj  -  3)  =  8. 
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19.  aj«  +  50  — 26x-2a^  =  0.      22.  acs^  +  bcx  +  adx+bd—O. 

20.  a5"-aa*-4a^  +  4a»=0.      23.  aj* -7a:  -  8  =  aj  +  1. 

21.  y'  +  3y»+3y  +  l  =0.        24.  So*- lla?  +  6  =  3a;-2. 

25.  6»^  +  7a;-3  =  3a-l. 

26.  State  in  general  terms  the  process  of  solving  the  above 

equations. 

» 

145.  The  highest  common  factor.  The  highest  common  &ctor 
(H.C.F.)  of  two  or  more  monomials  or  poljmomials  is  the 
expression  of  highest  degree,  with  the  greatest  numerical 
coefficient,  which  is  an  exact  divisor  of  each. 

Thus  the  H.C.F.  of  28  a«6»  and  42  a«6»  is  14  aVf*.  The  H.C.F.  of 
ar»  -  4  X  and  a^  -  6  x^  -{-  Q  xia  x(x  -  2),  or  x^  -  2  x.  Again,  the  H.C.F. 
of  (a  +  ft)  (a  —  h)  and  a  (6  —  a)  is  a  —  ft  or  &  —  a. 

EXAMPLE 

Find  the  H.C.F.  of  9a;*  -  36 x»  and  3aj^  - 12 «•  +  12a;*. 

Solution.   Factoring,  we  have 

9x*  -  36  a:^  =  ^^x^(x  +  2)(x  -  2), 
3  x^  - 12  x«  +  12  x«  =  3  x»  (x  -  2)«. 

Therefore  the  H.  C.F.  is  3  x«  (x  -  2),  which  equals  3  x«  -  6  x*. 

The  method  used  in  the  preceding  solutions  for  finding 
the  H.C.F.  of  two  or  more  monomials  or  polynomials  is 
stated  in  the 

Rule.  Separate  each  expression  into  its  prime  factors.  Then 
find  the  product  of  such  factors  as  occur  in  each  expression^ 
using  ea^h  prime  factor  the  least  number  of  times  it  occurs  in 
any  one  expression. 

If  two  or  more  polynomials  have  no  common  factor 
other  than  1,  then  1  is  their  H.  C.  F.,  and  the  polynomials 
are  said  to  be  prime  to  each  other. 
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EXERCISES 

Find  the  H.C.F.  of  the  following : 

1.  12, 18,  24.  4.  28  a^^*,  42  a&^  70  a%\ 

2.  15,  25,  40.  5.  66  c%  132  ch?,  165  cV. 

3.  12a\  30a^  36a*.  6.  a'  +  2ab  +  b%  a^  -  b\ 

7.  3a'^-35^9(a-J)^  3a«-36». 

8.  aa*  —  2  aa;y  +  ay^,  aV  -  aV,  2a^-2af. 

9.  2a^2  — 2aV,  4am^  — 12am?i  +  8an^  lOaw  — lOart. 

10.  26aj*  -  25ar»y,  lOx*  -  20a:2y  -  SOaiy^,  5«*  -  Say*. 

11.  24  «•  -  6  a%  48  a«  +  24  a%  48  a*^  -  48  a^b  -  36  a^^. 

12.  5x'  - 160  x^  15  x^  -  60  a;»,  25  x'  -  200  x*. 

13.  18a*  -^2a'b^,  12 a«  -  8a«^»  -  4a*^»«,  SOa^b""  +  10a%l 

14.  a*-3a*^  +  2a»*^  a^  -  2 a%  -  a%^  -^r  2 a%\ 

Note.  The  most  famous,  and  in  some  respects  the  most  perfect^ 
treatise  on  elementary  mathematics  ever  written  is  Euclid's  "Ele- 
ments." About  one  third  of  the  material  of  the  thirteen  books  treats 
topics  which  to-day  would  be  considered  arithmetical  in  character. 
In  appearance  and  language,  however,  they  are  all  geometrical,  for 
Euclid  represents  quantities  not  by  numerals,  as  we  do  in  arithmetic, 
or  by  letters,  as  we  do  in  algebra,  but  by  lines.  Book  VII  contains 
the  earliest  statement  of  a  general  method  for  finding  the  G.C.D.  of 
two  numbers.  This  method,  though  never  necessary  in  elementary 
mathematical  work,  is  so  perfect  and  beautiful  from  a  scientific  point 
of  view  that  until  recently  it  remained  in  elementary  treatises  on 
algebra  and  arithmetic  by  force  of  tradition.  It  is  a  great  tribute  to 
Euclid's  genius  that  he  was  able  to  devise  so  perfect  a  method  for 
the  process  that  all  the  efforts  of  two  thousand  years  have  been 
unable  to  improve  it  essentially.  It  is  of  fundamental  importance 
in  advanced  portions  of  algebra. 
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FRACTIONS 

146.  Reduction  of  fractions  to  lowest  terms.  Study  the 
principle  and  illustrations  on  page  148  along  with  the 
examples  on  page  150. 


Reduce  to  lowest  terms : 

2g»y  a^-9  48a;*-6gy» 

lOaW'  2a?  +  6x'  32 «*  -  32 a^  +  8 a^ 

15gy»  Bx'  +  Bxy  3 a;'  -  375 

245aj»y'  25®*- 25a:^y*'  2»»+10a;  +  60* 

„    2c^  +  2c<f-4d«  ,^  4aj«  +  6a-40 

7-  =— i =— Tj; •  10* 


6  c*  — 5  d^  4a;  — 15  a  +  6aa  — 10 

2c^~64g6^*  5a;^-40a; 

16c*-40c»rf+16c»(i^'  3a;«-96* 

^    ad'-Sax  +  2cd'-ecx        ^^    12a» +10a«  — 12a 

9,  ! .      12.  ■ • 

arf  —  3aa;  —  c(i  +  3ca;  4-|-9a*—  12  a 

32g»-a;^ 

32+16aj  +  4a«  +  8a:^-|-2aj*" 

"•  1+1      "•  1-1      ''•      (fy+ciy 

147.  Reduction  to  equivalent  fractions.  Study  the  exam- 
ple on  page  152,  the  solution  on  page  153,  the  examples 
on  page  154,  the  rule  on  page  155,  and  the  solutions  on 
page  156. 

EXERCISES 

Change  to  respectively  equivalent  fractions  having  the  L.C.D. 

1    A  >A_  A        2a;-l         -X4-5 

3aj'2a:**  a;^- 6a;  +  9' -  2a;  +  6' 

^      2a;         3  ,         a;  + 1  —x 

2.  7.9  — — r-  5. 


a;-2a;  +  2  ''•a;a_5a;  +  6-ar»  +  4 

3  2a  2a       a  +  3  2a' +  5 

a^-d'  a-S'  a4-2'3a  +  l'3a^  +  7a  +  2' 
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I 

.     a     2a        ha 
7.  ^r->  ir-9 


2x   Sx  x^  +  2x 

2a;  +  l  5  1 

^      2x        5x         4  3aj  +  2 


10. 


aj»-.8   2 -a   4-ic2  aj«  +  2x2^-4a; 
2aj  — 9  -2  a;-2 


aj«-32    -a;«  +  2aj^  a;'^  +  2aj*  +  4a;«  +  8a^  + 16a 


148.  Addition  and  subtraction  of  fractions.  To  find  the 
algebraic  sum  of  two  or  more  fractions  in  their  lowest 
terms  we  proceed  as  in  the  example  on  page  159  and  in 
the  solution  on  page  161. 

EXERCISES  * 

Find  the  algebraic  sum  of : 

2x      Sx      2x 
6  "^  10       16  ' 

2c_6^      _£_ 
'3a      6a^      9  a 


3. 

2r^+r     r—6s      s^ 

r's           Srs^       2r 

M 

5a        2 

4. 

a-3      3 

mm 

c            2c 

5. 

C-4:       c-hS 

6. 

a            2a        1 
a-6      a  +  4      2* 

■■ 

2a;4-l          4 

7. 

x2_9       x-3 

ft 

a— 3      a—S        5 

2c-3 

c"- 

-7 

9. 

c(c-2) 

8- 

-^ 

10. 

m 

2 

5m-2 

m  —  1 

m 

m«-l 

11. 

2+  ^'^ 

X  — 

—  • 
7 

Hint.  2+    ^^ 

X  — 

7~1 

X  — 7 

12. 

x  +  3- 

a? 
x-S 

•  • 
a^  +  8 

x-2 
a  —  6        _ 
"•  *~2733-2- 


312      COMPLETE  SCHOOL  ALGEBRA 

x  +  2  X         3a;*  +  2a; -2 


16. 


17. 


2a;-l      1-a;      2a;*-3a;  +  l 
a-3  2-a  1 


aa_2a-3      a^-Sa  +  2      l-a« 

18.  7-^ 2( rl-  19.  ft  — 2a|l r-)« 

b  —  a         \a      a  —  b/  \         c  —  b  / 

7?  —  (m  —  nf      rn?  —  (x  ^  nf      v?  —(x  —  mf 
(x  +  ny  —  m*      (x  +  m)*  —  w*      (m  +  n)*—  a^ 

21.  Describe  briefly  the  process  of  adding  two  or  more 
fractions. 

149.  Multiplicatioii  and  division  of  fractions.  The  method 
of  multiplying  fractions  is  illustrated  in  the  example  on 
page  167  and  in  the  solution  on  page  169.  The  method 
to  be  followed  in  the  division  of  fractions  is  shown  in  the 
illustrations  on  page  170. 

EXERCISES 

Perform  the  indicated  operations : 

a*  —  1  6  a*  5a  —  6 


1. 

6  a       10  x]/^ 
25  x'y     4  a^x 

2. 

3d       4:C 
lOcd""'  9d' 

3. 

,     2a^      a? 
^'  3x»    15a' 

4. 

^^^•2a*'21a;» 

R 

a^-4        4a 

6. 


2a      a^-2a+l    3(l-a) 

'■(--iXi^X-^)- 

ft      86^25 


9. 


10. 


14a;  84a 


15aar^  '  60aV 
120  c'd      100  cd^ 


2a^      2a -4  42c8a;    '  147 c^a;^ 

11.  Describe  briefly  the  method  used  in  multiplying  two  or 
more  fractions ;  in  dividing  one  fraction  by  another. 

12.  How  is  one  mixed  number  multiplied  by  another  ? 

13.  How  is  one  mixed  nimiber  divided  by  another  ? 
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24 a^      Sy'g         48a;'g  22 mV  .  52 m^n  ,  275 n^x 

99ajy* '  22 aV"*"  121  ajy  35aj«     *   125aj2    *   39m«x' 

15 rg^  .  300 r^»    160 g<*  53^^      (a;  -  yf  .         1 

14s2^  •    98r25  '28A»*  aj-y"     20ar»    "^a;(a;-y)' 

aj  +  3    a;2-4a;  +  4  .  ar^-2aj 


19. 


20. 


21. 


ar»-4        2a5H-6       '  q^^2x 

ar'  +  2a;  +  4  .    a;»-8    ^q?^2x 
a;2_2aj  +  4  *  aj2^2aj  '    «« +  8  ' 

2a;^  +  9x  +  9  ,      x^  -  9       a;^~6a;  +  9 
2aj2_9a.4.9  '  4a;»-9aj*    2a;2-3a; 

aj8-_6ar^  +  llaJ-6      aj^-Sx  +  G    ar»  +  l 


aj*  — 1  *  ar^  +  2a;  +  l     a;  +  l 

»-(l5)'-Kl5)'(S)-K^)(fD" 

o*    1-a*     /i         2a«  \     /I  -  g'  +  a\ 


" 12- 

a!-5  + 


a!  +  3 


Hint.  An  expression  of  this  form  Is  called  a  complex  fraction.  It  is 
simply  another  way  of  writing 


V  x  +  3/      \  x+8/ 
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29. 


2  +  ^  34.(5^4.2U(^±i^-2Y 

x  —  2  \x  —  y        I     \x  —  y        / 


X  —  2  h      a  ■\-h      a  —  h 

<       3  a  -\-  b      a  —  h 

x  —  1 — ■ 

30.  ■ - *-*      *  +  * 

X+1+     *  * 


T  "f"  1  ~r 


31. 


+  1  +  ^  37. 


b^    .  ^       a 


a"  '       '  b^  1  /1__6 

a  1-a  b^\c      2 


a  +  1          a  oo        2ft 

32.  = 38. 


a  1  —  <x  ^    _  9 


33. 


a4-l          a  2a 

a  —  b      g  +  ft  ^^    _„,    ^  -       ,        a"  — ft*      , 

— —7  H r  39.  What  value  has     ^  .   »q   when 

a  -\-  0      a  —  0  a^  fy^ 


1  H 1 7^ —  a  =  x  —  -  and  ft  =  a;  -f  -  ? 

a*  —  b*  X  X 


40.  1 i- 41.  1 ^-s —     42.  14- 


1 ^  1  +  -^  1- 


i+i  1-1  i+i 

2  o  a 

150.  Equations  involving  fractions.  Equations  involvmg 
fractions  are  solved  as  in  the  examples  on  pages  176-177 
and  in  the  hmts  on  page  183. 

EXERCISES 

Solve  the  following  for  x  and  check  as  directed  by  the  teacher: 

1.  "2 I  —  Zx.  3.  —z 3"  ~  ^• 

«    2aj  .  ^  7  ,    3aj      16  2h 

2.— +  1  =  0.--.  4.— ~^  =  x~~ 
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5g_21^6x-2  9.  3(a;+2)-4(2a;-3)+2=0. 


6        5  10 


10. 


x  +  5      10 


2{x-4)  x±5^  ^°-^^  =  -3 

®"         3  ^         3 

"•4^  +  16-3^'  "•3a;-4  +  2-"- 

13.  (x  +  6)(x  +  l)-(x-3)(a;-2)=10. 

14.^-^  +  ^-^  =  0.  17.  i-|^  =  0. 

2x  —  5      2a;  —  1  x      o  —  x^ 

2x-5  ^Sx-^U  x+3   ^3a;4-4 

2«  +  7""  3a;-2*  2x+l""6a;-2' 

3(1- 8x)      2a;(l+8x)      l-34a! 
*"•         6  8x-l  6      ' 

,21.       3_^  +  |^=l-     8^ 


22. 


2a; +1  •  r-2a;  4a;2-l 

l+2a;  _  3a;+l  ^  8  +  3a;-4a;^ 
2a;— 1       x4-l  ""   2  ar* -f- a;  - 1 


*•«    a;             a;      T                       '  «*    a;^— -a;  .  a^—x     ^    ,      -.. 
23*  -  —  a  =  -  —  5.  25.  tH — r=2a(a;— 1) 

•:    «  +  «      05  +  5     ,,  «^       a;  a;  4-16       . 

24.  — 7—  =  ft  —  a.  26.  — --;r —^  =  4  a. 

a  ft  a  +  2       a  —  2 

2a;  4-1  ,  3g-7      9-3a;-a;^ 
'a;  +  3        2  —  a;        x^  +  x  —  6 

a;  —*  ffi       3  a; "«—  c    ■  ^ 
38.  ^ 5 =  0. 

LX  —  Ob      oa;  —  c 

29.  11.3  -  ^^^  =  2.3  -  (5  -  7 X)  +  ^^. 
^'       26"^  +  ^6^  f=  3 (3 X  - 1.4). .  ..       . 


816      COMPLETE  SCHOOL  ALGEBRA 

PROBLEMS 

1.  Separate  the  number  1010  into  three  j^axts  such  that  the 
second  will  be  ^  of  the  first  and  the  third  will  be  ^  of  the 
first. 

2.  By  what  number  must  352  be  divided  so  as  to  give  a 
partial  quotient  15  and  the  remainder  7  ? 

3.  What  number  must  be  subtracted  from  both  terms  of 
the  fraction  f|  to  give  a  fraction  equivalent  to  f  ? 

4.  Separate  96  into  two  parts  such  that  66  exceeds  two 
thirds  of  the  one  by  as  much  as  the  other  exceeds  16. 

5.  A  boy  is  12  years  old  and  his  sister  8  years  old.  In  how 
many  years  will  the  boy  be  f  as  old  as  his  sister  ? 

6.  The  square  of  a  certain  number  is  4  greater  than  two 
thirds  of  the  product  of  the  next  two  consecutive  numbers, 
Eind  the  number. 

7.  The  length  of  a  certain  rectangle  is  2^  times  the  widtL 
If  it  were  10  yards  shorter  and  1^  yards  wider,  its  area  would 
be  1260  square  feet  less.  Eind  the  dimensions  of  the  rectangle. 

8.  A  can  do  a  piece  of  work  in  10  days  and  B  in  12  days. 
How  many  days  will  they  both  require,  working  together? 

Hint.  See  the  solution  of  Exercise  20  on  page  196. 

9.  A  can  do  a  piece  of  work  in  10  days  and  B  in  15  days. 
After  they  have  worked  together  5  days,  how  many  days  will 
A  require  to  finish  the  work  ? 

10.  A  tank  has  a  supply  pipe  which  fills  it  in  4  hours  and 
a  waste  pipe  which  empties  it  in  6  hours.  If  the  tank  is  empty 
and  both  pipes  are  opened^  how  much  time  must  elapse  before 
the  tank  is  filled  ? 

11.  A  tank  has  a  supply  pipe  which  fills  it  in  4  hours  and 
two  waste  pipes  which  empty  it  in  6  and  8  hours  respectively. 
If  the  tank  is  full  and  all  three  pipes  are  opeU)  bow  lauoh 
time  will  be  required  to  empty  tte  ttokf. 
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12.  The  diameter  of  the  earth  is  3f  times  that  of  the  moon^ 
and  the  difference  of  the  two  diameters  is  5760  miles.  Find 
each  diameter  in  miles. 

13.  The  diameter  of  Jupiter  is  10^-J  times  the  diameter 
of  the  earth,  and  the  sum  of  their  diameters  is  94,320  miles. 
Find  each  diameter  in  miles. 

14.  A  man  who  can  row  4  miles  per  hour  in  still  water 
rows  up  a  stream  the  rate  of  whose  current  is  Ij  miles  per 
hour.  After  rowing  back  he  finds  that  the  entire  journey 
required  10  hours.  Find  the  time  required  for  the  trip 
upstream. 

15.  A  passenger  train  whose  rate  is  40  miles  per  hour  leaves 
a  certain  station  2  hours  and  45  minutes  after  a  freight  train. 
The  passenger  train  overtakes  the  freight  in  5  hours  and  15 
minutes.   Find  the  rate  of  the  freight  train  in  miles  per  hour. 

16.  A  man  invests  a  part  of  $8000  at  5^  and  the  remainder 
at  4%.  If  the  yearly  interest  on  the  whole  investment  is  $345, 
how  much  was  invested  at  each  rate  ? 

17.  Two  thousand  dollars  of  Mr.  A's  income  was  not  taxed. 
All  of  his  income  over  that  amount  was  taxed  2%,  and  all 
above  $10,000  was  taxed  2^  in  addition.  He  paid  a  tax  of 
$180.   What  was  his  income? 

18.  How  much  water  must  be  added  to  a  gallon  of  alcohol 
95%  pure  so  as  to  make  a  mixture  10%  pure  ? 

Hint.  Let  w  =  the  number  of  gallons  of  water  to  be  added. 

Then  :^hll  =  i?.,  etc. 

l  +  w      100' 

19.  It  is  desired  to  mix  coffee  which  sells  for  twenty-five 
cents  per  pound  with  coffee  which  sells  for  thirty-five  cents 
per  pound  so  as  to  obtain  a  10-pound  mixture  which  may  be 
sold  at  the  same  profit  for  thirty-two  cents  per  pound.  In  what 
ratio  must  the  parts  be  taken  from  each  grade  ? 
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20.  Milk  of  a  certain  grade  is  knowD  to  test  20^  butter  fat 
How  much  water  must  be  added  to  26  gallons  of  this  milk  to 
make  a  mixture  18%  butter  fat? 

21.  Gun  metal  of  a  certain  grade  is  composed  of  16%  tin 

and  84%  copper.   How  much  tin  must  be  added  to  410  pounds 

of  this  gun  metal  to  make  a  composition  18%  tin  ? 

Hints.  Since  the  composition  is  16%  tin,  ^^^  •  410  =  the  number  of 
pounds  of  tin  in  the  first  composition. 

Let  X  =  the  number  of  pounds  of  tin  to  be  added. 

Then  — 1-  x  =  the  number  of  pounds  of  tin  in  the  sec- 

1«>  ond  compoeii 

and  410  +  x  =  the  number  of  pounds  of  both  metals  in 

the  second  composition. 

16 .  410  . 
\-x 

Therefore       — ^— ^—  =  — »  etc. 

410  +  X         100 

22.  How  many  gallons  of  alcohol  90%  pure  must  be  mixed 
with  12  gallons  of  alcohol  96%  pure  to  make  a  mixture  93% 
pure? 

23.  A  certain  lot  of  pig  iron  contains  93%  pure  iron.  How 
much  pure  iron  must  be  melted  with  10  tons  of  pig  iron  to 
make  iron  98%  pure  ? 

24.  The  arms  of  a  lever  are  5  feet  and  6  feet  in  length 
respectively.  Excluding  the  weight  of  the  beam,  what  weight 
on  the  shorter  arm  will  balance  70  pounds  on  the  longer  ? 

Hint.  The  products  of  the  weights  by  their  respective  arms  are  equal. 

25.  The  arms  of  a  balanced  lever  are  7  feet  and  12  feet 
respectively,  the  shorter  arm  carrying  a  load  of  36  pounds. 
Find  the  load  on  the  longer  arm. 

26.  A  beam  12  feet  long  supported  at  each  end  carries  a  load 
of  2  tons  at  a  point  4  feet  from  one  end.  Find  the  load  in  tons 
on  each  support. 

27.  At  what  time  between  3  and  4  o'clock  will  the  hands  of 
a  clock  be  together  ? 


EEVIEW  OF  FIEST  YEAR  ALGEBEA         319 

Solution.  The  minute  hand  moves  twelve  times  as  fast  as  the  hour 
hand.   While  the  minute  hand  travels  x  spaces,  the  hour  hand  travelc 

X  X 

—  spaces.   Hence  ^  —  -r^  equals  the  number  of  spaces  gained  by  the 

minute  hand  in  any  given  time  x. 

In  the  time  from  3  o'clock  until  the  hands  are  together,  the  minute 
hand  must  gain  15  minute  spaces  to  overtake  the  hour  hand. 

Therefore  a:  —  -—  =  15. 

12 

Whence  x  =  16  j*r. 

Hence  the  hands  are  together  16  y*^  minutes  after  3  o'clock. 

28.  At  what  time  between  9  and  10  o'clock  are  the  hands  of 
A  clock  together  ? 

29.  At  what  times  between  3  and  4  o'clock  are  the  hands  of 
a  clock  in  a  straight  line  ? 

30.  At  what  time  between  5  and  6  o'clock  is  the  minute  hand 
10  minute  spaces  ahead  of  the  hour  hand  ?  10  minute  spaces 
behind  the  hour  hand  ? 

31.  At  what  times  between  4  and  5  o'clock  are  the  hands  of 
a  clock  at  right  angles  ? 

32.  If  the  average  height  of  ri-boys  is  x  inches,  what  is  the 
sum  of  their  heights  in  yards  ? 

33.  If  3m  +  5  packages  weigh  j?  pounds,  what  is  the  weight 
of  n  of  them  ? 

34.  If  it  takes  a  man  t  hours  to  do  a  piece  of  work,  what 
portion  of  the  work  can  he  do  in  1  hour  ?  What  portion  of  the 
work  would  n  men  do  in  1  hour  ?  What  portion  would  k  men 
do  in  h  hours  ? 

35.  If  it  takes  n  men  h  hours  to  do  a  piece  of  work,  how 
long  will  it  take  x  men  to  do  it  ? 

36.  A  man  buys  bananas  at  d  cents  a  dozen  and  sells  them 
for  h  cents  each.   What  does  he  gain  on  n  dozen  ? 

37.  A  man  bought  m  articles  for  c  cents  per  hundred.  He 
sold  them  all  for  $10.   How  many  dollars  did  he  lose  ? 
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38.  If  n  yards  of  ribbon  cost  c  cents,  find  the  cost  of  x  yaxdsL 

39.  If  y  yards  of  ribbon  cost  x  cents,  how  many  yards  can 
be  bought  for  d  dollars  ? 

40.  A  man  buys  goods  for  b  dollars  and  sells  them  for  s 
dollars.   What  is  his  per  cent  of  gain  ? 

41.  One  man  can  do  a  piece  of  work  in  d  days,  another  can 
do  the  same  work  in  n  days.  How  many  days  will  it  take  both, 
working  together  ? 

42.  If  it  takes  h  hours  to  mow  m  acres,  how  many  days  of 
10  hours  each  will  it  take  to  mow  n  acres  ? 

43.  A  train  goes  y  yards  in  t  seconds.  If  this  equals  m  miles 
per  hour,  write  an  equation  involving  y,  t,  and  m. 

44.  If  n  men  can  do  a  piece  of  work  in  d  days,  how  many 
men  would  it  be  necessary  to  hire  if  the  work  had  to  be  done 
in  t  days  ? 

45.  A  transport  plying  between  two  ports  is  under  fire  for 
/  feet  of  the  way.  If  she  steams  k  knots  per  hour,  for  how 
many  minutes  is  she  under  fire  ?    (1  knot  =  6080  ft.) 

LINEAR  SYSTEMS 

151.  Graphical  solution  of  a  linear  system.  The  con- 
struction of  the  graph  of  a  single  linear  equation  in  two 
unknowns  or  of  a  linear  system  in  two  unknowns  is 
explained  on  pages  206-209. 

The  graphical  solution  of  a  system  in  two  unknowns  con- 
sists in  plotting  the  two  equations  to  the  same  scale  and 
on  the  same  axes  and  obtaining  from  the  graph  the  values 
of  X  and  y  at  the  point  of  intersection. 

Since  two  straight  lines  can  have  only  one  point  of 
intersection,  two  linear  equations  can  have  only  one  set  of 
roots.  In  case  the  graphs  of  the  equations  of  a  system  are 
parallel  lines,  the  system  has  no  set  of  roots,  and  a  solution 
is  impossible. 
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EXERCISES 

Solve  graphically  : 

2x  +  y  =  8,  2aj  +  4y  =  20, 

*'  x  +  2y  =  13.  2y-2  =  aj. 

*•  6ic  +  4y  =  -16.  y  +  2  =  0. 

»  +  y  =  4,  aj-y  =  5,  2aj-4y  =  9, 

a;  +  2y  =  7.'  3aj  +  22^  =  5.  a;-2y  =  8. 

8.  In  Exercises  5  and  6  will  the  values  of  the  x-  and 
y-distances  of  the  point  of  intersection  of  the  two  lines,  as 
obtained  from  the  graph,  satisfy  the  equation  obtained  by 
adding  the  two  given  equations? 

9.  Graph  the  equation  x  —  2y  =  S,  Then  multiply  both 
members  by  3  and  graph  the  resulting  equation.  Compare  the 
two  graphs.  Then  use  —  2  as  a  multiplier  and  graph  the  result- 
ing equation.  Compare  the  three  graphs.  What  conclusion 
seems  warranted? 

10.  What  are  the  coordinates  of  the  origin  ? 

11.  Is  a  graphical  solution  of  a  linear  system  ever  impossible? 
Give  an  example. 

12.  What  is  the  form  of  the  equation  of  a  line  parallel  to 
the  aj-axis  ?  the  y-axis  ? 

152.  Elimination.   In  order  to. find  values  of  x  and  y 
which  satisfy  the  equation 

3a;+2y  =  20»  <1) 

when  we  know  that 

t/=-2x  +  S,  (2) 

we  may  substitute  for  y  in  the  first  equation  the  value  of 
if  from  the  second,  obtaining  the  single  equation  in  x, 

3a;  +  2(2a?+B)=20;  whence  x^Z 
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Substituting  2  for  a;  in  (2)  we  get  y  =  7.  The  set  of 
roots  for  equations  (1)  and  (2)  is  a;  =  2,  y  =  7.  The  proc- 
ess by  which  we  have  obtained  one  equation  containing 
one  unknown  from  the  two  equations  (1)  and  (2)  each  of 
which  contains  two  unknowns  illustrates  one  method  of 
elimination. 

In  general,  the  process  of  deriving  from  a  system  of  n 
equations  a  system  of  n  — 1  equations,  containing  one 
variable  less  than  the  original  system,  is  called  diminatioii. 

For  example,  when  n  =  2,  if  we  have  a  system  of  two  equations 
m  two  unknowns,  the  process  of  elimination  leads  to  one  equation 
in  one  unknown.  Since  we  can  always  solve  such  an  equation,  it 
appears  that  we  can  solve  a  system  of  two  equations  in  two  unknowns 
whenever  it  is  possible  to  eliminate  one  and  only  one  of  the  unknowns. 
We  shall  see  that  only  in  certain  exceptional  cases  is  elimination 
impossible.  This  is  either  because  more  than  one  unknown  is 
removed  by  the  elimination  or  because  the  result  of  the  attempt  at 
elimination  is  not  an  equation. 

Only  two  methods  of  solution  will  be  considered  —  that 
involving  eUminatidn  by  substittttion  and  that  involving 
eliniiiiatioii'  by  addition  or  sabtraction. 

153.  Solution  by  substitution*  The  method  of  solving  a 
system  of  two  linear  equations  by  substitution  is  explained 
in  section  97. 

...  .'     • '      ....    EIltEROISES 

Solve  by  substitution : 
•        3a;-8y  =  20,  .     16a;  +  7  =  16y, 

c         ^         o  ■       3a;~2y  =  18, 

'  2X4-5V=3,  5.      ,  r.  r. 


.05 -10  2^  ==9, 

■ 

3. 


%7n  —  3n       - 
2(as  +  y)!4- 3:)Du.4.'     »•:.      .  Am..—  1.=  3.«. 
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154.  Solution  by  addition  or  subtraction.  The  method  of 
solving  a  system  of  two  linear  equations  by  addition  or 
subtraction  is  explained  in  section  96. 

EXERCISES 

Solve  the  following  systems  by  addition  or  subtraction : 

x  +  y  =  4:j         gic  — 2^  =  5,  x  +  Sy  =  0, 

a;  -  y  =  2.  2a;  +  2/  =  4.  2x  -  3y  =  9. 

^    a;  +  2y  =  3,       ^    2x  +  Sy  =  S,        ^    5aj-6y  =  7, 
'  x  +  y  =  2.  '  x  —  y  =  l,  "  Ax  —  3y  =  2. 

155.  Special  cases.  The  equation  a;+y=10  has  as  roots 
any  set  of  two  numbers  whose  sum  is  10.  If  a:  +  y  =  5  is 
taken  as  the  other  equation  of  a  system,  one  can  see  im- 
mediately that  the  two  equations  have  no  set  of  roots  in 
common,  since  the  sum  of  two  numbers  cannot  be  10  and 
5  at  the  same  time. 

A  system  of  equations  which  has  a  common  set  of 
roots  is   called  a  simultaneous  system. 

A  system  of  equations  which  does  not  have  a  common 
set  of  rx)ots  is  called  inconsistent  or  incompatible. 

The  attempt  to  solve  an  incompatible  system  results  in 
getting  rid  not  only  of  one  but  of  both  unknowns  and 
leads  to  a  statement  in  the  form  of  an  equation  which  is 
false.  •        ' 

Consider  ar  +  y  =  10,  (1) 

x  +  y  =  o,  (2) 

(1)  -  (2),  0  =  5,  which  is  false. 

If,  on  the  other  hand,  the  equation  a;  +  y  =  10  is  taken 
for  one  equation  of  a  system  and  2  a;  +  2  y  =  20  for  the- 
other,  it  appears  that  any  set  of  numbers  which  satisfies 
one  equation  satisfies  also,  the  other,  since  if  the  sum  of 
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two  numbers  is  10,  the  sum  of  twice  those  numbers  is  20, 
and  any  one  of  the  countless  sets  of  roots  of  one  equa- 
tion is  a  set  of  roots  of  the  other.  In  fact,  the  second 
equation  may  be  obtained  from  the  first  by  multiplying 
each  member  by  2. 

If  one  equation  of  a  system  can  be  obtained  from  one 
or  more  of  the  other  equations  of  the  system  by  applica- 
tion of  one  or  more  of  the  axioms(see  page  39),  it  is  called 
a  derived  or  dependent  equation.  If  it  cannot  be  so  obtained, 
it  is  called  independent.  Two  equations  one  of  which  is 
dependent  on  the  other  constitute  an  indeterminate  system. 

Thus  equations  (1)  and  (2)  in  the  example  on  page  220  are 
independent  and  together  form  a  determinate  system,  while  equa- 
tion (5)  is  derived  from  them. 

An  attempt  to  eliminate  one  unknown  from  a  system 
of  two  equations  in  two  unknowns  which  are  not  inde- 
pendent results  in  getting  rid  not  only  of  both  unknowns 
but  of  the  constant  terms  as  well,  so  that  only  the  identity 
0  =  0  remains. 

Thus  or  +  y  =  10,  (1) 

2ar  +  2y  =  20.  (2) 

(1).2,  2ar  +  2y  =  20.  (3) 

(2)  -  (3),  0  =  0. 

EXERCISES 

Solve  the  following  systems : 

1.  3  +2^  ''  8.  ""4 12"-^' 

5x-3y  =  10S.  z-2y  =  l. 

2.  4       2~12'  .6a!  +  .7y  =  |, 
r+8=-2«.  .8a;-.2y  =  3|. 


EEVIEW  OF  FIRST  YEAR  ALGEBRA         325 
m-\-2n      2m  — n      5  3  1 


-r  =  o, 


_         6                10          2-  ^    x-3      y 

m  +  n      m  —  n  _^n  x  —  oy  _  z 

~l              7~""2'  5       "6* 

f_5  =  i.  5                5 

X      y      S  2x  +  y  =  7, 

2r-f  45      38  3aj  +  «  .  ^         12 


+  2  = 


2r  —  s        3  « —  a;  a;  — « 

r       s  z  5  — .« 

Solve  for  x  and  y : 

x-2ay  =  0.  U.  ^       ^  ' 

3a  ,  ^  __  1 

'  5ax  +  7by  =  S.  x  .  y  _  a -f- ^ 


«_y  _ 


^^-  a^  -  ft« 


2a      3c  '  '3aa;  —  6fty  =  5c. 

156.  Determinate  systems  in  three  or  four  unknowns. 
The  method  of  obtaining  the  set  of  roots  of  a  system  in 
three  unknowns  is  explained  in  section  100. 

EXERCISES 

Solve  for  aj,  y,  and  z  and  check  the  results : 

a;-f-3y  —  5«  =  2,  sc  —  y  +  3«  =  0, 

1.  2ic  — y  — «  =  1,  2.  5a;  + 2y +  «  =  14, 

3a;  +  5y-7«=-10.  2a;+ 3y  + 4«  =  - 14. 


X      y      z 

11. 

X      y        z 

5a      2c      Sb 
X         z         y 

x-\-y      z      2 
3     "S^S' 

12. 

y  4- «      X       5 
4         2  "12' 
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x  +  2y +  «=-!,  .3ic  +  .2y  +  .4:«  =  1.9, 

3.  2a;-y  +  «=-20,  10.  .02  a;  =  .1  -  .Oly  —  .022, 
—  a  —  y  —  5«  =  13.  a;  +  y-h«  =  6. 

a  +  y  +  «  =  1, 

4.  x  +  y  —  z  =  2, 
x  —  y  +  z  =  S. 

x  +  2y  +  z  =  l, 

5.  2a;  +  y  —  «  =  0, 
x  +  2y'\-z  =  0. 

2x  —  y  -{-  5z  =0, 

6.  8a;  +  7y-|-«  =  38, 
X  —  5y  —  z  =  7. 

4a;-3y  =  «,  3x  +  2y=12-Sz. 

7.  «  =  aj  +  y,  2a;  +  y  +  «  +  t^;  =  l, 

2a;  =  3y  +  l.  _lo  / 

^^  ^^    x-y-z  +  2w  =  ^, 

X  —  2y  =  10,  '  scH-2y  —  «  —  1^  =  0, 

8.  3y  +  4«  =  —  1,  x  —  y  +  2«  —  «£;  =  1. 
5a;-«  =  18.                                  x  +  y  +  ;^  =  1, 

x  +  y=zSa,  ^^    x^y-w  =  -l, 

9.  x  +  «  =  4a,  'a;  —  «  —  m;=  —  5, 
y  -^  z  =z  5  a.  y  ^  z  -{-  w  =  0. 

PROBLEMS 

Express  the  conditions  of  the  following  problems  by  means 
of  simultaneous  systems,  solve,  and  cheek  the  results : 

1.  The  sum  of  two  numbers  is  109  and  their  difference 
is  49.   Find  the  numbers. 

2.  Thirty-nine  tons  of  material  are  to  be  moved  by  motor 
trucks  and  drays.  It  is  found  that  the  work  can  be  done  in  a 
given  time  either  by  10  trucks  and  6  drays,  or  by  8  trucks  and 
10  drays.   What  is  the  capacity  of  a  truck  and  of  a  dray  ? 
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man  a^^f^boy  can  do  in  18  days  a  piece  of  work 
5  me^V'^nd  9  boys  can  do  in  3  days.   In  how  many  days 
do  the  work  ?   1  boy  ? 

Two  sums  are  put  at  interest  at  5%  and  6%  respectively, 
annual  income  from  both  together  is  $100.    If  the  first 
sum  had  yielded  1^  more  and  the  second  1%  less,  the  annual 
income  would  have  decreased  by  $2.   Find  each  sum. 

5.  li  ttx  +  by  =2  is  satisfied  by  a;  =  2  and  y  =  3  and  also 
by  aj  =  6  and  y  =  5,  what  values  must  a  and  b  have  ? 

6.  A  bag  weighing  18  ounces  contains  two  sizes  of  steel 
balls — ounce  balls  and  |-ounce  balls.  There  are  23  balls  in  all. 
Find  the  number  of  balls  of  each  size. 

7.  A  m£m,,i!gts?4.50  in  dimes  and  quarters.  If  he  has  36 
coins  yfir^fnow  many  has  he  of  each  ? 

.  ^y%  man  can  walk  4  miles  per  hour.   He  reaches  a  point 
2gialles  from  his  starting  point  in  three  hours,  having  been 
4aken  part  of  the  way  by  a  stage  traveling  12  miles  per  hour. 
How  far  did  the  stage  carry  him  ? 

9.  Two  automobiles  25  miles  apart  travel  toward  each  other 
and  meet  in  Ihotfl:.  If  they  had  both  traveled  in  the  same 
direction,  tJat^'KLster  would  have  overtaken  the  slower  in  5  hours. 
Find  ^b^ate  of  each. 

vlO.  An  aeroplane  makes  a  flight  in  3  hours.   If  the  distance  /      ^ . 
j^aA  been  half  again  as  great,  the  aeroplane  would  have  been*     -^  )( 
forced  to  travel  50  miles  per  hour  faster  in  order  to  cover  it  in  y'  ^ 
the  same  time.  Find  the  distance  and  the  speed  of  the  aeroplane. 

11.  The  sum  of  three  numbers  is  108.  The  sum  of  one  third 
the  first,  one  ^oaf  tt  the  second,  and  one  sixth  the  third  is  25. 
Three  Mxxpx^  j^fae^ifirst  added  to  four  times  the  second  and  six 
times^tljp^ird  is  504.   Find  the  numbers. 

^'ihe  sum  of  three  numbers  is  217.   The  quotient  of  the 
)y  the  second  is  5,  which  is  also  the  quotient  of  the  second 
by  the  third.   Find  the  numbers. 


^i 
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13.  If  the  tens'  and  units'  digits  of  a  three-digit  number  be 
interchanged,  the  resulting  number  is  27  less  than  the  given 
number.  If  the  same  interchange  is  made  with  the  tens'  and 
himdreds'  digits,  the  resulting  number  is  180  less  than  the 
given  number.  The  sum  of  the  digits  is  14.   Find  the  number. 

14.  The  sum  of  two  sides  which  meet  at  one  of  the  vertices 
of  a  quadrilateral  is  20  feet  The  sum  of  the  two  which  meet 
at  the  next  vertex  is  27  feet.  The  simis  of  the  two  pairs  of 
opposite  sides  are  23  feet  and  29  feet  respectively.  Find 
each  side.   (Two  solutions.) 

15.  Two  chairs  cost  h  dollars.  The  first  cost  m  cents  more 
than  the  second.   Find  the  cost  of  each  in  cents. 

16.  Find  two  numbers  whose  sum  is  a  and  whose  difierence  is  b. 

17.  Find  two  numbers  whose  sum  is  a  +  5  and  whose  differ- 
ence is  a  —  5. 

18.  Two  relays  of  messengers  carry  a  message  k  miles.  The 
first  relay  travels  c  miles  further  than  the  second.  How  far 
does  each  go? 

19.  A  man  has  a  dollars  and  h  cents  in  dimes  and  quarters. 
If  he  has  e  coins  in  all,  how  many  of  each  kind  has  he  ? 

20.  A  man  has  a  dollars  in  quarters  and  nickels,  with  h 
more  quarters  than  nickels.   How  many  of  each  has  he  ? 

21.  A  man  rows  m  miles  downstream  in  t  hours  and  returns 
in  a  hours.   Find  his  rate  in  still  water  and  the  rate  of  the  river. 

22.  A  10-gallon  mixture  of  45^  alcohol  is  to  be  made  from 
one  of  95%  alcohol  and  another  of  15%  alcohol.  How  many 
gallons  of  each  will  be  required  to  make  the  desired  mixture  ? 

Hint.  Let  x  and  y  =  the  number  of  gallons  of  96%  and  16%  alcohol 

respectively.  Then '- — -  =  — — ,  and  x  +  y  =  10. 

10  100 

23.  A  chemist  has  the  same  acid  in  two  strengths.  Eight 
liters  of  one  acid  solution  mixed  with  12  liters  of  another 
gives  a  mixture  84%  pure,  and  3  liters  of  the  first  mixed  with 
2  liters  of  the  second  gives  a  mixture  86%  pure.  Find  the  per 
cent  of  purity  of  each  acid. 


6 
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EXPONENTS 

157.  Fundamental  laws  of  exponents.  The  four  laws  of 
exponents  used  in  the  preceding  chapters  are 

I.  Law  of  Multiplication,  (^ 

If  a  and  h  are  positive  integers,  we  have 
a;*  =  a;  •  re  •  ic  •  a;  •  •  •  to  a  factors, 
and  a;^  =  ic  •  a; .  a;  •  •  •  to  J  factors. 

Hence    a^  •  a;*  =  (a;  •  a;  •  a;  •  •  •  to  a  factors)  x  (a;  •  a;  •  a;  •  •  • 

to  h  factors) 

=  a;-a;«a;--« to  a  +  6 factors 

=  a:«+ft  by  the  definition  of  an  exponent. 

II.  Law  of  Division, 

Again,  if  a  and  6  are  positive  integers,  we  have 

fc     x^     X'X'X  • '  'to  a  factors 

a;«  -4-  a;*  =  — r  = ;-; • 

x^     X'X  'X  '  •  'to  0  factors 

If  6  is  less  than  a,  the  b  factors  of  the  denominator  may 
be  canceled  with  b  factors  of  the  numerator,  leaving  a  —  6 
factors  in  the  numerator. 

x^ 
Hence  --  =  a:*""^ 

329 
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If  5  is  greater  than  a, 


2:* 


x^     a;*-» 


III.  Law  of  Involution,  or  raising  to  a  power, 

As  before,  if  a  and  6  are  positive  integers,  we  have     ^ 
(a;*)^  =  a;«  .  a:«  .  ir«  . . .  to  6  factors  "^  y^ 

=  a;«+ *+«"•■  •••-..  to  6  terms  of  the  exponent 


=  a;«*. 


IV.  Law  of  Evolution,  or  extraction  of  roots, 

Law  I  may  be  stated  more  completely  thus: 

Law  III  includes  the  more  general  forms : 
(a)  (^x'^y^y  =  a;««y^. 

(6)  ((2J»)*y  ...  =  a;«'«  ••. 

When  Laws  I,  II,  and  HI  were  used  in  previous  work 
in  multiplication  and  division,  we  always  assumed  that  a 
and  6  were  positive  integers  and,  in  Law  II,  that  a  was 
greater  than  h.  In  the  work  on  radicals  (see  pages  251-252) 
the  meamng  of  an  exponent  was  extended  so  as  to  include 
fractional  exponents,  as  defined  by  Law  IV.  Though  Laws 
I-I V  have  thus  far  been  restricted  to  positive  integers  and 
fractions,  they  hold,  nevertheless,  for  any  irrational  values 
of  a  and  J.  This  fact  will  be  assumed  without  proof.  We 
« shall  now  explain  the  meaning  which,  according  to  these 
laws,  must  be  given  to  a  zero  or  to  a  negative  exponent. 


But 

^  +  :^  =  ^  =  1 

Therefore 

x*  =  l. 

More  generally. 

3?'  +  a^  =  (r»-«  = 

and,  as  before, 

3^=1. 

158.  Meaning  of  zero  as  an  exponent.    From  Law  II, 


=  a^. 


Tliat  is,  anj  niimbei'  (except  zero)  whose  exponent  is  zera  is  oqnal 
to  1.  Hence  4"  =  {§)"  =  (—  8)",  for  each  equals  1.  Again,  ii  i  is  not 
zero,  (5x)''=l,  and  if  a  ia  not  1,  (z' -  2i +  1)<^=1. 

159.  Meaning  of  a-negatlTe  exponent.    From  Law  II,    , 

Obviously,  a* -i- a"  == -r  = -; •  *~^-,    . 

Therefore  a"'  is  another  way  of  writing  — • 

Then' 


■  -Also-  •■■■- 
In  general  terms, 
CtHisequently 


4->  =  i  =  i. 
4"     64 

-I      1         1 


C^ .: 


Similarly,  we  obtain  the  more' general  results. 


Sa;-»  =  ^    and    — =s&e". 


\\^ 


r^^^-> 
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Therefore,  Any  factor  of  the  numerator  of  a  fraction 
may  he  omitted  from  the  numerator  and  written  as  a  factor 
of  the  denominator^  and  vice  versa^  if  the  sign  of  the  eaponent 
of  the  factor  be  changed. 

It  follows  that  any  expression  involving  negative  exponents  may 
be  written  as  an  expression  involving  only  positive  exponents.  That 
is  to  say,  negative  exponents  are  not  a  mathematical  necessity  but 
merely  a  convenience.  The  extension  of  the  laws  of  exponents 
which  brings  with  it  the  zero  exponent  and  the  negative  exponent 
is  an  illustration  of  what  is  called  the  Law  of  Permanence  of  Form. 

It  is  to  be  understood  that  the  part  of  the  rule  for 
multiplication  (page  71)  and  of  the  rule  for  division 
(page  d7)  which  determines  the  exponents  in  the  product 
or  in  the  quotient  appUes  to  all  numbers,  whether  positive 
or  negative,  integral,  fractional,  or  literal  Hence  those 
rules  need  not  be  restated  here.     /«  '/..    ^  /  ^' /  i^  /         v . 

--'      V(r  ^     Fractional,  Negative,  and  Zero  Exponents 
Simplify :  ,' 

10.  ac*  *aj*».  -y    '^ 
1.  a?'i^<irK^   , 

.3.  (^'xfUp;-  ^_ 

.6.  C^  '€^  'cS.   ' 

7.  (a*-ai).aiy 
8.  aj»  -*-  a^8.       /is*  (a*  +  a*  +  i)ai» 


^ 


> 


3.  «•  •  aj*. 

5.  aj'  •  ajr • 

6.  X*  •  X.  ;t 

7.  a?  'sfi. 


t    * 


8*  Qfl  *x.  y 


» * 


19.  aj»«-».a!»-»«.  ^      , 

20.  aj'—^.a;*.  (t*"*^"  ' 

21.  V5i-«.      f > 

22.  v^jB-*- ar.    /^^ 
28.  VJ.^    ^^'^ 

24.  V;?  -I-  VjB.  '^ 

25.  V^.  -e^.    j     K^ 

26.  V^ .  Va*. 

27.  as^-i .  sb"-". 


^" . 


/_ 


(...  •    '  .^^'t^-^ 


w  ^ 


28.  (a*)'. a* 

29.  (a;ya.a-2«. 

30.  af-i- 


31.  aJ*«-^ 


0^** 


X 


-2 


32.  a5«-^ 


X 


-a 


33. 

a?  ' 

•  • 

1 

34. 

oa;"*  -i-  a' 

-y. 

35. 

m*x  -«-  rnr 

•w. 

Eead  the  following  with  positive  exponents  and  simplify  the 
results :       ^ 

36.  m-'^SZ^  ^ 

38.  7A-'.-^        4x 

39.  4a»6-V.%,^         y-»* 
4a-%c-» 


46. 


6a-^ft-V 


s;^i 

Arrange  t^rmsr  ^'that  the  exponents  of  one  letter  occur  in"  *  ^ 
the  descending  ordes : 

49.  a^  +  a-^-6a  +  3a^ 


^4^ 


52.  a«  +  ~-2  +  -  +  a». 
a'  a 


51.  a*  +  a""*  +  a"*  +  a  +  3. 


a 


i-4 


53.  a'  +  TU  +  7^  + 


,8 


h^  '  a- 


54.  a»--.  +  -o-  — +  6. 


^^3    PerfXi 


1&] 


e& 


2 


c" 


a 


RCISES  IN  MULTIPLICATION 


^ 


^> 


\. 


3    Perform  the  indicated  multiplication  and  simplify : 


c 


f\' 


1.  (a  +  a;i  +  a;"*)2a;*. 
y(8fr  (a;^—  5  ax  4-  6  a^)a»aj~^. 

y^-»  +  3)(a-«-5). 
y^(aj2«  -  3aj«)(aj^  -  2aj). 


-J'^    . 


y9^(cr^  -  2 a  +  3 a^y. 
10.  {e^  +  e-y. 


<.  • 


V. 


/ 
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i/(x*  +  2y*)(x*  -  2xV  +  4y*). 
tjAa*  -  ah^  4-  &*) (/>*  +  a*  +  a***). 

Af  (x  +  xV*  +  y"0(y"^  +  »  -  aV*)- 

19.  (^»-6V^(-^-5V^). 
V    HiKT.  This  ifl  best  written  (at  —  6  a^)  (ai  —  6  a^). 


21 


•(^^^X^-^J- 


EXERCISES  IN  DIVISION 


Perform  the  indicated^i vision  and  simplify : 

^^a_2x»«-i 


X*       X  c"    X    m 


2.  X*  -4-  x^. 

3.  ax*  -?-  a*x*. 


+  3x««-^-j-x2«-^ 
r.  (6  ««+*"- 9  «»*-«  + 12  a^-**)-*- 3  a*-« 

a*«:.*  8.  (a;-8y)-!-(x»-2y») 

flO.  (a»  +  a*"'  +  6-»)-i-(a  -  aV*  +  b'^). 
Hi  (e»«  +  e-"  +  2)  +  (e-'  +  e«). 

^iati  (a  +  2  J  +  2  ah^  +  aM)  -j-  (a*  +  2  5*). 

lipX^*  -  7m-«  +  m-*  4-  7  m^  +  8)  -^  (5  -  m"*  +  V). 
'^^^OaUin-i  _  j^n-2  +  2x^'*'^)-h(2x'*-i  +  3x2~-^. 

^  (40  o^  -  25a'h^  - 16 a^ft*) -*-  (-  4 a^r  *  +  6  a-*r*j. 


-"  c:-^ 


[exponents  1 


*<. 


886 


^-b 


,f  _  a^i  +  a**  -  ftl  by  a*  -  ^* 
^  3a5-" -H  aj«  -  4x-«  by  2aj-2  4- aj2  +  3a.-e 

^^igi^m  +  4m-i  -  13  by  3mi  -  6  +  2m~i 

21.  9ar»«  +  25a;-*«  -  19a;-«  by  5x-2«  +  3a.«  _  7a.-f 

■ 

isdVe^la;  -  96  a;  V  +  ^^  y)\ 
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•(^^)4(¥ 


+ 


Note.  To  us,  who  use  the  notation  of  exponents  every  day,  it 
seems  so  simple  and  natural  a  method  of  expressing  the  product  of 
several  factors  that  it  is  difficult  to  understand  why  such  a  long 
time  was  necessary  to  develop  it.  Bui  here,  as  in  many  other  in- 
stances, it  required  a  great  man  to  discbver  what  to. us  seems  the 
most  obvious  relation.  The  man  who  brought  the  notation  of 
exponents  to  its  modem  form  was  John  Wallis  (1616-1703),  an 
Englishman. 

Though  the  idea  of  using  negative  and  fractional  exponents  had 
occurred  to  writers  before  Wallis,  it  was  he  who  showed  their  natu- 
ralness, and  who  introduced  them  permanently.  He  also  was  the 
first  to  use  the  ordinary  sign  go  to  denote  infinity. 

MISCELLANEOUS  EXERCISES  ON  EXPONENTS  4' 

'ind  the  numerical  value  of  the  following^ 
1.  3-2. 


2.  4-8. 

3.  2-2 .  3-*. 

4.  7.7^.  0. 

6.  (f)-^ .  40. 


7. 


8. 


3-2 
13 


4-1 

9.  5.2^-(5.2)«. 
4-2.3-2 


10. 


6- 


11.  32"* 

12.  4-*. 

13.  16"*. 

14.  8"* 
16.  25 H 

16.  (-  64)- i 


/^„ 
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17.  (-126)-* 

18.  -§'^27^. 


>-i 


25. 


19.  {<^~sy. 

22.  (.04)*. 
i  23.  <.027)-*. 
24.  (.00032)*. 


Hint. 


2-2  _  2- 
2-1 


8 


i 


Qy- 


2-2 -2-»      J.      1 
2i""2» 

3-8  -,  2-^ 
3-1-2-1* 

3-8_2-» 


etc. 


3-1-2- 


Write  with  positive  expojients  and  simplify  the  results : 


28. 


Hiirr. 


2 


29. 


a-i  +  6-1 


2 


t  etc. 


\^'- 


58^ 


-a 


Simplify : 

46.  (2^-». '  "^      ^ 

,47.  (2-»)-*. 

'  48.  ufrT- 


\9^a-^  +  b-^' 


Write  wiUiout  a  denoininator  an 


/»/; 


(2aj»)°.8.4* 
(a«3)»(a  +  b). 


i' 


57 
58 
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(a«f+^v(ay-*. 


61.  2^ .  4*  =  2^ 

62.  2'*.4~  =  2?. 


=  2?. 

48» 

64.  2~.4~+^-^2~  =  2^ 

4.n+i  g»+l     ' 


__^ s ^4-6  =  ? 

2n  /^n  - l\n    *    /J^  + 1\»  -a  ^ 


-^N 


y  N*7.  9** .  s'*  =  27^    1^  K7«     ^ 

X^  2«»+« .  4~+«  =  82^  -^       ^      ^        (125)»  ^ 

71.  2«'^+»- 4'*'*+•  =  (8'*)^ 


^ 


^ 


Solve  for  xi 
72.  a?*  =  8. 

2. 


"i 
>-^> 


75.  aj"'  =  4 


M,  a;"*  =  32. 
'       !J3U'^  S*  =  343. 


•'••:— r(a«i)-*  =  27. 


.  a;*  =  4        '  '"   .  '^'  x^  =  343.  "  v^      ^16 

/*■  ■^  (g' ^Te-")  (g"  +  e-")  -  (g»  -  er »)  (gg  -  «-'») 


» 


^f  -  e-*) 


'\ 


-t 


m^x  •  i(a*  -  a!*)"*(-r  2a;)  ^(a»  -  a!*)*. 
,       ^T  jtt'  a -a? -a  :Zx\      (a\ 

••^'•^-(a^  +  5)4g*  .  a;«4-20. 


\  ('•-D 


ty^  <'*-5>' 


ar"-! 


CHAPTER  XXIV 

SQUARE  ROOT  AND  RADICALS 

(In  Part  Review) 

160.  Square  root.  The  square  root  of  any  number  is  one 
of  the  two  equal  factors  whose  product  is  the  number. 

161.  Cube  root.  The  cube  root  of  any  number  is  one  of 
the  three  equal  factors  whose  product  is  the  number. 

The  square  roots  and  cube  roots  of  monomials  have  been 
treated  on  pages  118-115. 

162.  Principal  root.  For  a  given  index  the  principal  root 
of  a  number  is  its  one  real  root  if  it  has  but  one,  or  its 
positive  real  root  if  it  has  two  real  roots  of  that  index. 

Then  the  principal  square  root  of  9  is  +  3 ;  the  principal  fourth 
root  of  16  is  +2,  not  —  2.  The  square  root  of  —  4  or  —  9  is  rwf 
real ;  such  iiumbers  have  no  principal  square  root. 

The  principal  cube  root  of  8  is  2,  of  —  27  is  —  8.  The  principal 
fifth  root  of  32  is  +  2,  of  -  32  is  -  2. 

Every  number  has  more  than  one  root  of  any  given 
index  except  1.  The  number  8,  for  example,  has  two 
other  cube  roots  besides  its  principal  cube  root  2.  What 
they  are  and  how  they  are  obtained  will  be  made  clear 
in  the  chapter  on  Imaginaries,  where  the  consideration 
of  the  square  roots  of  negative  numbers  will  also  be 
taken  up. 

Unless  otherwise  specified,  only  the  principal  odd  root 

of  a  number  will  be  considered. 

3SB 
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ORAL  EXERCISES 

Find  the  principal  square  root  of  the  following : 

1.  16.  5.  49  ^^  ^    9  10.  x-\ 

2.  25.  6.  i,  ^ 

3.  4a^.  1^  a^ 

4.  36 a«.  '^^  ^'  ^*  ^*  12.  4a;<». 

Find  the  principal  cube  root  of  the  following: 

13.  8.  16.  64a;«.  19.  -125a\        22.  343  a«. 

14.  64.         17.  -  8.  20.  -  8  a\  23.  -  512  a». 

15.  Sa\       18.  -64.  21.  216  a«.  24.  -  27a;-^ 

Find  the  principal  fourth  root  of  the  following : 

25.  16.         27.  256.  29.  x^.  31.  625  a*. 

26.  81.         28.  a*.  30.  16  aj*.  32.  16  a;-*. 

Give  the  principal  root  and  one  other  root  for  the  following : 

33.  The  fourth  root  of  81;  of  a*;  of  x-\ 

34.  The  sixth  root  of  64;  of  a*;  of  aj-*. 

35.  What  is  the  sign  of  the  principal  odd  root  of  a  positive 
number  ?   the  principal  odd  root  of  a  negative  number  ? 

36.  What  is  the  sign  of  the  principal  even  root  of  a  positive 
number? 

37.  How  can  the  fourth  root  of  a  monomial  be  found  ? 

38.  How  can  the  fifth  root  of  a  monomial  be  found  ? 

39.  Can  one  obtain  the  fifth  root  of  a  monomial  by  extract- 
ing the  square  root  of  its  cube  root  ?  by  extracting  the  cube 
root  of  its  square  root  ?   Explain. 

163.  Square  root  of  polynomials.  Extracting  the  square 
root  of  a  number  is  essentially  an  undoing  of  the  work  of 
multiplication.  The  method  of  doing  this  was  indicated 
in  the  examples  in  section  101. 
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BZERcnras 

Extract  the  sqimre  root  of  the  following : 

1.  a;*  +  4ic»  -  2a»  -  12 oj  +  9. 

2.  a«-10a*-4a*  +  25a«  +  20a  +  4. 

3.  t*  +  4tt^  +  9  -\-  4:t^ -  et* '-12t\ 

4.  4a*  +  9aV  +  ^*  +  12a«^-4aV-6a^. 

5.  4a«  +  12a*-7-24a-*  +  16a-«. 

6.  49c-«  -  28c-*  +  74c-2  -  20  +  26  A 

7.  9aj*  -  6a;* +  «"- 66a;*  +  22a? +  121*. 

8.  25a;»  -  10a^  +  90a;*  +  a;  -  18a;*  +  81a;* 

9.  a;*  +  6a;»  +  ^^-lr2a;-f  |- 

4a?  y^       12x      Sy 

^  4a?        y         X 

Solntioii.   Arranging  terms  in  descending  powers  of  x  and  apply- 
ing the  rule  on  page  241,  we  obtain  the  following  : 


4a?      12a:      „      3v 
Y  V  7  \ 


4a? 


y 


X 


4x2 


_  +  3_JL 
V  2x 


i^  +  3 


12  X 


y 

12  a; 


y 


+  7 


+  9 


=(¥-) 


3 


(2£  +  3)=i^ 
\y      I     y 


+  6 


4x 


y 


V  2  a? 


-2-ii?  + 


4i» 


X       4g»     \y  2  g/V     2  g/ 


Therefore  the  square  roots  are  ±  I h  3  —  ^  i- 

11    A    4j„^«*      35a»      2a  ^. 
11.  4a*  +  -3 ^ ^  +  1. 
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26aj*      1270^      ^         10x»      ^, 

12.  ^-^^~2a?  +  -3-  +  2f 

13.  |a*-2a«  +  7^a«--2^a  +  ^. 

^'-18  +  ^ 
9      ^^^a 


14.  ^-18  +  -^  +  9a«-2  +  2a^ 


15.  -5 1 h  -^  +  4t. 

16-  ^  +  ^  +  a%2  +  2a«  +  2  +  2ft«. 

g*        2a"      117      40      16 
^^'  26c*  "^   c»   "^6c"      a2c"*"a*' 

a»  40^       3  a        2        12c 


4c*  •       '  25a*       c"    '  6ac      6a« 

1        3a;      9a;"        a*        6a       1  ' 
^^'  4.0?^       aJ'  ■*■   a"  "^250:"       6   "^Sx* 

Find  the  first  four  terms  in  the  square  root  of  the  following : 
20.  H-2a;.  21.  ^- +  a\ 

164.  Square  root  of  arithmetical  numbers.    For  explana- 
tions, examples,  and  rule  see  pages  243-246. 

EXERCISES    ' 

Find  the  positive  square  root  of  the  following : 

1.  6241.  4.  56,169.  7.  988,036. 

2.  9216.  5.  1.4641.  8.  7,049,026. 

3.  16,129.  6.  216.09.  9.  3.9601. 

Find  to  three  decimal  places  the  positive  square  root  of 
the  following: 

10.  7.  12.  .01236.        14.  f  16.  ^.        18.  23^. 

11.  .63.       13.  .96384.        15.  4f.        17.  |.  19.  89^. 
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20.  Find  the  hypotenuse  of  a  right  triangle  whose  legs  are 
136  and  273  respectively. 

21.  A  baseball  diamond  is  a  square  90  feet  on  each  side. 
Find  the  distance  from  the  home  plate  to  second  base,  correct 
to  .01  of  a  foot. 

22.  The  hypotenuse  of  a  right  triangle  is  207  feet,  and  one 
leg  is  83  feet.   Find  the  other  leg,  correct  to  .01  of  a  foot. 

23.  The  hypotenuse  and  one  leg  of  a  right  triangle  are 
respectively  5471  and  4059.   Find  the  other  leg. 

24.  The  side  of  an  equilateral  triangle  is  17  inches.  Find 
its  altitude,  correct  to  .1  of  an  inch. 

25.  Find  the  side  of  an  equilateral  triangle  whose  altitude 
is  15  inches,  •correct  to  .001  of  an  inch. 

Fact  from  Geometry,  If  a,  6,  and  c  represent  the  sides  of  a 
triangle  and  a  equals  one  half  oi  a  +  h  +  c,  the  area  of  the 
triangle  equals  Vs(s  ■—  a)  (s  —  h)  (s  —  c). 

26.  Find  the  area  of  a  triangle  whose  sides  are  12,  27,  and 
35  inches  respectively,  correct  to  .001  of  a  square  foot. 

27.  By  the  method  of  Exercise  26  find  to  .01  of  a  square 
inch  the  area  of  a  triangle  each  side  of  which  is  22  inches. 

28.  Find  to  two  decimals  the  radius  of  a  circle  whose  area 
is  70  square  feet. 

29.  Find  to  two  decimals  the  diagonal  of  a  room  whose 
dimensions  in  feet  are  15,  22,  and  28. 

30.  Find  to  two  decimals  the  diagonal  of  a  cube  whose  edge 
is  8  feet. 

31.  A  room  is  24  feet  by  40  feet  by  14  feet.  What  is  the 
length  of  the  shortest  broken  line  from  one  lower  corner  to 
the  diagonally  opposite  upper  corner,  the  line  to  be  on  the 
walls  or  the  floor,  but  not  through  the  air  ? 
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165.  Irrational  numbers.  Any  real  number  which  is  not 
rational  is  irrational. 

If  a  number  under  a  radical  sign  is  such  that  the  root 
indicated  cannot  be  exactly  obtained,  the  radical  represents 
an  irrational  number. 

For  example,  V7  and  "v^  are  irrational.  Approximate  values  for 
these  are  given  on  page  502. 

4 

A  repeating  decimal,  though  endless,  is  not  an  irrational 
number,  for  any  repeating  decimal  can  be  expressed  as  a 
common  fraction,  and  is  therefore  rationaL 

Thus  the  repeating  decimal  .272727  •  *  •  is  not  irrational,  as  it 
exactly  equals  y\.  Similarly,  .2857142857142*  •  •  exactly  equals  ^,  etc. 

Note.  The  number  ^  reduced  to  a  decimal  repeats  the  digits  in 
groups  of  six  each,  and  the  mere  fact  that  a  decimal  does  so  repeat 
is  proof  that  it  is  a  rational  number.  On  the  other  hand,  the  num- 
ber IT  is  known  to  be  irrational,  and  its  value  has  been  computed  to 
707  decimals,  showing,  of  course,  no  repetition.  The  fact  that  it 
does  not  repeat  in  700  digits  is,  however,  no  proof  that  tt  is  irrational, 
for  decimals  with  even  more  than  that  many  digits  do  repeat.  For 
example,  the  fraction  -VVV^  equals  the  decimal  1.29 +,  which  repeats 
in  groups  of  7698  digits  each. 

166.  Imaginary  numbers.  An  indicated  sqtiare  root  of  a 
negative  number  is  called  an  imaginary  number. 

Thus  V—  4,  V—  7,  and  V— 12  are  imaginary  numbers.  And 
3  +  V— 1  is  also  imaginary,  though,  as  will  be  seen  later  (Chap- 
ter XXYIII),  such  numbers  are  better  called  complex  numbers. 

167.  Classification  of  numbers.  All  the  numbers  of  alge- 
bra then  may  be  placed  in  one  or  the  other  of  two  glasses : 
real  numbers  and  imaginary  numbers. 

Real  numbers,  as  we  have  seen,  are  of  two  kinds,  rational 
numbers  and  irrational  numbers.   (See  page  250.) 
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168.  Surd.   A  suxd  is  an  irrational  number  in  which  the 
radicand  is  rationaL 


Thus  V3,  "v^,  etc.  are  surds.  But  V 2  +  VS  and  Vi  are  not  surds. 

169.  The  algebraic  sign  of  a  radical.  The  square  root 
of  4  is  both  +  2  and  —  2.  The  symbol  V4,  however, 
signifies  only  -f  2,  the  principal  root  (section  162).  Simi- 
larly, ^81  is  +3  and  -^U  is  +2.  But  -V9  is  -3, 
and  —  ^yi6  is  —2.  The  symbol  ±V25  denotes  both 
+  5  and  -5.  Further,  +^3^=  +  3,  -^^  =  -3,  and 
-^5^1:27  = +  3. 

The  foregoing  remarks  apply  also  to  fractional  exponents.   Thus 

41  =  +  2  only,  and  8li  =  +  3  only,  etc.  It  should  be  noted  that  these 
statements  really  define  the  meaning  of  such  symbols  as  V~,  y/^,  V~y 
etc.  Such  an  understanding  as  this  avoids  all  the  ambiguity  which 
would  arise  if  VI6  meant  both  +  4  and  —  4.  The  distinctions  here 
made  are  especially  needed  in  radical  equations. 

Moreover,  without  the  limitation  stated  the  following  relation  is 
not  always  true :  ^^  _  (VY 

For  example,  we  would  have 

(9i)«  =  (±3)«  =  729, 
while  (9«)i  =  (590041)*  =  ±  729. 

ORAL  EXERCISES 

Find  the  numerical  value  of  the  following : 

1.  Vi.  5.  --v^.  9.  -</625.  13.  27* 

2.  -V9.         6.  ■</IIl25.         10.  8*.  14.  16* 

3.  -v^.  7.  --^^^^32.       11.  49*.  15.  (I)* 

4.  -vCTs.        8.   -v^.  12.  8*  16.  (-  64)* 
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Read  in  radical  form : 

17.  re*  20.  3^*  23.  Bax^. 

18.  (at)i.      •  21.  3rai  24.  a^. 

19.  (3  t)i.  22.  2  ahK  25.  '2* aj5. 
Read  with  fractional  exponents : 

26.  V^.  29.   -v^^.  32.   -^(a  +  a;)l 

27.  V^».  30.  2V^.  33.   V(3  x  -  a)\ 

28.  •^.  31.   -W^.  34.   ■^a;2(y  -  1). 

35.  What  are  the  two  square  roots  of  36  ? 

36.  What  are  two  fourth  roots  of  16  ?  of  81  ?  of  625  ? 

37.  What  is  the  value  of  "v^  ?  of  Vsi  ?  of  -^625? 

38.  What  are  two  sixth  roots  of  64  ? 

39.  Distinguish  between  a  rational  and  an  irrational  number. 

40.  Which  of  the  numbers  8,  |,  343,  VJ,  V3,  and  tt 
(tt  =  3.14159+  )  are  rational  ?   Which  are  irrational  ? 

41.  Give  a  geometrical  illustration  of  an  irrational  number 
by  means  of  a  right  triangle. 

42.  Is  a  radical  always  a  surd  ?   Illustrate. 

43.  Is  a  surd  always  a  radical  ?   Illustrate. 

44.  Distinguish  between  a  surd  and  a  radicaL 

45.  Which  of  the  numbers  V3,  VI,  ^27,  Vv^,  V2  +  V3, 
and  V27r  are  surds  ?   Which  are  radicals  ? 

46.  What  is  the  principal  root  of  V4, '  V 8,  and  V—  8  ? 

47.  Name  the  order  of  V6 ;  of  a^ ;  of  Vs ;  of  c^ ;  of  Vm*. 

48.  Give  an  example  of  (a)  a  real  number ;  (b)  an  imaginary 
number;  (c)  a  rational  number;  (d)  an  irrational  number; 
(e)  a  radical;  (/)  a  surd;  (^)  an  index;  (h)  a  radicand; 
(i)  the  principal  odd  root  of  a  positive  number ;  (f)  the  prin- 
cipal even  root  of  a  positive  number;  (k)  the  principal  odd 
root  of  a  negative  number. 
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170.  Simplification  of  radicals.  The  rules  of  pages  254 
and  256  and  their  applications  to  the  work  of  section  109 
may  be  summarized  and  illustrated  as  follows: 

A  radical  is  in  its  simplest  form  when  the  radicand 

I.  T8  integral. 

II.  Contains  no  rational  factor  raised  to  a  power  which 
is  equal  to^  or  greater  than,  the  order  of  the  radical. 

III.  Is  not  raised  to  a  power^  unless  the  exponent  of  the 
power  and  the  index  of  the  root  are  prime  to  each  other. 

For  the  meaning  of  I,  II,  and  III  study  carefully  the 
following  examples.  Particular  attention  is  called  to  III 
and  the  examples  under  it,  as  this  type  was  not  treated 
in  Chapter  XX. 


Examples  of  I : 

2.  6\/f  =  6\/|  =  6Vj-3  =  6.jV3  =  2V3. 

Examples  of  II : 

1.  Via*  =  V4aj* .  X  =  ■V(2a^^  .  x  =  2x^V^, 

2.  5 ^24aj*  =  5 ^8x« .  3ar^  =  5  ^(2x)» .  3ar»  =  lOx-y/S^. 

3.  Vl6  -  8  V2  =  \/4  (4  ~  2  V2)  =  2  V4  -  2  V2. 

Examples  of  III : 

1.  •v^  =  -^  =  2*  =  2^  =  V2. 

2.  ■^=x-^2  =  3«  =  3^  =  ^3. 
8.   ■v^=.aM  =  ai&  =  5V^. 
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A  radical  of  the  second  order  is  simplified  by  the  use 
of  the 

Rule.  Separate  the  radioand  into  two  factors  one  of  which 
is  the  greatest  perfect  square  which  it  contains.  Then  take  the 
square  root  of  this  factor  and  write  it  as  the  coefficient  of  a 
radical  which  has  the  other  factor  as  radicand. 

If  the  original  radical  has  a  coefficient  other  than  the  num- 
ber  i,  multiply  the  result  obtained  above  by  this  coefficient. 

A  similar  rule  holds  for  simplifying  radicals  involving 
the  cube  root  and  roots  of  higher  orders, 

EXERCISES 

Simplify : 

• 

1.  Vis.  5.  V68.  9.  -v^.  13.  Va\ 

2.  V28.  6.  VT08.  10.  4^^.  X4.  Vaa«. 

3.  V50.  7.  Vi92.  11.  -t^.  15.  V^. 

4.  V52.  8.  2  Vis.  12.  ZV^.  16.  &V^^\ 

17.   V^. 

Solution.    V^  =  V^  =  V7i7^  =  TVV30. 

X8.  Vf.  19.  \/f.  20.  \f\.  21.  Vf. 

22.  -^i- 

Solution.   ^fi=^/4=-v/4^  =  -VS. 
\a      \a2      \a^  a 


27.  V^.  31.  >J^+(§J. 

29.  V2^Z(|)*.  «-N(-T-J-'^ 
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33 


34 


^  J/e^-f  e-n^  "^  37.  V54-9Vl8. 

I 7=  38.  \/r^  +  SR^VE. 

._.  V4-8V3.  . 

Hint.    V4-8V3=  39.  >J/e^  -  y  V3. 

35.  V36  + 18  V5.  Soliition.   </4=v^  =  2J 

36.  V16-8V3.  =2i  =  V2. 

41.  4^.  43.  -^64  a«6*.                         ejl^ 

42.  4^*.  44.  ■^^^.                             ^  26  • 


Express  entirely  under  the  radical  sign : 

46..2V7.  49.  ay/a.  53.  e^Ve^+e"*. 

Solution.  2V7=        50.  2c-^. 


ViV7=V28.      51.  4Vi. 


54.  («  +  l)\^3i" 


47.  3  Vs.  a  slg"  ,,    a  -  3 

52.  :^X-5-         55.  z- 


a  3|      125 
^(a;  -  3  a)^ 


48-  2-5/8.  3\a^ 

Express  in  simplest  form  with  one  radical  sign : 

56.  V^.  59.  VV^\  64.  VVl. 


Solution.    VV2=V2i  60.  VV?.  65.  2^2^, 

=  2i  =  </5.        61.  VV^.  66.  V^. 

57.  VVa.  '     62.  vVf^.  ^ 

58.  VVa.  63.  V3V3.  67.    y  x^ 

Find  by  the  formula  of  Exercise  26,  page  342,  the  areas  of 

the  triangles  whose  sides  are 

68.  6^  8,  and  10.  70.  33,  66,  and  66. 

69.  r^  24^  and  26.  71.  104, 153,  and  186. 
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171.  Addition  and  subtraction  of  radicals.  Similar  radicals 
are  radicals  of  the  same  order,  with  radicands  which  are 
identical  or  which  can  be  made  so  by  simplification. 

The  sum  or  the  difference  of  similar  radicals  can  be 
expressed  as  one  term,  while  the  sum  or  difference  of 
dissimilar  radicals  can  only  be  indicated. 

« 

EZERCISBS 

Simplify  and  collect : 
1.  Vs  +  Vii.  8.  -^Til  -  4 -v^  + -§^376. 

Solution.   V8  +  Vi8=  9.  ■^/&2&  + -^  +  ^/l35. 

2v^  +  8V5  =  5V2.  _         , —         , — 

I—        r-  10.  lOVl-VX  +  v¥- 

a.  V20  +  3V5.  *       ^^       _ 

8.  V60  +  V98-V32.  "•  aV?-V^-5Va*B. 

4.  Vi2  +  6V75-2V27.  12-  Vj?  +  •v'j?  - 12  "v^. 

6.  V76  +  3V147-V12.  )£_   [i  .    (I^. 

6.  2  V64  +  V24  -  V96.  '  ^"^     ^"^     "^  « 

7.  </l6  +  ^/&i-3^.  14.  Vf +V^-VV^. 

15.  ■v'32a^  +  -^1250 x  -  -^BUx  -  y/2x. 

16.  V(a  +  cy-c  -^(a  +  c)*  +  2  c  -^(a  +  c)\ 

17.  ^(a  -  cf  +  c-^a^  _  2ac  +  c"  +  (a  +  c)  ">/«  -  c. 

18.Ji-Ji4-J^±^2-JSZ 


-2. 


19.   y/2l  +  ^(3  a  +  9)  (a  +  3)^  -  "V^  +  « -^  -  4  "v^. 


20.  2V9a»-9a%-3V9aZ>2_95«  +  V(a«-6^(a  +  ft). 

A.      /  rx      f«+^   .      /o^    a       orrra  .   a  +  ^      f36aZ>"-36&» 

"^        ^   ya  —  h  a—b  ^       a  +  o 
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172.  Multiplication  of  real  radicals.   Real  radicals  of  the 
same  order  are  multiplied  as  follows: 

Sxample  1.   Multiply  2  Vx  — 3  Va  — 4  Vox  by  2  Vox. 

Solation.  2V^— SVa  — 4Vax 

2Va^ 

/  \      ,  4xVa  — 6aVa;  — 8ar 

Real  radicals  of  different  order  are  multiplied  as  follows : 
Example  2.  Multiply  Vn  by  y/x.  v'    ,|s  P^ 


•  '^ 


Then  Vn  •  Vi  =  -v^n^ .  v^  =  v^n*x*.  >,^ 

The  method  of  multiplying  real  radicals  is  stated  in  the 

Ruk.   If  necesaarj/y  reduce  the  rddicals  to  the  same  order. 

Find  the  products  of  the  coefficients  of  the  radicals  for  the 
coeffficient  of  the  radical  part  of  the  result. 

Multiply  together  the  radicands  and  write  the  prodTict  under 
the  common  radical  sign. 

Medu^ce  the  result  to  its  simplest  form. 

The  preceding  rule  does  not  hold  for  the  multiplication  of 
imaginary  numbers.   This  case  is  discussed  in  Chapter  XXVIII. 


I    « 


EX^RCtSES^  __ 

Perform   the   indicated   multiplication   and   simplify   the 
products : 

1.  Vi2Vi8.  6.  (V5-3V2)(2V5-V3). 

!"f'^'     /if  t.(V^-V^)(V^^+2V^). 

4.  (V2-3V6)V5.  \(3V5-^^)(3V6  +  V2). 

5.  (V3-2>^)(V2-V3).   9.(4V6  +  2V7)(4V6-2V7). 


SQUARE  ROOT  AND  RADICALS  861 


'%  .(V3^  -  V2^/.  11.  (2  V373iy.  A  (^  _  V7i:2)*. 

13.  (V6  -  V3  -  V2)(V6  +  V3  -  V2). 

14.  (3V2  +  2V3  +  V30)(2V2  +  2V3-2V6). 

15.  (iE-|V3)(2iJ  +  ^V3). 

"•  (f)V(f-f >^)-  f  ^-(fV!-f)*- 

Square : 

f^  V2  -  Vo;  -  3.  20.  2Va-3V2a;  +  l. 

>^  Vaj  -  3  +  Vaj  +  5.  21.  3  Vaj  -  1  +  2  V2  -  a. 

Perform  the  indicated  nmltiplication : 

(V2x  -  3  -  V3^)(V2aj  -  S  +  V3^). 
Express  as  radicals  of  same  order : 

24.  V2  and  ^.      25.  "V^  and  Va.      26.  "v^  and  Vs. 
Multiply  the  following : 

27.   V3,^.  30.  ^,  A  .   32.  ^|i,    '1^. 

29.   4^,  V^.  31.   -V^,  Va».  33.  4^2^,  Vs^. 

173.  Division  of  radicals.  Division  of  radicals  coefficient 
by  coefficient  and  radicand  by  radicand  is  often  possible. 

Thus  6V5-4-3V3  =  2V|  =  §Vl5, 

and  3VaJ-*- 2Vx=  I  Va. 

Direct  division  of  radicals  when  the  divisor  is  a  radical 
expression  with  more  than  one  term  is  usually  very  diffi- 
cult. In  such  cases  a  rationalizing  factor  of  the  denomi- 
nator is  used.  We  then  carry  out  the  operation  of  division 
indirectly  by  resorting  to  multiplication. 


-  fx       'vT 


r 

/ 
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174.  Rationalizing  factor.  Division  of  radicals  by  the 
use  of  a  rationalizing  factor  is  treated  on  pages  266-268. 
Some  additional  examples  of  its  use  are  given  here. 

Rationalizing  factors  are  used  in  division  of  radicals  as 
follows  : 

,    1       /H       /^     VqVE     V30 
Example  1.   v6-i-v5=— = — == 

V5V5        ^ 

Example  2.  (6  V2 -15  Vs) -.  3  V5  =  ^^^"l:^^) '^ 

3V5.V5 

_2VlO-5Vl5 
5 

Examples.  (V3+V2)^(V5-V3)  =  <^^  +  ^<^^  +  ^) 

(V5-V3)(V5  +  V3) 

_Vl5+VlO  +  3+V6 
5-3 

It  should  be  noted  that  the  rule  on  page  267  applies  in  all  cases, 
while  the  rule  for  direct  division  fails  when  dividing  a  real  radical 
by  an  imaginary  number. 

EXERCISES 

Find  a  simple  rationalizing  factor  for : 

9.  V3a-V2x. 


1.  Vt. 

6.  -v/6. 

2.  3V5. 

6.  -v^. 

3.  Vs. 

7.  V3-2. 

4.  -e^. 

8.  3V6-2V1I. 

10.  Vx  -  3  -  2 ■\/3x. 

11.  Va-6+Va  +  ft. 

12.  V8+V2-V5. 

Perform  the  indicated  division ;     \ 

13.  V8-^V2.  17.  (2Vl0-3V5)-5-2V5. 

14.  6ViO-*-V5.  18.  (Va^-V^)^Vaa. 

15.  V8-^V24.  19.  8-^4  Vs. 

16.  V2a^-^V3^.  20.  24-i-3V3. 
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21.  V3-*--v^. 

^  ,  ^.       V5     V3.\/i     V3.\4     VW^ 
Solution.   —  = = = • 

^      ^2.^4  2  2 

22.  V6-5--v^.  26.  Vj-s-\/j. 

23.  Va-*--v^.  27.  V3-^(V3-2). 

24.  -v^-s-V^.  28.  V5-4-(V5 -fV2). 

25.  ^-i-v^.  29.  (2V3  +  V5)-i-(V3-V5). 

Change  to  respectively  equivalent  fractions  having  rational 
denominators : 

-^  2V6-V3 "      v^-Vb         V6-Vir+^     r  \i 

"^  3V6-2V7-^^    ^^^a-yVS  V2-V2 

Perforin  the  indicated  division : 
^^^^«!'WjO-V6)^(VlO+V5).  L  7^».U«(.    "''-■■   '-<.-<V  ''^•>^ 

^^^afft2-V3+V2)-i-(V3+V2)|       y  '  '■  •'  <•  .-•  ■   ••  '    ['"■^ 

'^|r(V6+V7-V2)^(V6-V7).V^^.... y.;;     V  J.  . 

39.  Is  there  any  distinction  between  the  meaning  of  j  the 
direction  before  Exercise  30  and  of  that  before  Exercise  36  ? 

40.  Does  3  -  Vt  satisfy  »*  -  6a;  +  2  =  0  ? 

41.  Does  ^"1    ^  satisfy  2  ar»  -  76  a;  + 161  =  0  ? 


42.  Does  ^(5  ± Vi09)  satisfy  3ar^-6x-7  =  0? 

175.  Square  root  of  surd  expressions.  The  square  of  a 
binomiael  is  usually  a  trinomial.  However,  the  result  of 
squaring  a  binomial  of  the  form  Va-f  Vj  is  a  binomial  if 
a  and  b  are  rational  numbers.    Thus 

{y/7  -n/8)2=  7-  2  V2I 4-  3  =  10  -  2 V2L 
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In  10  -  2  V2I,  10  is  the  sum  of  7  and  3,  and  21  is  the 
product  of  7  and  3.  These  relations  and  the  fact  that 
the  coefficient  of  the  radical  V21  is  2  enable  us  to  find 
the  square  root  of  many  expressions  of  the  form  a  ±  V6 
by  writing  each  in  the  form  of  2;  ±  2^/xy  +  y  and  then  ex- 
tracting the  square  root  of  the  trinomial  square  as  follows : 

Szample.   Extract  the  square  root  of  9  —  V56. 
Solution.  9-V56  =  9-2V^. 
Then      9  -  2  Vli  =  7 -  2  Vu  +  2  =  (Vz- V2)*. 
Hence  the  square  roots  of  9  —  V66  are  i  ( V?  —  V^). 


Find  the  positive  square  roots  in  Exercises  1-13 : 

1.  8-2Vi5.         5.  I6-6V7.  9.  e5a;-20V3^. 

2.  5-2V6.  6.  17  +  12 V2.        10.  126 a- 10a V5. 

3.  13 -f  Vis.  7.  11 -3  Vs.  13a         / — z 

4.  7-V4O.  8.  Il-Vi20.         ^^-"4         ^^^• 


12.  2a;  +  2Va:^-49.  14.  Vo  +  3  VS  =  V?  +  V?. 

13.  a  +  Va«  -  1.  15.   Vl5-5VS  =  ? 

16.  \/aTv^^4p=? 

17.  Vm*-|-w  +  2»  +  2mVm  +  2n=5? 

Note.  In  the  writings  of  one  of  the  later  Hindu  mathematicians 
(about  A.D.  1150)  we  find  a  method  of  extracting  the  square  root  of 
surds  which  is  practically  the  same  as  that  given  in  the  text.  In 
fact,  the  formula  for  the  operation  is  given,  apart  from  the  modem 

symbols,  as  follows :  Va  +  Vft  =  yj a  +  6  +  2  Va6.  The  study  of  ex- 
pressions of  the  type  V  Va  db  Vft  had  been  carried  to  a  most  remark- 
able degree  of  accuracy  by  the  Greek,  Euclid.  His  researches  on  this 
subject,  if  original  with  him,  place  him  among  the  keenest  mathe- 
maticians of  all  time,  but  his  work  and  all  of  his  results  are  ex- 
pressed in  geometrical  language  which  is  very  far  removed  from  the 
algebraic  symbolism  of  to-day. 
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176.  Factors  involving  radicals.  In  the  chapter  on  Factor- 
ing it  was  definitely  stated  that  factors  involving  radicals 
would  not  then  be  considered.  This  limitation  on  the 
character  of  a  factor  is  no  longer  necessary.  Consequently 
many  expressions  which  previously  have  been  regarded  as 
prime  may  now  be  thought  of  as  factorable. 

Thus  3  x2  - 1  =  (a:  VS  + 1)  (a;  Va  - 1), 

and  4a:a-5  =  (2a:  + V6)(2a:-V6). 

Therefore  in  this  extension  of  our  notion  of  a  factor  it 
must  be  clearly  understood  that  the  use  of  radicals  is 
limited  to  the  coefficients  in  the  terms  of  the  factors. 

To  restrict  the  use  of  radicals  in  the  way  just  indicated  is 
necessary  for  the  sake  of  definiteness.  Otherwise  it  would 
be  impossible  to  obey  a  direction  to  factor  even  so  simple  an 
expression  as  a?—  ^;  for  if  the  unknown  is  allowed  under 
a  radical  sign  in  a  factor,  :i?  —  ^  has  countless  factors. 

Thus    a:*-y  =  (a:  +  y)(a;-y) 

=  (a?  +  y)  (^  +  >/y)(^  -  ^ 

and  so  on  indefinitely. 

EXERCISES 

Factor : 

1.  a?  - 11.  8.  «•  +  3.  5.  3a;»  -  27. 

2.  3aj2-8.  4.  a? -12.  6.  5a;»  +  125. 

Find  the  algebraic  sum  of  the  following : 

.    2Vft   .  2  „        x-^c         a;*  +  c* 

7.  --i 7= 7=«  8.  —7= 7= 

a  —  b      -y/a  +  Vb  Vaj  —  Vc        ^—^ 

Solve  by  factoring,  and  check  the  results : 
9.  ar»  -  6  =  0.  11.  a*  + 144  =  26a^. 

10.  2a:2-3  =  0  12.  4aj*  +  c  =  ar*  +  4caj«. 
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PROBLEMS 

(Obtain  answers  in  simplest  radical  form.) 

1.  The  side  of  an  equilateral  triangle  is  8.   Find  the  altitude. 

2.  The  side  of  an  equilateral  triangle  is  s.  Find  the  altitude 
and  the  area. 

3.  The  altitude  of  an  equilateral  triangle  is  24.  Find  one 
side  and  the  area. 

4.  Find  the  side  of  an  equilateral  triangle  whose  altitude  is  a. 

5.  Find  the  altitude  on  the  longest  side  of  the  triangle 
whose  sides  are  11, 13,  and  20.   Find  the  area  of  the  triangle. 

Hint.  Let  the  altitude  on  the  side  20  be  x,  and  the  two  parts  into 
which  the  altitude  divides  side  20  be  y  and  20—  ^;  then  set  up  two 
equations  involving  x  and  y,  and  solve. 

6.  Find  the  altitude  on  the  longest  side  of  the  triangle 
whose  sides  are  10,  12,  and  16.  ^  2> 

Fdct  from  Geometry.    A  regu-  /  \ 

lar  hexagon  may  be  divided  into  /  \ 

six  equal  equilateral  triangles  by         /  \ 

lines  from  its  center  to  the  vertices.     ^\^ 

Li  the  adjacent  regular  hexa-         \  J 

gon,  AB^  BC  =  CD,  etc.   0  is  the  \      / 

center  and  OK  perpendicular  to  \/ 

ABv&  the  apothem  of  the  hexagon.  A       K       B 

7.  Find  the  apothem  and  the  area  of  a  regular  hexagon 
(a)  whose  side  is  18;    (h)  whose  side  is  s. 

8.  Find  the  side  and  the  area  of  a  regular  hexagon 
(a)  whose  apothem  is  30;   (h)  whose  apothem  is  h. 

Facts  from  Geometry,   The  volume  of  a  pyramid  or  cone  is 

nh 

—  >  where  a  is  the  altitude  and  h  is  the  area  of  the  base. 

The  altitudes  of  an  equilateral  triangle  intersect  at  a  point 
which  divides  each  altitude  into  two  parts  whose  ratio  is  2  to  1. 
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9.  The  base  of  a  pyramid  is  a  square,  each  side  of  which 
is  10  feet.  The  other  four  edges  are  each  20  feet.  Find  the 
altitude  and  the  volume  of  the  pyramid. 

10.  The  side  of  an  equilateral  triangle  is  36.   Find  the  two 
parts  into  which  each  altitude  is  divided  by  the  other  altitudes. 

A  regular  tetrahedron  is  a 
pyramid  whose  four  faces  are 
equal  equilateral  triangles. 

The  altitude  of  a  regular 
tetrahedron  (DK  in  the  adja- 
cent fig^e)  meets  the  base  at 
the  point  where  the  altitudes 
of  the  base  intersect. 

11.  ABCD  is  a  regular  tet- 
rahedron.  If  each  edge  is  24,    A 
find  CRy  CKj  and,  lastly,  the 
altitude  DK.  ' 

12.  Find  the  altitude  and  volume  of  a  regular  tetrahedron 
each  of  whose  edges  is  30  inches. 

13.  Show  that  the  altitude  and  the  volume  of  a  regular  tetra- 
hedron  whose  edge  is  e  are  respectively  -  V 6  and  —  V2. 


MISCELLANEOUS  EXERaSES 

Reduce  to  respectively  equivalent  fractions  having  rational 
denominators : 


1. 


2. 


3V5 

V3' 

2 
3V7 


3. 


4. 


V3-V2 

2V3  +  3V5 
2V3-3V5 


5. 


6. 


a  VW  —  b^wc 
a^Jm  +  h  Vc 

a  -  Va«  -  1 
a  +  Va^  -  1 
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Find  the  positive  square  roots  of  the  following : 
7.  28 +  10 Vs.  8.  57 -12 Vis.  9.  c*  + c  + 2c»V^. 

7  -X.  ^  a/k 

10.  Show  that  x  = is  a  root  ofa*  —  7aj  +  l  =  0. 

—  3  +  2V3 

11.  Show  that  X  = are  roots  of  3x*  +  6 «==  1. 


12.  Show  that  x  = is  a  root  of  the 

oa 

equation  3  oaj*  +  o&b  =  6  i. 

Simplify : 

13.  3V| +  2V^-4V|-hV640. 

14.  (2-f-V3)-i-V6. 

15.  (5V7-V2)-f-(V2  +  V7). 

16.  3Vj  +  5V2i  +  ^V96-V66|. 

Vg  Vg 

Va  — Va       Va-I-Va 

19.  V(10)'-(2V2)^  21,   >JiJ«-(|V2y. 

20.  ^i_(_^z2j.  ^^^   V(2U)«-(iJ-ijV2)'. 
23.  V(ii-^  Vs)*-(2iJ-fiV2)'. 


24.^i.-(fV5-f 


^J. 


25 


.  J/e*  +  ^Y_  (e«^  -  2  e-*)^  +  e"*  +  e*'^  -  6. 


26. 


h y/dx  —  7?  —  hx(ax  —  x^   ^(g  —  2 a?) hx_ 


(  Vooj  -  m?)^  y/ax-7? 


CHAPTER  XXV 

FUNCTIONS  AND  THSIR  GRAPHS 

177.  Functions.  One  of  the  most  important  concepts  of 
mathematics  is  the  notion  of  function. 

As  the  term  is  used  in  mathematics  the  basic  idea  is  the 
dependence  of  one  quantity  upon  another  or  upon  several 
others.  Countless  functional  relations  exist  in  everyday 
afifau-s.  The  velocity  of  a  falling  body  is  a  function  of 
the  time  since  it  started  to  fall,  the  interest  on  a  definite 
sum  of  money  is  a  function  of  the  time  and  the  rate,  and 
the  quantity  of  water  transported  yearly  by  the  Mississippi 
is  a  function  of  the  rainfall  (and  the  snowfall)  in  its  basin. 
Relations  such  as  these  can  often  be  expressed  either  exactly 
or  approximately  by  equations.  For  a  body  falling  from 
rest  near  the  earth's  surface,  8  =  16  fi.  Here  the  distance  in 
feet,  8,  is  expressed  as  a  function  of  the  time,  t,  in  seconds. 
In  y  =  a:^  +  3  03  + 1  the  value  of  y  is  a  function  of  x.  Such 
a  relation  is  often  represented  more  clearly  and  strikingly 
by  a  graph  of  the  equation  than  by  the  equation  itself. 

178.  Names  of  functions.  A  function  is  called  linear,  quad- 
ratic, or  cubic  according  as  its  degree  with  respect  to  the 
unknown  or  unknowns  is  first,  second,  or  third  respectively. 

Thus  4  a:  —  7  is  a  linear  function  ofar;  Sx^  —  8a;  +  lisa  quadratic 
function  of  x ;  and  z^  —  3a:^  +  ar  —  10isa  cubic  function  of  x. 

In  the  study  of  functions  the  unknown  is  often  called  the 
variable,  since  from  this  point  of  view  the  problem  is  not  so  much 
the  finding  of  an  unknown  as  it  is  the  study  of  the  changes  of  a 
variable  quantity. 

KB  860 
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179.  Hotaticms  for  a  function.  After  a  function  of  any 
variable  x  has  once  been  g^ven  it  is  nsoal  to  refer  to  it 
later  in  the  same  discussion  by  the  symbol  /(x),  which  is 
read  the  functioa  of  j;  or,  more  briefly,  /of  x 

180.  Linear  functions.  The  expression  3:e  +  2  is  a  funo- 
tion  of  x^  and  the  value  of  this  binomial  varies  with  x. 
The  following  table  gives  a  partial  view  of  the  relative 
change  of  values  between  x  and  the  function  82;  + 2: 


If                            x  = 

-4 
-10 

-3 

-7 

-2 
-4 

-1 
-1 

0 
2 

1 
5 

2 

8 

8 
11 

tlicn/(x)  =  3x  +  2= 

This  relation  can  be  represented  graphically  by  using  the 
same  2>-axis  as  before 
(section  91)  and  using 
the  y-6xis  as  the  func- 
tion axis;  that  is,  laying 
off  values  of  x  horizon- 
tally and  corresponding 
values  of  the  function 
8  a;  +  2  vertically.  The 
graph  resulting  from 
the  above  table  of  val- 
ues is  shown  in  the 
accompanjring  figure. 
It  can  be  shown  that 
the  graph  of  a  linear 
function  is  always  a 
•tnds^t.lioe. 

EXERCISES 

1.  Construct,  the  graph  of  the  function  3  a;  —  1. 

2.  Construct  the  graph  of  the  function  2  a?  +  8. 
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181.  Quadratic  functions.    The  function  a^  +  x  —  S  may 
be  represented  graphically  by  proceeding  as  follows: 


K                                x  = 

-4 
G 

-3 

0 

-4 

-1 
-C 

0 
-G 

1 

-4 

2 
0 

3 
6 

then/(x)  =  a:*  +  X  -  G  = 

Plotting  the 
points  corre- 
sponding to  the 
numbers  in  the 
table  we  obtain 
the  accompany- 
ing graph. 

The  graph 
of  a  quadratic 
function  in  one 
variable  is  a 
curve  called  a 
parabola.  It  may 
be  sharper  or 
flatter  than  the 
accompanying 
graph,  but  of 
the  same  general  shape,  and  the  opening  may  be  upward 
or  downward. 
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Construct  the  graph  of  the  following : 

I.a^  +  Sx-IB.  3.  ar»  +  4.  5.  15  +  2aj  — o^. 

2.  3a^+5x  +  2.  i.2a^-^5.  6.  a^  +  2x  +  l. 

7.  A  body  falling  from  rest  near  the  earth's  surface  obeys 
the  law  s  =  16  ^^,  where  s  is  in  feet  and  ^  is  in  seconds.  Con- 
struct the  graph  of /(^)  =16 1\ 


862 


COMPLETE  SCHOOL  ALGEBRA 


KoTE.  In  the  study  of  tknalytical  geometry  one  takes  up  system- 
atically the  curves  which  represent  equations  of  the  various  degrees 
beginning  with  the  simplest.  It  turns  out,  as  we  have  already  seen, 
that  the  linear  equation  is  represented  by  a  straight  line.  Equations 
of  the  second  degree  in  x  and  y  lead  to  the  so-called  **  conic  section.'' 

One  of  the  most  interesting  and  important  aspects  of  the  graphi- 
cal method  is  the  fact  that  the  simplest  equations  correspond  to  the 
most  useful  curves  both  in  pure  science  and  in  nature.  The  com- 
monest curves  in  nature  are  the  circle  and  the  parabola.  Their 
equations  are  the  very  simplest  equations  of  the  second  degree. 

182.  Graph  of  a  cubic  function.  The  graph  of  a  cubic 
function  is  obtained  in  the  same  general  way  as  that  of 
a  quadratic  function.  The  function  Qfi—bx  +  ^  may  be 
represented  graphically  by  proceeding  as  follows: 


If                                  ar  = 

-   4 
-41 

-3 
-9 

-2 
5 

-1 

7 

0 
3 

1 
-1 

2 
1 

3 

15 

then/(a:)  =  aH»-  5  :c  +  3  = 

Plotting  the  points 
corresponding  to  the 
numbers  in  the  table 
(except  the  first  and 
last),  we  obtain  the 
points  'A  (-  3,  -  9),  B, 
C,  i>,  E,  G,  and  H, 
in  the  order  named. 
The  curve  crosses  the 
a>axis  three  times : 
once  between  1  and 
2,  again  between  0 
and  1,  and  a  third 
time  between  —2  and 
—  8.  Above  ZT  the  curve  rises  indefinitely,  and  below 
A  it  faUs  indefinitely.    In  each  case  it  becomes  more 
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and  more  nearly  straight  as  it  recedes  from  the  avaxis, 
never  crossing  either  axis  again. 

In  forming  a  table  of  values  two  pairs  are  sufficient  for  a  linear 
function,  but  more  are  needed  for  a  quadratic  function  and  still 
more  for  a  cubic  function.  Usually  the  higher  the  degree  of  the 
function,  the  more  points  are  needed  in  constructing  its  graph.  It 
should  be  noted  that  in  making  a  good  graph  the  number  of  points 
is  not  so  important  as  is  their  distribution,  which  should  be  such 
as  faithfully  to  outline  the  entire  curve.  Where  the  graph  curves 
rapidly  or  makes  sharp  turns  the  points  should  be  close  together. 
Such  places  are  difficult  to  locate  before  the  graph  is  constructed; 
hence  one  should  make  a  table  of  values  which  appears  to  be  suffi- 
cient and  plot  them.  Then  inspection  of  the  plotted  points  will 
usually  show  where  sharp  turns  or  rapid  curvature  exists.  The 
table  of  values  should  then  be  properly  extended  and  the  additional 
points  located.  Repetition  of  this  last  step  will  enable  one  to  draw 
a  graph  which  accurately  pictures  the  variation  of  the  function. 

It  should  be  observed  here  that  scales  on  the  two  axes  need  not  be 
the  same.  Some  experience  is  required  to  choose  for  the  two  axes 
the  scales  which  are  best  suited  to  bring  out  clearly  the  shape  of  the 
curve.  In  general  the  graph  should  be  drawn  to  <is  large  a  scale,  in 
both  directions^  as  the  size  of  the  paper  permits.  What  that  will  be 
for  each  axis  can  be  decided  by  inspecting  the  table  of  values.  For 
example,  when  the  dimensions  of  the  preceding  graph  are  once  deter- 
mined one  can  see  from  the  table  that  all  values  of  x  are  easily  repre- 
sented but  that  it  is  undesirable  to  try  to  represent  the  values  of  the 
function,  —  41  and  15. 

EXERCISES 

Construct  the  graph  of  the  following : 

1.  af'-Sx  +  l.  3.  a:"  — 4a;-. 2. 

2.  af-8x  +  2.  4.  a;*-lla;^-f  24 

Note.  The  notion  of  a  function  is  one  of  the  three  or  four  most 
fundamental  ideas  in  modem  mathematics.  Only  the  simplest  ex- 
amples are  given  in  this  book,  but  many  others  involving  expressions 
of  the  utmost  complexity  have  been  studied  by  mathematicians  for 
many  years.  An  important  reason  for  the  study  of  functions  is  found 
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at  in  the  fact  that  all  kinds  of  facts  and  principles  which  we  meet  in  the 

b£  study  of  nature  can  be  expressed  symbolically  by  means  of  f  unctioni 

11^  and  the  discovery  of  the  properties  of  such  functions  helps  us  t*. 

of  understand  the  meaning  of  the  facts.   A  complete  understanding  of 

the  laws  of  falling  bodies,  light,  electricity,  or  sound  could  never  be 
ca,;  reached  without  the  study  of  the  mathematical  functions  which  these 

iQ^(  phenomena  suggest 

i^Q  When  the  electrician,  the  architect,  or  the  artillerist  meets  a 

eqi  problem,  he  frequently  must  represent  quantities  hj  letters.  The  i 

and  the  y  may  represent  the  measures  of  objects  in  nature,  but  tlk 

solution  has  become  merely  an  operation  of  algebra.    As  students 
f UX  of  algebra  we  are  not  concerned  with  the  origin  of  the  function  cr 

1^   .  expression,  but  merely  with  the  numerical  determination  of  some 

unknown  or  the  simplification  of  some  expression. 

183.  Graphical  solutioii  of  equations  in  one  unknown.  I: 
elementary  algebra  one  of  the  most  important  applicatioci 
of  the  preceding  sections  is  their  use  in  solving  equations 
in  one  unknown.   The  ideas  involved  can  be  made  clear  bj 
I  questions  on  the  graphs  of  sections  180,  181,  and  182. 

con 

nun  ORAL  EXERCISES 

^ex(  1.  From  the  graph  in  section  180  determine  the  value  of  t: 

last^  function  3  a;  -|-  2  at  the  point  where  its  graph  crosses  the  ay-ai: 

poin  2.  Does  this  value  of  x  satisfy  the  equation  3 a; -f- 2  =  0' 

y*    -^  3.  Solve  3x4-2  =  0  without  reference  to  the  graph. 

4.  What    point    on    the    graph    represents    the   root  c: 

^^^  3a; +  2  =  0? 

a5"i'vi 

5.  From  the  graph  in  section  181  determine  the  values  c: 

the  function  a:*  +  a;  —  6  at  the  points  where  its  graph  crossr 
^'     ^  the  avaxis. 

6.  Do  these  values  of  x  satisfy  the  equation  a::^  -f  x  —  6  =  0? 

_  q  7.  Solve  x^ -\-x^  6  =  0  without  referring  to  the  graph. 

^   j|.  8.  What    points    on    the    graph    represent   the  roots  oi 

aj»  +  a;~6  =  0? 
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.;.-i.        9.  Prom  the  graph  in  section  182  determine  the  values  of 
**  •  'the  function  a*  —  5  a?  -f  3  at  the  points  where  its  graph  crosses 
*  '  * "  •  -  the  a;-axis. 

A     J 

..   ;        10.  Do  these  values  of  x  make  the  function  a?*  — 605 +  3 
.  . ;  aqual  zero  ? 

11.  What  method  could  be  used  to  solve  the  equation 
•.c::..c»— 6a;  +  3  =  0? 

184.  The  process  of  graphical  solution.  From  what  pre- 
.  ,y^  iedeSy  it  is  apparent  that  the  steps  in  the  graphical  solution 
•..  r::  )f  an  equation  in  one  unknown  are: 

TranspoBe  the  terms  so  that  the  right  member  is  zero. 

Graph  the  function  in  the  left  member. 
itonsi:^     27ie  values  of  xfor  the  points  where  the  graph  crosses  the 
.  -:  zs'^aads  are  the  real  roots  of  the  equatioru 

:  i*^  -  *     The  algebraic  solutions  of  a  linear  equation  and  a  quad- 

'•' '  ^  -atic  equation  in  one  unknown  are  so  simple  that  except 

'-"  **    or  the  purpose  of  illustration  their  graphical  solution  is 

jomparatively  unimportant.  The  algebraic  solution  of  cubic 

-^      jid  higher  equations,  except  in  simple  cases,  is  much  more 

-   .''*-- liflBcult  than  the  solution  of  the  quadratic  and  is  never 

>  r-  •  )resented  in  an  elementary  course.    For  this  reason  and 

•  .  r ,  or  the  insight  it  gives  into  equations  in  general,  the 
,  ^,, ,'  .Graphical  solution  of  the  cubic  and  higher  equations  is 
.    ^,.^.mportant  and  illuminating.    For  such  equations  if  the 

aethod  of  factoring  fails,  the  graphical  method  is  the  only 

.  ^  aethod  open  to  the  student  at  this  point  in  his  progress. 

*  *  ' 

'/^^  EXERCISES 

Solve  graphically : 

...:'      1.  x2_7a.  +  3=:0.  4.  ic*— 8aj  =  0. 

,  ^vf  r:-      2.  a^  -  5aj  +  4  =  0.  5.  aj»  -  x^  -I-  5  =  0. 

;     ,:v5t    8.  aj»-3a?  +  l=:0.  6.  a* -  10 a?*  +  16  =  0. 
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185.  Imaginary  roots.  An  equation  of  the  second  or 
a  higher  degree  often  has  imaginary  roots.  Such  roots  can- 
not be  obtained  by  the  graphical  methods  so  far  considered. 
A  study  of  the  graphs  which  follow  will  make  clear  why 
this  is  true. 

Consider  the  following  equations: 

a?-4a;-5  =  0,  (1) 

flja«.4a.  +  4=,o,  (2) 

aa-.4a;  +  13  =  0.  (3) 

The  graphs  of  the  functions  in  the  left  members  of 
equations  (1),  (2),  and  (8)  are  given  in  the  accompanying 
figure.  The  three  functions  differ  only  in  their  constant 
terms,  for  9  added  to 
the  constant  term  of 
(1)  gives  the  constant 
term  of  (2),  and  9 
added  to  the  constant 
term  of  (2)  gives  the 
constant  term  of  (3). 
Apparently,  as  the 
constant  term  is  in- 
creased the  graph  rises 
without  change  of 
shape  and  without 
motion  to  the  left  or 
to  the  right. 

From  the  graph  the 
roots  of  a?  —  4a:  —  5  =  0  are  seen  to  be  5  and  —  1.  These 
results  are  obtained  from  factoring ;  a?  —  4a?  —  5  =  0,  or 
(x  —  5)(a;  + 1)  =  0.  Whence  a;  =  5  or  —  1. 

If  we  imagine  curve  (1)  to  move  upward,  the  two  roots 
change  in  value  and  become  the  single  root  of  curve  (2), 
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which  touches  the  3>axi3  at  a,  point  where  x  equals  2.  Solv- 
ing a^  —  4aj  +  4  =  0  by  factoring  gives  (x  —  2) (a;  —  2)  =  0. 
Whence  x=2. 

If  we  now  imagine  curve  (1)  to  move  still  farther  upward 
from  its  position  (2),  it  will  no  longer  cut  the  avaxis. 
Further,  when  the  curve  reaches  the  position  of  (3)  it 
does  not  cut  the  svaxis  at  all,  and  hence  cannot  show  the 
values  of  the  roots  of  the  equation  a^  — 4  a: +  13  =  0,  as, 
in  fact,  it  does  not.  The  graph  does  show,  however,  that 
the  value  of  a^  —  4  a;  +13  at  the  lowest  point  of  the  curve 
is  9.  This  means  that  for  every  real  value  of  x,  positive 
or  negative,  3^  —  4  a; +13  is  never  less  than  9.  The  graph 
of  (3)  makes  clear  that  no  real 
number  if  substituted  for  x  will 
make  a?*  — 4  a; +  13  equal  zero. 

It  can  be  shown  by  the  method 
of  section  87  that  the  roots  of 
3^  — 4a;  +  13  =  0  are  2  +  3V^ 
and  2~3V^. 

Note.  It  required  the  genius  of  no 
less  a.  man  than  Sir  Isaac  Newton  first 
to  observe  from  the  graph  of  a  f nnction 
that  two  of  its  roots  become  imaginary 
simultaneously.  Ha  also  saw  that  an 
equation  with  two  of  its  roots  equal  to 
each  other  is,  in  a  certain  sense,  the  lim- 
iting case  between  equations  in  which 
the  corresponding  roots  appear  as  two 
real  and  distinct  roots  and  those  in 
which  they  appear  as  imaginary  roots. 

186.  Imaginary  roots  for  a  cubic  equation.  If  we  attempt 

to  solve  a^  —  2a;  —  4  =  0  graphically,  we  obtain  the  graph 
of  the  accompanying  figure.  The  curve  crosses  the  a>axi8  at 
a;  =  2.   This  is  the  only  real  root  the  equation  has ;  the  other 
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two  are  imaginary.  The  roots  can  here  be  obtained  by  fac- 
toring a:«-2a;-4  =  0;  thus  (ic- 2Xa?  +  2a;+2)  =  0. 
The  roots  of  2^+22;— 2=0  are  the  two  imaginary  roots 
of  the  cubic  equation. 


As  far  as  possible  solve  graphically,  finding  results  to  one 
decimal  place : 

1.  a?— 6a;  — 9  =  0.  6.  a*  — 4a:  +  6  =  0. 

2.  a?  =  4aj  — 5.  7-  «■— 7fl5  +  4  =  0. 

3.  «■  -  3a;  +  4  =  0.  8.  a^  -  4a;*  + 12  =  0. 

4.  a;*  +  a;  —  4  =  0.  9.  a;*  =  lOa:^  -  9. 
ft.  a;^- 4a?- 2a; +  8  =  0.           10.  a;*-2x*  =  0. 


CHAPTER  XXVI 

QUADRATIC  EQUATIONS 

(/n  Part  Review) 

187.  Solution  by  completing  the  square.  The  quadratic 
equation  is  defined  on  page  137.  The  method  of  solving 
a  quadratic  equation  by  completing  the  square  is  explained 
and  illustrated  on  pages  270-271. 

EXERCISES 

Solve  by  completing  the  square  and  check  the  results  as 
directed  by  the  teacher: 

1.  aj»  +  4ic  +  3  =  0.  5.  3a;2  +  7a;  -  6  =  0. 

2.  «»-«-2  =  0.  6.  2a*- 3«- 5=0. 

3.  a* +  2=- 3a.  7.  6i»"-7a:-6  =  0. 

4.  2a*  +  5a;  +  3  =  0.  8.  a;-4-f  a*  =  6- 2a*-f-8a;. 

In  Exercises  9-13  obtain  results  to  two  decimal  places : 

9.  a?  -12x  +  31  =  0. 

Solntion.   By  applying  the  rule  we  get 

X  =  6  +  V5, 
and  a:  =  6  —  Vo. 

From  the  table  on  page  502,   Vs  =  2.236. 
Hence  we  get  the  result,  to  two  decimals, 

X  =  8.23  and  3.76. 

10.  n^  +  2  =  5n.  12.  6a;*  +  Sec  +  2  =  0. 

11.  3ic»-12a;  +  9  =  2.  13.  (y+l)(y+2)  =  3y(y-4), 

360 
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14.  aj*-3ic2  +  2  =  0. 

KoTE.   This  is  not  a  quadratic  equation,  but  many  equations  of 
this  form  can  be  solved  by  the  methods  applicable  to  quadratics. 

Solution.  ar*  -  3  x^  +  2  =  0. 

a:4-3ara=-2. 
ar*-3a;«+|=-2  +  |  =  i. 

a:*  =  2  or  1. 
Whence  x  =  ±  \/2,  ±  1. 

Check  as  usual. 


/ 


s 


^ 


Note.  It  should  be  particularly  observed  that  the  equation  of 
Exercise  14  has  four  roots  instead  of  two.  In  general  an  equation 
has  a  number  of  roots  equal  to  its  degree^ 

15.  «*- 5x^  +  4  =  0.  ^/6x^-llx^-{'S  =  0, 

16.  x^  -  13ar*  +  36  =  0.  19.  x-^  +  16x-^  _  17  =  o. 

21.  x-i-13aj"*  =  -36. 

22.  (a^  -  2xy-  7 (x"  -  2x)  =  ^12. 

Solution.   Let  a:'  —  2  a:  =  y. 

Substituting  y  for  a:^  —  2  a:,  we  obtain 


ya-7y=-12. 

Solving, 

y  =  3  and  4. 

Then 

a;* -2a:  =  3. 

Whence 

z  =  3  and  —  1. 

Also 

a:3-.2x  =  4. 

Whence 

a:  =  1  ±  VE. 

In  Exercises  23-25  do  not  expand,  but  solve  as  in  Exercise  22: 

23.  (a;-l)2-f-4(aj-l)  =  5. 

24.  (x2-4x)2-5(ar»-4a;)-^24  =  a 
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25.(.-^)V4(.-^)-5  =  0. 

26.  aa^+bx  +  c  =  0. 
Solution,     ax^  +  bx  +  c  =  0, 

x*  ^ —  X  = — • 

,    b        .   V62  -  4  ac 
2a  2a 

^         2a  2a        "  2a 

27.  a;2  +  3aaj  +  2a2  =  0.      31.  bx'-a(b+l)x-{-a^=0. 

28.22^  +  6y  =  6^.  32.  ^«^  =  ±  +  1  -  .. 

29.  ba^  +  x  =  l  +  bx,  2a  2a 

a;  _  c  c  3  33.  car*  —  (cr*  -h  d)x  +  cd  =  0, 

c  X  —  c      2  34.  abx^  —  x(a  +  b)  '\faJb  +  aft  =  0. 

35.  6aV-7ary  +  2r2  =  0. 

36.  (ox  +  5)^+  3(ax  +  ft)  +  2  =  0. 

188.  Solution  by  formula.  In  Exercise  26,  above,  the 
general  quadratic  oa^  +  fta:  +  c  =  0  has  been  solved  and 
the  roots  found  to  be 

-&±Vfta-4ac 

2a  ^   ^ 

The  expression  (i^)  is  a  general  result  and  may  be 
used  as  a  formula  to  solve,  any  quadratic  equation  in  the 
standard  form  ax^  +  fta;  +  c?  =  0,  in  which  a,  ft,  and  c  may 
represent  numbers,  single  letters,  binomials,  or  any  other 
form  of  algebraic  expression  not  involving  x. 

If  the  numbers  a,  ft,  and  c  are  such  that  the  expression  ft^  —  4  ac 
is  negative,  the  formula  contains  the  square  root  of  a  negative  num- 
ber, which  is  a  kind  of  number  not  yet  fully  considered  in  this  text. 
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In  the  exercises  that  follow  it  will  be  assumed  that  only  such  numer- 
ical values  of  the  literal  coefficients  are  involved  as  will  not  make 
^  —  4  ac  negative.  A  discussion  of  the  case  here  ruled  out  will  be 
found  in  Chapter  XXVn. 

EXERCISES 

Solve  for  x  by  formula  and  check  the  results  as  directed 
by  the  teacher: 

1.  4aj^  +  8x  =  3. 

Solution.   Writing  in  standard  form, 

4ar2  +  8ar-3  =0. 

Comparing  with  ax^  +  6a:  +  c  =  0,  evidently  4  corresponds  to  a, 
S  to  b,  and  —  3  to  c.   Substituting  the  values  in  (^F)  gives 

_  -8  J:V64-4'4»(-3) 
^'^  2.4 

-8±V64  +  48      -8±Vll2 


8 
^  -8±4V7 

Q 

Check  as  usual. 

x"- 6a; -16  =  0 
-  a;  -  1  =  0. 
^3a^  +  7a;-3  =  0. 
5|^2x  +  4  =  a;«. 


8 


=  -l±iV7. 


8.  lla"-16aj  =  26. 


>.  r 


^ 


« 


t 


10.  Sph^=px-h^. 
Solution.   Writing  in  standard  form, 

Qph^-px-4:  =  0. 
Here         a  =  3  />*,     h^  —  p,    and    c  =  —  4. 

Substituting  these  values  in  the  formula  (F), 

^--(-p)^V(-;>)'-4.3/>«(-4) 

2.3;)« 

_  ;>±Vp'  +  48jp'_  jpi:7jp  _  4  , 

6jya  ""     ej&a     ~Zp 

Check  as  usual. 


-1 
P 


/■ 
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11.  a? ^  2&» -  3 P  rsJ). 

12.  Za^  =  t,a^^^x\     y  . 

13.  4ar»Y/ja:-^4*^(L--^ 


18.  a;  -  3  Vo  —  —  =  0. 

a; 


e 


19.  6A^  + 


13  An      8  n^ 


X  XT 

20.  13a26V  =  9&*  +  4aV. 


21.  2a;^  +  5aj  =  caj^  +  3ca;  +  3. 
Solution.  ^(2  ^x2  +  (5  -  3  c)a:  -  3  =  0. 

Here  /a  =  2-c^^5-^Wr,  valid  %k;=-3. 

„              (    3>^5  d:  V(5  -XO'  +  12  (2  -  c) 
Henca  x  S^;^ 2^^ - 


« 


_  3  c  -  5  jr  V49  -  42  c  +  9  c^ 
4-2c 

_3c-5d:(7'-3c) 
4-2c 


4-2c 


>     or 


2-c 


and 


-i^*«r--- -i^' 


SJ)  2x^+(a  +  25)05  =  a^  +  a5. 
^?$.  aar*  —  2ax  —  ^a^hx-^- x\ 


r 


r 


V 


%.  jp*  +  a"  =  2^«  +  2^  -  2^?. 
(45.  a?  —  ex  =  \{cix  —  ac), 

26.  4aV  +  4c2  =  IGa^ar^  +  c^x*. 

27.  ««  -  aV  =  8  ^'V  -  8  a%\ 

28.  a«  +  ar*  =  2aa;  +  Z;i        -^ 

29.  12 pq  =  ar*  +  4  g'o;  —  3^.  ' 

30.  «*  -  aW  +  a%^  =  **aj2.  • 


i 


.1 


i       ■•    I 


♦  ^••^-     4-,^ 


h 
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189.  Comparison  of  the  yarious  methods.  Four  methods 
have  been  given  for  the  solution  of  the  quadratic  equation : 

(a)  Solution  by  factoring. 
(6)  Solution  by  graphing. 

(c)  Solution  by  completing  the  square. 

(d)  Solution  by  formula. 

In  practice,  the  first  and  the  last  of  these  methods  are 
most  convenient. 

When  an  equation  with  integral  coefficients  can  be 
solved  by  factoring,  as  in  the  examples  on  pages  139-140, 
the  roots  are  always  rational  numbers. 

For  example,  3a:*  +  2x-8  =  0  factors  into  (3  a;  -  4)  (a:  +  2)  =  0. 
Hence  the  roots  are  a:  =  f  and  —  2. 

An  inspection  of  the  formula 


shows  that  if  a,  J,  and  c  are  integers,  one  always  obtains 
roots  involving  radicals  unless  the  expression  under  the 
radical  sign,  6^  — 4ac,  is  a  perfect  square.  In  this  case, 
however,  the  values  of  the  roots  are  rational  numbers. 

For  example,  in  the  equation  3a:^  +  2a:  —  8  =  0  the  value  of  the 
expression  6^  —  4  ac  is  (2)^  —  4  •  3  (—  8)  =  100,  which  is  a  perfect 
square.  Hence  the  roots  of  3x^  +  20;  —  8  =  0  are  rational  num- 
bers, since  the  radical  term  in  the  roots  can  be  expressed  as  a 
rational  number. 

Hence  to  determine  whether  a  quadratic  equation  of  the 
form  aoc^  +  lx-^-c^O  can  be  solved  after  factoring  into 
rational  factors,  we  have  the 

Rule.    Compute  the  value  of  }?  —  ^iac  for  the  equation. 
If  the  remit  is  the  square  of  an  integer^  the  left  member 
of  the  equation  can  be  factored  and  the  roots  are  rational. 
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^ 


ORAL  EXERCISES 

Determine  which  of  the  following  can  be  solved  by  factoring : 

1.  ar»  +  lOaj  +  25  =  0.  6.  a;^  -  4x  -  4  =  0. 

2.  Q?-hx-  400  =  0.  7.  3aj^  -  aj  +  4  =  0. 

3.  ar*-7aj-3  =  0.  8.  Sa;^  -  5a;  +  8  =  0. 

4.  2cc*4-3aj+l  =  0.  9.  2aj«  -  lOaj  -  25  =  0. 

5.  2ar»4-3x4-2  =  0.  10.  3^2  +  2aa;- a*=  0.    ' 

REVIEW  EXERCISES 

Solve  the  following  for  x  by  the  method  best  adapted  to  each: 

1.  3a^-7x-10  =  0.  5.  8ic2-}-2V5aj-15  =  0. 

2.  5x^4- 14aj  + 8  =  0.  6.  a* -7ar* +  12  =  0. 

3.  4x"  +  3x  -  7  =  0.  7.  ««  -  a;  =  0. 

4.  ar»  - 1.7  a;  -  .84  =  0.  8.  x^  =  x\ 

9.  «*- 64a;^  =  0. 
10.  (x»  -  3  x)2  -  2(a;*  -  3a;)=  8. 
11.  5  aj*  —  9  x  -h  3  =  0.  18.  jpqoi?  —  rqx  +  jpsx  =  rs. 


<03 aj^  4- .01  a;  =  .1.  19.  a;^  -  2aa;  +  a2  -  5^  ^  0. 

ia^a;2  +  «V2-V6  =  a;V3.  __^?_  _  ??Lz£  -  o 

V  —  1      a;  4-1  '  m  —  x          m 

a;     "■      6  21.  Sx^  +  2a  =  x  +  6ax, 

IK    a;-3^   a;-^4  22.  5a;^4-3m  =  5?w^4-3a;. 

^^-  a;  4- 4      2x4-6  oo      ^       t.  ;, 

23.  aar  —  am  =  mx  —  aAx. 

^^    X4-1   ,  a;4-3      22 

16.  — r~o  "1 r~7~TK*  24.    cx^4-^i^'=2mA;4-2cmx. 

X  4-  -^      aj  4-  4      lo 

2x-l      l:i:^_5+i        25.  x^4-2^4-^'^=25x4-2x. 
^"^^     x-1    '^x-2~"x4-2'       26.  chy^ -h  a^  =  m^ -\- 2  acx, 

27.  cmx*  4-  ^^^  4-  a^  =  am  +  anx  4-  amx. 

28.  ax^  —  4 a  =  ^►x^  4-  2^. 


RE 
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29.  2mar*-f-3aaj=18w-f  ax*. 

30.  (s  -  xy  +  {t  -  xf  =  (t  -  8)\ 

31.  3ca*-f60a*=16a«B  +  2ic". 

32.  2x*  +  5a;  =  «c*  +  3ca;  +  3. 
^                       33.  a^  +  2  a?  -|- 1  =  ma?  +  mx. 

34.  aar*  +  3x  =  2a*4-2aa;-2. 
5  35.  2x*  +  5a;  =  Aa*4-3Aa;  +  3. 

36.  2a;*  +(a  +  2ft)x  =  a«  +  a^. 
^{  37.  (3  a  +  ft)x*  -(2  a  -h  5)«  =  a. 

y '    /if  V?     'x\\- 1                                  '2a  —  a;a-h2a;3 
•59.  — ■ = 42.  — - —  =  -— ' h 


f.- 


t/^'\*        c  —  a  X  *       X  t  a-i-m 

._  1         ,  ma;  — 4      .         .^    2a;  — r         4r       .  «      /^ 

40.  rT  +  — T^— =1-       *3. ;; -1-3  =  0. 

mx  +  4  16  «  2a;  — « 

44.— i— =  -  +  -  +  -• 
m-|-c4"35      ^       ^      3; 

45.  ±_Z_r:  +  ± — ^=1+      ^ 


46. 


a;  —  ^       a;  +  ^  ar^  —  ^^ 

a;*  +  2aa;       x       a 


a-b         2b      b 
47.  (a?  '\'5x  +  2f  -  6(a;*  +  5x  +  2)=  16. 
3a; -1      a;-|-l  48 


48. 


bx  +  1      x-1      {bx  +  l)(l-x) 
ajB_i0a;*4-l 


49.  a;-3-       ^^  _  ^^^ 

16  a?  - 1.95  X  -h  .064  =  0. 

51.  10  -  9a;  =  7a;*. 

52.  a;*  +  961  a*  =  62  ax. 

53.  (2x  +  3)(x-4)  =  (3x-8)(4x-l), 

54.  (3x  -  2)(x  -  6)  =  (4x  -  3)(x  + 1). 
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55. 


x  +  7      5      3-a; 

X  X  +  2 


X  +  3  a;  —  1      x  —  2  j 

58.  ga;  — 11  ^  1  — 3a;^2a;  — 1    •vnrftu  iJk^UL4^  c^vi>'   • 

05  —  1  X  -^-2  X  -{-1  V 

59.  17  a;  =  6  aj«  - 10.  'X  '^^(vt^''^  -^Jt^ 

60.  2 k^a?  +  Skx  =  5(3kx  -1).  ^ 

61.  37^^aj  =  210y^-pV.  f^r-^v-.  +--  »     ^ 

3x-2      2        ,       5(0^  +  1)      .   /        ,      .(    ^ 

»        -  • 

c  —  2x  c  \ 

..0N^»-BTi*+.7aj=.2.  •' 


aj^-3x  +  2      a^  +  a;-6      3-2x-a^ 

2(a:^-2)-l  x^  +  2 

^  aj»-l  (x»_2)-4' 

i67.  (a;  -  2)^-  (1  -  2x)(3aj  +  6)  =  5  -  (1  -  2a;)(3ic  +  2). 

68.  (aj»-2a;-2)»+2(jr2-2«-2)-3  =  0. 

69.  (x^-4a;  +  l)2-4(ar»-4aj)-16  =  0. 

70.  (2a;-5)^  =  a(2x-6)  +  2al  , ---      ^ 

PROBLEMS 

1.  Separate  42  into  two  parts  such  that  the  first  shall  be 
the  square  of  the  second. 

2.  Find  two  consecutive  odd  numbers  whose  product  is  143. 

3.  The  sum  of  the  reciprocals  of  two  consecutive  numbers 
is  ^1^.   Find  the  numbers. 
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4.  The  time,  in  hours,  required  for  a  trip  of  216  miles  was 
6  greater  than  the  rate,  in  miles  per  hour.  Eind  the  time  and 
the  rate. 

5.  The  altitude  of  a  triangle  is  6  feet  less  than  the  base. 
The  area  is  56  square  feet.    Eind  the  base  and  altitude. 

6.  One  leg  of  a  right  triangle  is  9  feet  shorter  than 
the  other,  and  the  area  is  45  square  feet.  Eind  the  three 
sides. 

7.  The  area  of  a  trapezoid  is  180  square  feet.  One  base  is 
4  feet  greater  than  the  altitude,  the  other  is  three  times  the 
altitude.   Eind  the  two  bases  and  the  altitude. 

8.  A  rectangle  whose  area  is  27  square  inches  has  a  perim- 
eter of  21  inches.   Eind  the  length  of  the  shorter  side. 

9.  A  polygon  of  n  sides  always  has  Jn(n  —  3)  diagonals. 
How  many  sides  has  a  polygon  with  119  diagonals  ? 

10.  If  AB,  in  the  accompany- 
ing figure,  is  a  tangent  to  the 
circle  and  BD  is  any  secant,  then 
(ABy  =  BC  .  BD,  liAB  =  e  and 
CD  =  10,  find  BC, 

11.  A  requires  4  more  days  than 
B  to  do  a  piece  of  work.  Work- 
ing together  they  require  2^  days. 
How  many  days  will  each  require 
alone  ? 

12.  In  selling  an  article  at  $20,  a  merchant's  per  cent  of 
profit  is  9  greater  than  the  original  cost  of  the  article  in 
dollars.    Eind  the  original  cost  and  the  per  cent  of  profit. 

13.  A  3-inch  square  is  cut  from  each  corner  of  a  square 
piece  of  tin.  The  sides  are  then  turned  up,  forming  an  open 
box  of  volume  12  cubic  inches.  What  was  the  side  of  the 
original  square? 
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14.  The  number  of  lines  on  a  certain  printed  page  is  20  less 
than  the  average  number  of  letters  per  line.  If  the  number  of 
letters  per  line  is  decreased  by  16,  the  number  of  lines  must 
be  increased  by  16  in  order  that  the  new  page  may  contain  as 
much  matter  as  the  old.  How  many  lines  and  how  many 
letters  were  there  on  the  original  page? 

15.  For  what  positive  value  or  values  of  x  will  the  product 
of  ic  —  6  and  a;  +  5  be  1  greater  than  their  difference  ? 

16.  What  values  of  x  will  make  the  product  of  4  a;  —  6  and 
X  —  2  equal  in  value  to  a;  +  4  ? 

17.  A  sum  of  ^^4000  is  invested,  and  at  the  end  of  each  year 
the  year's  interest,  plus  $400,  is  added  to  the  investment.  At 
the  beginning  of  the  third  year  the  investment  amounts  to 
(5230.   What  is  the  rate  of  interest? 

18.  The  cost  of  an  outing  was  $60.  If  there  had  been  two 
more  in  the  party,  the  share  of  each  would  have  been  a  dollar 
less.   How  many  were  there  ? 

19.  The  dimensions  of  a  rectangular  box  are  expressed  by 
three  consecutive  numbers.  Its  surface  is  214  square  inches. 
Find  its  dimensions. 

20.  The  radius  of  a  circle  is  28  inches.  How  much  must  this 
be  shortened  in  order  to  decrease  the  area  of  the  circle  by  1078 
square  inches  ? 

21.  Two  bodies,  A  and  B,  move  on  the  sides  of  a  right 
triangle.  A  is  now  6  feet  from  the  vertex,  and  moving  from 
it  at  the  rate  of  10  feet  per  second.  B  is  35  feet  from  the  ver- 
tex, and  moving  toward  it  at  5  feet  per  second.  At  what  time 
(past  or  future)  are  they  75  feet  apart  ? 

22.  How  high  is  a  mountain  which  can  just  be  seen  from  a 
point  on  the  surface  of  the  sea,  40  miles  distant  ? 

Hint.  I^e  Exerciae  10.  Consider  the  radius  of  tUe  earth  as  4000  miles 
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23.  The  distance  in  feet,  Sj  through  which  a  body  falls  from 
rest  in  t  seconds  is  given  by  the  formula  «  =  J  gt\  where 
g  =  32,  approximately.  A  bomb  dropped  from  an  aeroplane 
struck  the  ground  below  8  seconds  later.  How  high  was  the 
aeroplane  at  the  time  ? 

24.  If  a  stone  be  thrown  vertically  upward,  with  a  velocity 
of  100  feet  per  second,  it  is  known  that,  neglecting  the 
resistance  of  the  air,  its  height  after  t  seconds  will  be 
100  ^  —  16  ^*  feet.  After  how  many  seconds  will  it  be  136  feet 
high?    Explain  the  double  answer. 

25.  After  how  many  seconds  will  the  stone  of  Exercise  24 
return  to  its  starting  point  ?   Explain  the  zero  root. 


CHAPTER  XXVII 

IRRATIONAL  SQUATIONS 

190.  Definitions  and  discussion.  An  irrational  equation  in 
one  unknovm  is  an  equation  in  which  the  unknown  occurs 
under  a  radical,  or  is  affected  by  a  fractional  exponent. 

Thus  3x  +  6Vx  =  l,  a?-a:*  +  l  =  0,  and  Vx^  -  3  a?  +  2  =  6  are 
irrational  equations. 

The  chief  difficulty  involved  in  the  solution  of  such 
equations  arises  from  the  fact  that  sometimes  results  are 
obtained  which  do  not  satisfy  the  given  equation  and 
hence  are  not  roots  of  that  equation.  A  result  of  this 
kind  is  called  extraneous. 

EXAMPLE 

(a)  Solve  Vaj-6  -4  =  0.      (h)  Solve  --Vic-6  -4  =  0. 
Solution.   Transposing, 


Vx  -  6  =  4. 

(1) 

-Va:-6  =  4. 

(1) 

Squaring,          a:  —  6  =  16. 

(2) 

a;  -  6  =  16. 

(2) 

Solving,                  X  =  22. 

a:  =  22. 

Check.  V22  -6-4  =  0. 

-  V22  -6-4  =  0. 

Vl6  -4  =  0. 

-Vi6-4  =  0. 

4-4  =  0, 

-4-4  =  0, 

which  is  true. 

which  is  not  true. 

It  appears  from  a  study  of  these  solutions  that  state- 
ments (1)  differ  only  in  the  signs  preceding  their  left 
members.    Consequently  this  distinction  disappears  after 

381 
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squaring,  and  equations  (2)  are  identical.  Since  the  re- 
mainder of  the  work  in  both  (a)  and  (6)  consists  in  the 
solution  of  (2),  the  result  obtained  is  really  the  root  of 
this  equation.  Whether  the  root  obtained  satisfies  both 
(a)  and  (6),  or  only  one  of  them,  can  be  determined  only 
by  substitution.  Here  it  appears  that  (a)  is  an  equation 
and  that  (J)  is  not,  but  is  merely  a  false  statement  in  the 
form  of  an  equation. 

In  any  case,  all  of  the  roots  of  the  original  equation  are 
sure  to  be  among  the  results  found,  provided  no  factor 
containing  the  unknown  has  been  divided  out.  But  no 
result  should  be  called  a  root  unless  it  satisfies  the  original 
equation.    This  means  that  all  results  must  be  checked. 

In  irrational  equations,  as  in  all  the  work  up  to  the 
present,  it  is  understood  that  unless  a  radical  or  an  ex- 
pression affected  by  a  fractional  exponent  is  preceded  by 
the  double  sign  ±  it  has  only  the  one  value,  just  like  any 
other  number  symbol. 

Thus  Vl6  means  +  4,  and  not  —  4. 

Also  4*  means  +  2,  while  —  4*  means  —  Vi,  or  —  2. 

If  this  fact  is  kept  in  mind,  it  is  clear  from  an  inspec- 
tion  of  (6),  above,  that  it  could  have  no  root,  since  the 
sum  of  two  negative  numbers  could  not  possibly  be  zero. 

The  method  of  solving  equations  containing  radicals 
is  stated  in  the 

Rule.  Transpose  the  terms  so  that  one  radical  expression 
(the  least  simple  one  if  there  are  two  or  m^re^  is  the  only 
term  in  one  member  of  the  equation. 

Next  raise  both  members  of  the  resulting  equation  to  the 
same  power  as  the  index  of  this  radical. 

Combine  like  terms  in  each  member  and^  if  radical  ex^ 
pressions  still  remain^  repeat  the   two  preceding  operations 
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untU  an  equation  is  obtained  which  is  free  from  radicals; 
then  solve  this  equation. 

Check,  Suhstitute  in  the  original  equation  the  values  found 
and  reduce  the  resulting  numerical  equation  to  its  simplest 
form  by  extracting  roots  but  not  by  raising  both  members  of 
the  equation  to  a  higher  power. 

Finally^  reject  all  extraneous  roots. 

EXERCISES 

Solve  the  following  for  real  roots  and  check  the  results : 
1.  Va  + 1  =  5.  5.   ^2a;  +  3  =  3. 


2.  Vaj.M=V3a;-6.  6.  7  +  2  V2aj  -  1  =  13. 

3.  3V2a;-8-7  =  17.  7.  ^4aj +  3 -^4- 3aj  =  0. 


4.  3V2x  +  6==V6ar'-6.        8.   V2a;  +  2  =  V2a5  -  2. 
9.  -Vx  + 1  =  Vic  —  1. 
10.  l-fVa;-2=V^. 

Solntion.   Transposing,         Vx  —  2  =  Vx  —  1. 
Squaring,  x  —  2  =x—2  Vx  +  1. 

Transposing  and  collecting,        —  3  =  —  2  V^. 
Squaring,  9  =  4  a:,  or. a:  =  J. 

Check.   Substituting  |  for  x  in  the  original  equation, 

i+V|"^=V|,  : 
i+i  =  i 

11.  V9^-4  =  Va. 


12.  V3a;  -  2  -f-  5  =  Va;  4-  36. 

13.  V3a;  4-  4  -  Vaj  4-  5  =  V5  -  a;. 

14.  Va;4-2  =  ^^  -f  V2.  15.  aj  +  1  =  V2a;^  +  3x-l. 

16.  Va;  +  2  4-  Va;  -1  =  V3a:  4-  3. 
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I  ••■ 


'   '      I  *      17.  «t-9!«^H*26  =  0. 

1*        Note.   Xiie  equation  here  given  is  not  a  quadratic  equation,  bat 

c\  it  is  of  the  general  type  cu^^  +  to*  +  c  =  0.    Here  x  occurs  in  but 

two  terms,  and  its  exponent  in  one  term  is  twice  that  in  the  other 

'*    teri^  Many  equations  in  this  form  can  be  solved  by  completing  the 

>^    squ^.    , 

n         ^  ^ 


/      V 


'  < 


V 


Solat(oii.    .      »  x♦-9x*  +  V  =  -20  +  V• 


T' 


V  .  ^\     .  rc»  =  5  or  4. 

^  Whence  A  x  =  ±bi  or  ±S,  * 

V ;  ^heuL   Substituting  ±  5  >  for  x  in  the  original  equation, 

■'    3X  "  ^  f^^^^*  -  9(±  5J)J  +  20  =  0, 
\   lor  '  V     5»  -  9  •  5  +  20  =  0,  or  0  =  0. 

Substituting  ±  8  for  x  in  the  original  equation, 

^    '  *  -    ,  (±  8)*  -  9(±  8)*  +  20  =  0. 

«f  *  r   r  '  /^  '  ^^'0     16  -  86  +  20  =  0,  or  0  =  0. 

f  y^r  V  J^>^+  Soj*  -14=  0.  J«tj^J  -  7  -?/^  -f-  6  =  0. 

/f    ^,y«tfr^-*-17a;-2  +  52  =  0.        ,J»^i -a*  -  6  ?=  0.  *     ^ 

•'    ■'  -^r/f'  -)  VS^  ««  +  5x  +  3V?T6^-54  =  0.  "-^  \  yv--^^ 
^      I  (      /      •    yHiNT."  iiet  y  =  x«  +  5  a;.  \  ^\ 

^;  J  :^.  3aj«-4a;-llV3a;^-4aj+18  =  0. 

27.  2a?  4r3x'^4-V2cc^-3aj-H-  1  =  0. 
<^8^  x«  -  2aj  -  6ViB»-2aj-4  +  2  =  0. 

Ji^  12  sc*  -  27  a;*  =  20  «*  -  46. 


J  V-' 


.'"^^C:^ 


V    V 


/^. 


^-  c^ 


^ 


a-^ 
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V 


/_ 


/ 


80.J16  -  acvic' 


S«  +  9. 


-V; 


.6Vi-8 


^  =  V2. 


V2aj-V8.     ^ 
/33)4(»  -  5)  -  2(x  -  6)i  -  2  =  0. 


2V3         V2»  +  12  » 


^5 


V8  -  x      Vx  +  2 


36.  If  ^ 


=  7rJ, 


solve  for  I 


"^  ^4^ 


^      • 


37.  If  r  =  ^  ic  V 3  and  A  =  2  irr^,  express  A  in  terms  of  «.     ^-  .  ^i  \ 


38.  If  a*  =  2r*  and  C  =  2  wr,  express  C  in  terms  of  a. 


39.  If  -4  =  -^  VS  and  a;  =  J  r  Vs,  express  A  in  tenns  of  x.        ^  . . 

40.  If  ^  =  3  r*  and  a  =  J  rV^  -f-  V2,  express  K  in  terms  of  a.  A>.  ". 


<^' 


.^/^''^-^--y^-    ^/\>^'-^   ;-- 


y  ./ 


— -^ 


/       ■■■/- 


^'    / 


:; 


-  r 


*>"     'if 


•  \ 


( 


^^    .  > 


;        ) 


^  / 


f 


'/ 


■  4r! 


'.  «  i 


J7^ 


"d' 


CHAPTER  XXVIII 

niAGIIf ARIES 

191.  Definitions.  When  the  square  root  of  a  negative 
number  arose  in  our  previous  work,  it  was  called  an 
imaginary,  but  no  attempt  was  then  made  to  use  it  or  to 
explain  its  meaning.  The  treatment  of  imaginaries  was 
deferred  because  there  were  so  many  topics  of  more  im- 
portance to  the  beginner.  It  must  not  be  supposed, 
however,  that  imaginaries  are  not  of  great  value  in  mathe- 
matics. They  are  frequently  used  in  certain  branches  of 
applied  science ;  and  it  is  unfortunate  that  symbols  which 
can  be  employed  in  numerical  computations  to  obtain  prac- 
tical results  should  ever  have  been  called  imaginary.  By 
such  a  name  something  unreal  and  fanciful  is  suggested, 
to  obviate  which  it  has  been  proposed  to  call  imaginary  num- 
bers orthotomic  numbers^  but  this  name  has  been  little  used. 

The  equation  a? +1=0,  or  a?  =  — 1,  states  that  re  is  a 
number  whose  square  is  —1.  By  defining  a  new  number, 
V—  1,  as  one  whose  square  is  —  1,  we  obtain  one  root  for 
the  equation  ofi  +  l  =  0. 

Similarly,  V— 6  is  a  number  whose  square  is  —  5.  And, 
in  general,  V—  n  is  a  number  whose  square  is  —  n.  Obvi- 
ously,  Vpi  means  something  very  different  from  V5, 
and  V—  n  from  y/n. 

The  positive  numbers  are  all  multiples  of  the  unit  -fl, 
and  the  negative  numbers  are  all  multiples  of  the  unit  —  1. 
Shnilarly,  pure  imaginary  numbers  are  real_multiples^f 
the  imaginary  unit  V— 1,  as  2V— 1,  —  5V— 1,  and  JV— 1. 

866 
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Furthennore  V—  4  =  2 V^^  •    V— a2  =  aV^;     and 


The  imaginary  unit  V^  is  often  denoted  by  the  letter 
i;  that  is,  8V— 1  =  3z. 

K  a  real  number  be  united  to  a  pure  imaginary  by  a 
plus  sign  or  a  minus  sign,  the  expression  thus  obtained  is 
called  a  complex  number. 

Thus  —  2  +  V— 1  and  3  —  2V— 4  are  complex  numbers.  The 
general  form  of  a  complex  number  is  a  +  bi,  in  which  a  and  b  may 
be  any  real  numbers. 

Note.  Up  to  the  time  of  Gauss  (1777-1855)  complex  numbers 
were  not  clearly  understood  and  were  usually  thought  of  as  absurd. 
The  situation  reminds  one  of  the  time  when  negative  numbers  were 
similarly  regarded,  and  the  veil  was  removed  from  both  in  about  the 
same  way.  It  was  found  that  negative  numbers  really  had  a  sig- 
nificance —  that  they  could  be  used  in  problems  that  involve  debt, 
opposite  directions,  and  many  other  everyday  relations.  The  inter- 
pretation of  imaginary  numbers  is  not  quite  so  obvious,  and  is  not 
considered  in  this  text.  But  as  soon  as  it  was  seen  that  an  interpre- 
tation was  possible  the  ice  was  broken,  and  it  needed  only  the  insight 
and  authority  of  a  man  like  Gauss  to  give  complex  numbers  their 
proper  place  in  mathematics. 

ORAL  EXERCISES 

Express  as  multiples  of  V— 1,  or  i : 


1.  V^Tie.        5.  s-vCTe.  9.  V6.V-20. 

2.  V— 25.  6.  2V^.  10.  aV^. 

3.  V^^.  7.  VS.V^.  11.  V-a;^-2aj-l. 

4.  2  V^.  8.  V2  .  V^.  12.  V-y'  +  By-a 

192.  Addition  and  subtraction  of  imaginaries.  The  funda- 
mental operations  of  addition  and  subtraction  are  performed 
on  imaginary  and  complex  numbers  as  they  are  performed 
on  rational  numbers  and  ordinary  radicals  of  the  same  form. 
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Thus  2V^+4V^=6V^, 

and  6V^-3V^=2V^. 

Also    (3  +  6V^)+(4-2>/^)  =  7+3V^. 
Similarly,  (a-{-ln)  +  (c  +  di)  =  a  + c  +  (b  + d)u 


Simplify : 

1.  3>ro[+2V^.  7.  V^HS  +  VI^. 

2.  4V^H-V^.  8.  4V-25a?»-2V-36aj«. 

3.  VI^ - V- 16.  9.  2  +  3VI^+6-5V^. 


4.  V^  +  vCTi.  10.  7V^^*-5a  +  4Vir^. 

5.  V^  +  V- 16.  11.  (Sa-'6ib)  +  (a  +  ib). 

6.  (-  8)*  +  (-  32)*.  12.  4  -  8i  + 16  -  SV^. 

13.  6  +  3  V-  49a*  -  6  V-  16ar»  +  4. 

14.  18  -  3(- 1)*  +  6(-  25)*  +  4. 

15.  6  V^  +  3  V^  -  V-  27  +  2  V^. 

16.  (8  -  6  V- 16) - (7  +  3  V-  26). 

17.  4V-9a*-6a*V-16  +  3VI^  +  5V-64. 

18.  {5x-6iy)-(Sx  +  2iy). 

193.  Multiplication  of  imaginaries.   By  the  definition  of 
square  root,  the  square  of  (— w)*  is  —  w. 

Therefore     {y/^f  =  -l. 

(vri)8=(v=i)2vri=-x/rT. 
(v=i)^=(vri)2(vri)2=(_i)(^i)^i. 
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To  multiply  V—  2  by  V—  3,  we  first  write 

vir2=V2.vcri, 

and  vCTa^Vl.vCi:. 

Then       vC^ .  V^Ts  =  (V2  .  Viri)(V3  .  V^ 

Similai'ly, 
(2 Vir5)(-  3  Vr2)  =  (2  V5  .  VTi)  .  (-  3  V2  .  V^ 

=  -6Vl0(-l)  =  6Vl0. 

In  general,  if  V— a  and  V— 6  are  two  imaginaries  whose 
product  is  desired,  they  should  first  be  written  in  the  form 
Va  •  V— 1  and  Vb  •  V—  1  and  the  multiplication  should  only 
then  be  performed.    This  method  will  prevent  many  errors. 

In  this  connection  it  must  be  clearly  understood  that  one  rule 
followed  in  the  multiplication  of  real  radicals  (see  page  850)  does 
not  apply  to  imaginary  numbers. 

In  the  case  of  ordinary  radicals  we  have 

V2.  V3  =  V2^=  V6. 

But  the  product  of  two  imaginaries  like  V—  2«  V—  3  does  not 
equal  V(— 2)(— 8),  for  this  equals  V6.  We  have  seen  above  that 

In  multiplying  two  complex  numbers,  write  each  ex- 
pression in  the  form  a  ±  hi  and  proceed  as  in  the  following 

EXAMPLE 

Multiply  4  +  V^  by  2  -  V^. 

Solution.  4  +  V^  =  4  + V5.V^,  (1) 

Multiplying (1) by (2),8  +  2  V5  .  V^- 4  V6  .  V^-  VSO (-1). 
Rewriting,  8  +  2  V^ -4  V^+ VSO. 
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EXERCISES 

Perform  the  following  indicated  multiplications  and  simplify 
results : 

6.  (v^y. 

7.  (V=:2)«. 

8.  (VTs/. 

9.  (2V^'. 
6.  ( V^)"*.    10.  V^i  .  V-25.     15.  V^  .  V^. 

16.  3  V^(-  2  V^.  24.  (a  + 16)« 

17.  Vw  +  »  •  V-  m-n.  25.  (a  +  i6)  (a  -  i8). 

26.  (-i  +  i V^'. 

27.  (- J  -  i  Vr3)». 


1.  (- 1)». 

2.  (-  !)• 

3.  (- 1)'. 

4.  (- 1)«. 


11.  V^(-V^). 

12.  VI^(-VI^). 

13.  V- 16  .  V- 10. 

14.  2  V^  .  3  Vir2. 


18. 

19. 

20. 

21. 

22. 
23. 


5  4.-vC^)(5-V^). 


[a  +  ib)(c  +  id). 

32.  (2  +  2  V^)*~  (2  -  2  V^)". 

33.  (a  +  iVirr^(a-.iVr^. 


28.  (-2  +  2  V^)'. 

29.  (-2-2  V^)l 

30.  (a  —  iy)\ 

31.  (a  +  iJbf  -  (a  -  ift)*. 


34.  Determine  whether  the  sum  and  the  product  of  the 
numbers  6  -h  6  V—  2  and  6  —  6  V—  2  are  real. 

35.  Determine  whether  the  sum  and  the  product  of  the 
numbers  2  +  V—  3  and  2  —  V—  3  are  real. 

194.  Division  of  imaginaries.  One  complex  number  is 
the  conjugate  of  another  if  their  product  and  their  sum 
are  real.   Thus  a  +  bi  and  a  —  W  are  conjugates.  Conjugate 
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complex  numbers  are  used  in  division  of  imaginary  ex- 
pressions as  conjugate  radicals  are  used  in  division  of  real 
radicals. 

In  case  either  the  numerator  or  the  denominator  of  a 
fraction  is  imaginary  or  complex,  the  division  may  be 
performed  as  in  the  following 


EXAMPLES 

1.  -vCTe-^v^. 

solution.         2^  =  2^E6_^  =  £:^ 

2.  V8^-V^. 

Solntion.         -p=  =  h— 7=-r- =  — ^  =  -  2 1. 

3.  -vCTe-hV^. 

solution.  V^^V:r6.V32^V6.t.V2.»^^ 

v:r2      ( v:^)*  -  2 

4.  3-»-(2+V^I^. 

Solution.  7==  =  - p — ^  ^ ^ , ^  = — .  .  Q — 

2  +  V^     (2  +  V^)  (2  -  V^)  4  +  3 


The  method  of  the  above  examples  is  stated  in  the 

BuU.     Write  the  dividend  over  the  divisor  in  the  form  of 
a  fraction. 

'  Then  mvltiply  both  numerator  and  denominator  of  this 
fraction  by  the  simplest  expression  which  mil  make  the  new 
denominator  reed  and  rational. 

Reduce  the  result  to  its  simplest  form. 
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Perform  the  indicated  operations : 

1.  V^ri2  -t.  V2.  11.  (-  6  hxf  +  (-  5  xf. 

2.  Ve+vC^.  12.  [(-x«)*~(-ar«)*]-^  (-«)*. 

3.  2V5-^4V^.  13.  3-*.(l-fV^). 

4.  V^-*-V^.  14.  2-i-(l-V^). 

6.  l-^V^.  15.  2V^-5-(Vin[+6). 

6.  4-s-Vir5.  16.  2V^-f.(3V^+3). 

7.  V8-^V^.  17.  (-l-V^)-h(-l  +  V^). 

8.  (-  49)*  -^  (-  64)*  18.  (1+  2 i) ^ (3  -  4i). 

9.  V^  H-V— y.  19.  a;  -J-  (a;  +  ty). 

10.  V— m-5-V— 71.  20.  (a  +  i6) -5- (c  +  u^. 

21.  (3-h2i)(l-*)-«-(3-4i)(l  +  t). 

22.  Is  -h  1  —  V^  a  cube  root  of  —  8  ? 

23.  Does  a^-.6a;  +  12  =  0ifa;  =  3±  V^Ts  ? 

24.  Does  X  =  |(V-10),  y  =  -  |(V-10),  satisfy  the  sys- 
tem  cc*  -  xy  -  12y^  =  8,  o^  +  a;y  -  10y»  =  20? 

195.  Equations  with  imaginary  roots.  The  student  should 
now  be  able  to  check  the  solution  of  an  equation  which 
has  imaginary  roots. 

EXERCISES 

Solve  the  equations  which  follow,  and  check  the  results : 

1.  aj»  +  4a;  +  8  =  0.  6.  a^  +  a;  + 1  =  0. 

2.  aj*  -  8a;  +  24  =  0.  7.  aj^  -  a;  + 1  =  0. 

3.  a:*  +  3a;  +  9  =  0.  8.  6ar»~  6a; +  14  =  0. 

4.  ar»  -  5a;  + 16  =  0.  9.  6a;2  +  10a;  +  21  =  0. 

5.  3a;«  +  2a;  +  4  =  a  10.  3ar»  +  16a; +  21  =  0. 
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11.  ir«  =  1. 

Hints.  If  ««  =  1,                       ««  -  1  =  0. 

Hence  (x  —  1)  (x^  +  x  +  1)  =  0. 

Then  x  -  1  =  0, 

and  x^  +  X  +  1  =  0. 

12.  a;«  +  1  =  0.  15.  x*  =  1.  18.  «•  =  64. 

13.  x^  =  8.  16.  x^  =  9.  19.  «« =  64. 

14.  aj»  =  -  27.  17.  aj*  =  1.  20.  «» =  - 125. 

21.  How  many  square  roots  has  any  real  number?  cube 
roots  ?   fourth  roots  ?   sixth  roots  ? 

22.  What  do  the  preceding  exercises  suggest  regarding  the 
number  of  nth  roots  which  any  real  number  has  ? 

23.  27a;«  -  8  =  0.  27.  a;«  +  7aj«  -  8  =  0. 

24.  64a;«  + 125  =  0.    ,  28.  3 x* -f- 16 a^  +  21  =  0. 

25.  aj*  -  2a;2  -  8  =  0.  29.  27a;*  -  12 x^  -  64  =  0. 

26.  «;•  +  x^  -  2a;  -  2  =  0.  30.  6x«  +  21a;«  +  9  =  0. 

31.  25a;* +  40a;2  + 64  =  0. 

32.  (ar»  +  4)(a;2  +  3a;  +  7)  =  0. 

33.  (x^  +  2a;)^  + 15  (ar»  +  2x)  +  54  =  0. 

34.  (a;2  +  5a;)^  +  9 (x«  +  5a;)  -  112  =  0. 

35.  Solve  a;  +  y  =  4,  a;*  —  3  ay  —  y*  =  —  39,  and  check  the 
results. 

36.  Solve  a;  +  2y=4, 2/^  —  a;  =  0,  and  check  the  results. 

37.  Solve  ar*  +  y*=4,  a;— y=6,  and  check  the  results. 

Note.  Long  before  the  time  of  Gauss,  mathematicians  had 
performed  the  operations  of  multiplication  and  division  on  com- 
plex numbers  by  the  same  rules  that  they  used  for  real  numbers. 
As  early  as  1545  Cardan  showed  that  the  product  of  5  +  V— 15 
and  5  —  V— 15  was  the  real  number  40.  However,  he  was  not 
always  equally  fortunate  in  obtaining  correct  results,  for  in  another 

place  he  sets  -i— x—  -1  = =  -• 

^  4\    y    y    -y/oi    s 
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Even  the  rather  complicated  formula  for  extracting  any  root  of 
a  complex  number  was  discovered  in  the  early  part  of  the  eighteenth 
century.  But  all  these  operations  were  purely  formal,  and  seemed 
to  most  mathematicians  a  mere  juggling  with  symbols  until  Gauss 
showed  clearly  the  place  and  usefulness  of  such  numbers. 

196.  Factors  involving  imaginaries.  After  studying  radi- 
cals we  enlarged  our  previous  notion  of  a  factor  and,  with 
certain  limitations,  employed  radicals  among  the  terms  of 
a  factor.  Now  in  a  similar  manner,  with  like  restrictions, 
we  extend  our  notion  of  a  factor  still  farther  and  use 
imaginary  numbers  as  coefficients  or  as  terms  in  a  factor. 
For  example,  x^  +  1  may  hereafter  be  regarded  as  factorable, 

for  a?+l=:ai2-(-l)  =  (a;+V^)(a:-V^). 

Similarly, 

42?  +  9  =  4a^-(-9)=(2a;'+SV^)(2a:-8V^) 
and  a?+6  =  a?-(-6)  =  (a?+V^)(a;-V^). 

Further,  a?  —  1=  (x  --1)  (pfl  +  x+1).  Hitherto  the  trino- 
mial a?  +  a: +1  has  been  regarded  as  prime;  but  the  stu- 
dent can  easily  prove  that  a?  -j-^+l  is  equal  to  the  product 
(^  +  i  +  jV^)(a;  +  ^-^V^),  Therefore  Jt?-1  has 
three  factors,  these  two  and  x  —  l. 

Note  on  the  use  of  imaginaries.  We  have  explained  the  laws 
of  addition,  subtraction,  multiplication,  and  division  for  imaginary 
(and  complex)  numbers  and  have  made  some  use  of  them.  It  is 
largely  because  imaginaries  obey  these  laws  that  we  call  them 
numbers,  for  it  must  be  admitted  that  we  cannot  count  objects 
with  imaginary  numbers.  Nor  can  we  state  by  means  of  them  our 
age,  our  weight,  or  the  area  of  the  earth's  surface.  It  should  be 
remembered,  however,  that  we  can  do  none  of  these  things  with 
negative  numbers.  We  may  have  a  group  of  objects  —  books,  for 
example  —  whose  number  is  5  ;  but  no  group  of.  objects  exists  whose 
number  is  —  5,  or  —  3,  or  any  negative  number  whatever.  If  it  is 
asked,  How,  then,  can  negative  numbers  and  imaginary  numbers 
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have  any  practical  use  ?  the  answer  is  this :  They  have  a  practical 
use  because  when  they  enter  into  our  calculations  and  we  have 
performed,  the  necessary  operations  upon  them  and  obtained  our 
final  result,  that  result  can  frequently  be  interpreted  as  a  concrete 
number  like  those  dealt  with  in  ordinary  arithmetic.  Moreover,  if 
the  result  cannot  be  so  interpreted^  it  is,  in  applied  mathematics 
at  least,  finally  rejected. 

In  that  part  of  electrical  engineering  where  the  theory  and  meas- 
urement of  alternating  currents  of  electricity  are  treated,  complex 
numbers  have  had  extensive  use.  Their  employment  in  the  difficult 
problems  which  there  arise  has  given  a  briefer,  a  more  direct,  and  a 
more  general  treatment  than  the  earlier  ones  where  such  numbers  are 
not  used. 

In  theoretical  mathematics  complex  numbers  have  been  of  great 
value  in  many  ways.  For  example,  numerous  important  theorems 
about  functions  are  more  easily  proved  under  the  assumption  that 
the  variable  is  complex.  Then,  by  letting  the  imaginary  part  of  the 
complex  nimiber  become  zero,  we  obtain  the  proof  of  the  theorem 
for  real  values  of  the  variable.  Indeed,  the  student  need  not  go  very 
far  beyond  this  point  in  his  mathematical  work  to  learn  that,  if  e  is 
2.7182  +  (see  page  481),  e  "^^  +  e-  ^/-^  is  equal  to  the  real  number 
1.082  + .  At  the  same  time  he  will  learn  also  how  such  a  form  arises, 
and  something  of  its  importance.  In  a  way  which  we  cannot  now 
explain,  even  so  involved  an  expression  as  (a  +  t6)*'+*^  has  in  higher 
work  a  meaning  and  a  use.  If  the  student  pursues  his  mathematical 
studies  far  enough,  that  meaning  and  use  and  a  multitude  of  other 
uses  for  complex  numbers  will  become  familiar  to  him.  But  the 
numbers  which  we  have  learned  in  this  book  to  use,  namely  fractions, 
negative  numbers,  irrational  numbers,  and  complex  nimibers,  com- 
plete the  number  system  of  ordinary  algebra,  for  it  can  be  proved 
that  from  the  fundamental  operations  no  other  forms  of  number 
can  arise. 


CHAPTER  XXIX 

TH£ORT  OF  QUADRATIC  EQUATIONS 

197.  Formation  of  equations  with  given  roots.  According 
to  section  84,  the  equation  (a:  —  2)  (a;  —  3)  =  0  has  the  roots 
2  and  3.  In  general,  the  equation(a;  —  r{)  (x  —  rj)  =  0  has 
the  roots  r^  and  rj,  because  either  of  these  numbers, 
when  substituted  for  a^  satisfies  the  equation.  Hence  we 
can  always  find  an  equation  whose  roots  are  two  given 
numbers  r^  and  r^  by  setting  the  product  of  the  binomials 
x  —  ri  and  x  —  r^  equal  to  zero. 

For  example,  an  equation  whose  roots  are  3  and  4  is  seen  in 
(x  -  3)  (x  -  4)  =  0,  or  ar»  -  7x  + 12  =  0. 

EZERaSBS 

Form  an  equation  whose  roots  are  the  following : 

1.  2,3.  5.  2,  f  9.  I  +  VS,  1-V3. 

2.  3,  7.  6.  5,  f  10.  3  ±  Vt. 

3.  1,  -  3.         7.  -  f ,  f .  11.  2  +  VITs,  2  -  V^. 


4.-2,-5.     8.  --|,-f       12.  -7+Vir5, -7-V^. 
13.  i+Vf,J-V|.  17.  1,-1,2. 

14.  j+>/r|,  J-V^i-        18.  hhh 

15.  2,  3,  4.  19.   V^,  -  V^,  2. 
Hint,   (x- 2)(x- 3)  (x- 4)  =  0.        20.  1+V2,  1-V2,  3. 

16.  1,  3,  6.  21.  1,  - 1,  V^,  -  VITi. 

22.  V2  -  V3,  V2  +  V3,  -  V2  -  V3,  -  V2  +  Vs. 

396 


THEORY  OF  QUAX>RATIC  EQUATIONS       897 

198.  Relations  between  roots  and  coefficients.  By  direct 
multiplication  we  obtain  from 

(^-^l)(^-^2)=0  (1) 

the  equation        a^—  (r^  +  rg)  x  +  r^r^  =  0.  (2) 

Since  r^  and  r^  are  the  roots  of  (1),  it  appears  from  an 
inspection  of  (2)  that  the  quadratic  equation 

has  the  roots  r^  and  rg,  provided  6  =  —  (r^  +  r^  and  c  =  r^r^* 

For  example,  we  may  form  at  once  the  equation  whose  roots  are 
4  and  9,  as  follows : 

aJ8-(4  +  9)ar  +  4  .  9  =  0,  or  a;2  - 13  X  +  36  =  0. 

Similarly  for  the  cubic  equation  x^  •{■  hx^  +  ex  -{■  d  =  0,  whose 
roots  are  r^,  r^,  and  rg,  we  have  (x  —  r^)  (x  —  r^)  (x  —  r^)  =  0. 

Then  ft  =  —  (r^  +  rg  +  rg), 

c  =  r^r^  +  r^r^  +  r^r^ 
and  d=—  r^r^r^. 

ORAL  EXERCISES 

Form  equations  whose  roots  are  the  following : 

1.  2,  9.  4.  -  3,  -  6.  7.  2  V2,  -  2V2. 

2.  4,  5.  6.  -7,  2.  8.  3  +  Vt,  3  -  Vz. 
3.-1,6.           6.  V3,-V3.  9.  I+V2,  I-V2. 

We  will  now  show  the  relations  which  exist  between  the 
roots  and  the  coefficients  of  the  general  quadratic  equation 
aa?+&r  +  <?=0.  Bysectionl88  the  roots  of  a3?-\'lx-{-c=Q 


are 


ri= ^ and     ra  = ^r 

*  2a  2a 
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Adding  r^  and  r^,  we  have 


Therefore  —  (r.  +  r  )  =  - . 

^       *^     a 

Multiplying  r^  by  rg,  we  have 

--6+Via-4ag    -,6-,Vi2_4^ 

y  —  (6^  --  4  gg)      4ag      g 
4  a^  4  a^     a 

Therefore  r^r„  =  -  • 

*  *     a 

These  results  may  be  expressed  verbally  as  follows : 

For  the  equation  or*  +  fer  +  c  =  0, 

/.  The  sum  of  the  roots  with  its.  sign  changed  is  -• 

a 

c 

n.  The  prodiu^  of  the  roots  is  -• 

These  relations  frequently  afford  the  simplest  means  of 
cheeking  the  result  of  solving  a  quadratic  equation,  as 
illustrated  in  Exercises  18-31,  below. 


EXERCISES 

Eorm  the  equation  whose  roots  are  the  following : 

1-  h  -  f 

solution.     -(^^i)=-X  =  ^,(3\/     iU^6^£. 
\2      5/         10      a'  V2/\     5/         5     a 

Hence  the  required  equation  is 

a;2 -  — X  -  -  =  0,  or  10ar«  -  7x  - 12  =  0. 
10        5        ' 


THEORY  OF  QUADRATIC  EQUATIONS       899 
2-  i,h  11-  ±  VITi  +  l. 

5.  4.41,1.59.  13.  —,^'* 


2      2 
14.  1  +  a,  1  —  a. 


6.  2  +  3  V3,  2  -  3  Vs. 

7.  4  +  V^,  4  -  V^. 

a  -\-  0   a  —  0 

9.  J  +  iV^,^-^V33.       16.  6,8,J. 
10.  1|  ±  Vs.  17.  -  4,  4,  f 

Solve  the  following  equations  by  the  use  of  the  formula 
and  check  the  resiQt  by  the  use  of  I  and  II,  above : 

IS.  a^-5x +  6  =  0.  26.  3x2+ 3a;- 5  =  0. 

19.  a;2-a:-3  =  0.  27.  5ar*-.  6aj -f  10=  0. 

20.  ic»-2x-4  =  0.  28.  a;»  +  a;  +  l  =  0. 

21.  x^- 9a -10  =  0.  - 

22.  a^  +  2x  +  l  =  0,  29.   3+4  +  5  =  0- 

23.  aj*  +  8a;  +  16  =  0.  ^. 

oj    ^  1  K      .   K      A  30.  -  + 4a -7  =  0. 

24.  ar  +  5  a  4-  5  =  0.  2 

25.  2a«4-3a-6  =  0.  31.  6a*- 4a;- 3  =  0. 

Find  the  value  of  the  literal  coefficient  in  the  following : 

32.  a*  +  2a  —  c  =  0,  if  one  root  is  2. 

33.  a?  —  a  —  0  =  0,  if  one  root  is  6. 

34.  a?  —  ca  —  70  =  0,  if  one  root  is  7. 

35.  a*  +  2^>a  +  20  =  0,  if  one  root  is  —  4. 

36.  a*  —  8  a  -H  (J  =  0,  if  one  root  is  twice  the  other. 

37.  a*  +  7  a  4"  c  =  0,  if  one  root  exceeds  the  other  by  2. 

38.  a^+ 11  a + 6  =  0,  if  the  difference  between  the  roots  is  10c 
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199.  Character  of  the  roots  of  a  quadratic  equation.   It 

is  often  desirable  to  determine  whether  the  roots  of  a  given 
quadratic  equation  are  real  or  imaginary,  rational  or  irra- 
tional, equal  or  unequal,  without  solving  the  equation. 
This  can  be  accomplished  by  use  of  the  formulas  for  the 
roots  of  the  quadratic  a3!?  +  bx+  c  =  0: 


^^= — ra (^) 

^«= — ra (^> 

These  expressions  are  seen  to  differ  from  each  other  only 
in  the  sign  preceding  the  radicaL    The  expression 

V-Aac, 

which  appears  under  the  radical  sign,  is  called  the  dis- 
criminant of  the  quadratic.  The  only  way  in  which  r^ 
or  rj  can  be  a  complex  number  is  for  the  discriminant 
to  be  negative.  If  all  of  the  coefficients  a,  5,  and  c  are 
rational,  r^  or  r^  can  be  rational  only  when  Vj^  —  4  a^  is 
rational ;  that  is,  when  the  discriminant  is  a  perfect  square. 
Hence  if  a,  6,  and  c  are  rational,  an  inspection  of  (1) 
and  (2)  shows  that  the  following  statements  are  true: 

/.  If  V^—  iiOC  is  positive  and  not  a  perfect  square^  the 
roots  are  real,  unequal^  and  irrational. 

For  example, ina:*  —  8x  +  2  =  0  the  discriminant  6*  —  4 ac  equals 
(—  8)^  —  4  •  1  •  2  =  56,  which  is  not  a  perfect  square.  The  roots  of  the 
equation  are  the  real,  unequal,  and  irrational  numbers  4  ±  Vl4. 

XT.  If  l^  —  Aac  is  positive  and  a  perfect  square^  the  roots 
are  real^  unequal^  and  rational. 

For  example,  in  the  equation  2a:*  —  3a:  —  9  =  0 the  discriminant 
ft*  —  4  ac  equals  (—  3)*  —  4  •  2  •  (—  9)  =  81,  which  is  a  perfect  square. 
The  roots  are  the  real,  unequal,  rational  numbers  —  f  and  +  3. 
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m.  IfV^^  4  ac  18  zeroy  ihs  roots  are  equal. 

For  example,  in  the  equation  4  a:^  —  12  ar  +  9  =  0,  the  discrimi- 
nant 62  -  4  ac  equals  (-  12)2  -  4  .  4  •  9  =  144  - 144  =  0.  The  only 
number  which  satisfies  this  equation  is  f  ,  so  in  one  sense  the  equa- 
tion has  only  one  root.  But  since  the  left  member  has  two  identical 
factors  each  of  which  afEords  the  sam'e  root  of  the  equation,  it  is 
customary  to  say  that  the  equation  has  equal  roots. 

IV.  If1?'-4tacis  negative^  the  roots  are  imaginary. 
For  example,  in  the  equation  2 a;^  —  5x4-4  =  0  the  discrimi- 
nant 6*  -  4  ac  equals  (-  5)2  -  4  •  2  •  4  =  25  -  32  =  -  7.    The  roots 

•f  6  -4-  V 7 

of  the  equation  are  the  conjugate  imaginaries and 

4 

ORAL  EXERCISES 

Determine  the  character   of  the   roots  of  the  following 
equations  without  solving: 

1.  a^  +  5a;4-6  =  0.  6.  a;*  +  aj+l=0. 

2.  3x2  -  4a; -f  1=0.  7^  a*  -  So? -f  16  =  0. 

3.  2^2  _  6a;  -  3  =  0.  8.  2x^'+  3a;  +  6  =  0. 
4^2ar*-3a;-2  =  0.  9.  4ar»- 4a; +1=  0. 
5.  5a;^- 5a; +  4  =  0.  10.  3ar*  -  2a;  -  2  =  0. 

EXERCISES 

Determine  the  value  of  k  which  will  make  the  roots  of  the 
following  equations  equal : 

1.  ar»-A;x  +  16  =  0. 

Solution,   a  =  1,  6  =  —  it,  c  =  16. 

Hence  }^  -  4:  ac  =  J(?  -  64. 

In  order  for  the  roots  to  be  equal,  ^  —  4  ac  must  equal  zero. 
Therefore  it«  -  64  =  0. 

Whence  ife  =  ±8. 
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Check.   Substituting  8  for  iS;  in  the  original  equation, 

a:^  -  8  a?  + 16  =  0. 
Whence  a:  =  4,  only. 

Similarly,  substituting  —  8  for  k, 

a:*  +  8a? +  16  =  0. 
Whence  x  =—  4,  only. 

2.  a^-hkx +  16  =  0.  7.  9aj»  +  30a;  +  Aj  4-  9  =  0. 

3.  x^  -  lOoj  +  k  =  0.  8.  4:ka?'-  60a;  +  25  =  0. 

4.  2a;^  +  8a;  +  A;  =  0.  9.  9ArW^- 84a; +  49  =  0. 

5.  x'-3kx  +  S6  =  0.  10.  49a;^  -  (A;  -f  3)a;  +  4  =  0. 

6.  3ar»  +  4fcc  +  12  =  0.  11.  (A^+ 6)ar»- 30a;  +  25  =  0. 

Determine  the  values  of  a  for  which  the  following  systems 
will  have  two  sets  of  equal  roots : 

12.  ^  =  2^'  13.  ^  +  ^=/'  14.  '"^  =  **'  , 

y  z=:x  +  a.  y  =  x  +  l.  x  +  y  =  1. 

200.  Number  of  roots  of  a  quadratic.  In  section  187  we 
found  that  every  quadratic  equation  has  two  roots.. 

Up  to  the  present  we  have  assumed  that  a  quadratic 
equation  can  have  no  other  root  than  the  ones  found  by 
the  method  of  completing  the  square.  This  fact  can  be 
proved  as  follows: 

Proof.  If  we  write  the  equation  ax^  +  fta:  +  c  =  0  in  the  form 

b  c 

ar^ +  -•»  +  -=  0   and  substitute   therein  from   (I)   and  (II)  on 
a  a 

page  398,  we  get  7^'-(r^-\'  r^  x  +  r^r^  =»  0.   This  can  be  factored 

and  written  as  (x  —  r^)  (x  —  r,)  =  0.  Now  if  any  value  of  x  different 

from  r^  and  r,,  say  r,  be  a  root  of  this  equation,  such  a  value  when 

substituted  for  x  must  satisfy  the  equation  (x  —  r^)  (x  —  r,)  =  0. 

Hence  (r  —  r^)  (r  —  r^  must  equal  zero.   By  assumption,  however, 

r  is  different  from  r^  and  r,.  Consequently  neither  the  factor  r  —  r^ 
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nor  r  —  Tj  can  equal  zero,  and  therefore  their  product  cannot  equal 
zero.  This  proves  that  no  additional  value  r  can  satisfy  the  equation 
ar*  —  (r^  +  r^)  a:  +  r^r^  =  0.  As  this  equation  is  but  another  form  of 
ax^  +  6ar  +  c  =  0,  the  latter  has  only  two  roots. 

201.  Factors  of  quadratic  expressions.    Let  r^  and  /*2  be 
the  roots  of  asfi  +  bx'\-c=0;  then 

b       c 

or  aa?+  bx  +  c  =  a(x^ri')(x  —  rj). 

Therefore  the  three  factors  a,  x  —  r^^  and  rr  — rj  of  any 
quadratic  expression  can  be  found  if  we  first  set  the  ex- 
pression equal  to  zero  (see  section  69)  and  solve  the  equa- 
tion thus  formed.  Obviously  the  character  of  the  roots  so 
obtained  will  determine  the  character  of  the  factors.  Hence 
by  the  use  of  the  discriminant  l^—4:ac  we  can  decide 
»7hether.  the  factors  of  a  quadratic  expression  are  real  or 
imaginary,  rational  or  irrational,  without  factoring  it. 

EXERCISES 

Determine  which  of  the  following  expressions  have  rational 
factors  : 

1.  a:* -3a; -40.        3.  7ar»-9aj  +  18.      5.  72 ar^  -  17 aj  +  1. 

2.  2ar*  +  5a;-7.       4.  24ar»-a;-10.       6.  5 aj^ -f- 3 aj  -  20. 

7.  3aj»  — 9a;  +  28.  9.  a;^  -  2 oa;  +  (a^  -  ^^. 

8.  33  A^  —  233  A  -  6.  10.  abx^  -(b^  +  a^x-^  ah. 

Separate  into  rational,  irrational,  or  imaginary  factors : 

11.  2a;*  +  6aj-8. 

Solution.  Let  2ar2  +  5ar- 8  =  0. 

^,  .      ,     .         -              -5=i:V25-(-64)      -5±V89 
Solving  by  formula,  x  = j — ^ ^  = j • 
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^,                         -5+V89       ,           -5-V89 
Then  r,  = and  r-  = • 

Therefore  2:r»-f  5x^  8  =  2[.-^  "  ^ +^]  [x- ^  ^  ;^] 

=  i(4x  +  5 -V89)(4x  +  5  +  V89). 

12.  a^-Tx-T.  21.  aj» +  7x4-8. 

13.  a?  -  4a;  -  1.  22.  o^  +  a  + 1. 

14.  a?  +  2x  +  2,  23.  ar»  +  l. 

15.  a*  +  4a;-9.  24.  a:^  +  9. 

16.  4a:*-12aj-9.  25.  ar»- 2aaj  +  a«  — ft. 

17.  26a?  +  20»  +  4.  26.  a*  +  6aaj  +  9a2--4&. 

18.  6a*  +  14a;-40.  27.  4«2  + 4aa;  +  a^  —  4c. 

19.  10-9x-9ar».  28.  a?- 4aa;  +  4a^  +  c 

20.  10ar»  + 12  -  26a;.  29.  aa?  +  bx  +  c. 

30.  ar*  — a;y  +  6a;  — 2y  +  6. 

Solution.   Let       x*  —  xy  +  5x  —  2y  +6  =  0. 
Then  x»  +  (5  -  y)x  -  2y  +  6=0. 

Solving  for  x  in  terms  of  y  by  the  formula, 

^_  -(5--y)d:V(5-y)a-4(~2y  +  6) 
"""■  2 

^~5  +  yd:Vy»-2y  +  l 
2 

Whence  x  =  —  2  and  y  —  3. 

Therefore  x^  -  xy  +  5  x  -  2  y  +  6  =  (x  +  2)(x  -  y  +  3). 

31.  3a;^-6ay  +  14a;-4y  +  8. 

32.  a;*-a;y-2y^  +  3a;-6y. 

33.  a?  -  4a;y  -  y  +  3y^  -  2  -  a;. 


^■ 
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GRAPHS  OF  QUADfiATIC  EQUATIONS  IN  TWO  VARIABLES 

202.  Graph  of  a  quadratic  equation  in  two  variables. 
Before  solving  graphically  a  quadratic  system,  the  method 
of  graphing  one  quadratic  equation  in  two  variables  must 
be  clearly  understood. 

EXAMPLES  >^^ 

1.  Construct  the  graph  of  a^  =  3  y.  ~ 

Solution.    Solving  the  equation  for  y,  y  =  -—. 

We  now  assign  val^s  to  x  and  then  compute  the  approximate 
corresponding  values  ofV    Tabulating  the  results  gives: 


V       .    \ 


If      x  = 

6 

4 

'   1 
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1 
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-1 

-2 
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-4 

-6   / 

then  y  = 

12 

¥ 

V 

Using  an  ar-axis  and  a  ^axis 
as  in  graphing  linear  equations, 
plotting  the  points  correspond- 
ing to  the  real  numbers  in  the 
table,  and  drawing  the  curve 
determined  by  these  points,  we 
obtain  the  graph  of  the  adja- 
cent figure.  The  curve  is  called 
a  parabola. 

The  graph  of  any  equation  of 
the  form  x^  =  ay  is  a  parabola. 
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2.  Graph  the  equation  ay  +  8  =  0. 


8 


Solution.   Solving  f or  y,  y  = 

X 

Assigning  values  to  x  as  indicated  in  the  following  table,  we 
then  compute  the  corresponding  values  of  y: 


If    «= 

-6 

-6 

-4 

-3 

-2 

-1 

-i 

i 

1 

2 

3 

4 

6 

6 

8 

tnen  y  = 

1 

i 

2 

1 

4 

8 

16 

-16 

-8 

-4 

-8 

-2 

-f 

-1 

-1 

Proceeding  as  before  with  the  numbers  in  the  table,  we  obtain, 
the  two-branched  curve  of  the  figure  below,  which  does  not  touch 
either  axis.   The  curve  is  called  a  hyperbola. 
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The  graph  of  any  equation  of  the  form  a?y=Jr  is  a 
hyperbola.  The  curve  for  xy^K  (-BT  =  any  constant)  is 
always  in  the  same  general  position ;  that  is,  if  JT  is  posi- 
tive, one  branch  of  the  curve  lies  in  the  first  quadrant  and 
the  other  branch  in  the  third.  If  -ST  is  negative,  one  branch 
lies  in  the  second  quadrant  and  the  other  in  the  fourth. 
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3.  Graph  the  equation  aj^  +  ^  =  16. 

Solution.   Solving  for  y,  y  =  ±  Vl6  —  r". 

Assigning  values  to  x  as  indicated  in  the  following  table,  we 
obtain  from  page  502  the  corresponding  values  of  y: 


11  z  = 

-5 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

5 

theny= 

±3V^ 

0 

±2M 

±3.46 

±3.87 

±4 

±3.87 

±3.46 

±2.64 

0 

±3VIl 

For  values  of  x  numerically  greater  than  4  it  appears  that  y  is 
imaginary.  The  points  corresponding  to  the  pairs  of  real  numbers 
in  the  table  lie  on  the  circle  in  the  accompanying  figure.  The  center 
of  the  circle  is  at  the  origin, 
and  the  radius  is  4. 

The  graph  of  any  equa- 
tion of  the  form  a?  +  i/^  =  i^ 
is  a  circle  whose  radius  is  r. 
This  can  be  proved  from 
the  right  triangle  FKO. 
If  P  represents  ant/  point 
on  the  circle,  OK  equals 
the  a>distance  of  JP,  KF 
equals  the  y-distance,  and 

OF  equals  the  radius.  Now  OS^ +KF^  =2'0F^ ;  that  is, 
ofl+t/^=7^.  It  follows,  then,  that  the  graphs  oi  a?+t^=9 
and  a?  +  ^  =  8  are  circles  whose  centers  are  at  the  origin 
and  whose  radii  are  3  and  VS  respectively.  Hereafter, 
when  it  is  required  to  graph  an  equation  of  the  form 
a?  +  y2  __  y2^  ll^Q  student  may  use  compasses  and,  with  the 
origin  as  the  center  and  with  the  proper  radius  (the  square 
root  of  the  constant  term),  describe  the  circle  at  once. 

In  all  the  graphical  work  which  follows,  the  student  will  save 
time  by  obtaining  from  the  table  on  page  502  the  square  roots  or 
cube  roots  which  he  may  need. 
as 
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■raph  the  equation  16  ic"  +  9 1/"  =  144. 
Solution.  Solving,  y  =  ±  J  Vs  —  i".  Priced  i 


For  an^  Taloe  of^  nni6Sicii^  gfeater  tHaii  8,  ^  .„ ^ 

The  points  corresponding  to  the  ceal  numbers  in  the  table  lie  « 
the  graph  of  the  adjacent  figure. 
The  curve  is  called  an  ellipHc. 

The  graph  of  any  equation 
of  the  form  of  a3?-\-hy^  =  o 
in  which  a  and  b  are  unequal 
and  of  the  same  sign  as  c  is 
an  ellipte. 

Note.  These  three  curves  — 
the  ellipse,  the  hyperbola,  and  the 
parabola  —  were  first  studied  by 
the  Greeks,  wlio  proved  that  they 
are  the  sections  which  one  obtains 
by  cutting  a  cone  by  a  plane.  Not 

for  hundreds  of  years  afterwards  did  anyone  imagine  that  these  curves 
actually  appear  in  nature,  for  the  Greeks  regarded  them  merely  as 
geometrical  figures,  and  not  at  all  as  curves  that  have  anything  to 
do  with  our  everyday  life.  One  of  the  most  important  discoveries  of 
astronomy  was  made  by  Kepler  (1571-1830),  who  showed  that  the 
earth  revolves  around  the  sun  in  an  ellipse,  and  stated  the  laws 
which  govern  the  motion.  Those  comets  that  return  to  our  field  of 
vision  periodically  also  have  elliptic  orbits,  while  those  that  appear 
once,  never  to  be  seen  again,  describe  parabolic  or  hyperbolic  paths. 

The  path  of  a  ball  throwu  through  the  air  in  any  direction, 
except  verticaUy  upward  or  downward,  is  a  parabola.  The  approxi- 
mate parabola  which  a  projectile  actually  describes  depends  on  the 
elevation  of  the  gun  (the  angle  with  the  horizontal),  the  quality  of 
the  powder,  the  amount  of  the  chat^,  the  direction  of  the  wind,  and 
various  other  conditions.   This  makes  gunnery  a  complex  subject. 
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EXERCISES  ^^  ( 

Construct  the  graphs  of  the  following  equations  and  state 
the  name  of  each  curve  obtained : 

?a:«  =  4y.f^j     ^^  +  2^^^.        5.  a»  -  y^  =  16.     . 

3/»  +  2a;=W^,^(^ar»  +  2/"  =  18.        6.  ay  =  12. 
^vVN^^aJ2^=-6.  ^  9.  16a;2- 92/^  =  144. 

Y^^'^^S.  9aj2  +  42/»  =  36.  10.  25 ar»  +  9 j/^  =  225. 

203.  Graphical  solution  of  a  quadratic  system  in  two 
variables.  That  we  may  solve  a  system  of  two  quadratic 
equations  by  a  method  similar  to  that  employed  in  section  44 
for  linear  equations  appears  from  t)xe^^^^^ 


examp: 


..  Solve  graphically  i   „ 


^*-' 


/(I) 

(2) 


2a;  +  y  =  l, 
+  4a;  =  17. 

Solution.  Constructiiig  the  graphs  of  (1)  and  (2),  we  obtain  the 
straight  line  and  the  parabola  shown  in  the  adjacent  figure.  There 
are  two  sets  of  roots  correspond- 
ing to  two  points  of  intersection, 
which  are 

Note.  If  the  straight  line  in 
the  adjacent  figure  were  moved 
to  the  right  in  such  a  way  that 
it  always  remained  parallel  to  its 
present  position,  the  points  A  and 
B  would  approach  each  other  and 
finally  coincide.  The  line  would 
then  be  tangent  to  th^  parabola 
at  the  point  a:  =  4,  y  =  1. 

Were  the  straight  line  Droved  still  farther,  it  would  neither  touch 
nor  intersect  the  parabola  and  there  would  be  no  graphical  solution 
(see  page  410). 
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2.  Solve  graphically  jJ"^  ^^  _ 


2x  +  y  =  12, 
19. 


(1) 
(2) 


SolntUm.  The  graphs  of  (1)  and  (2)  are  the  ettaight  line  and 
.  the  parabola  of  the  adjacent  figure.  These  carv««  have  no  real 
points  of  intersec- 
tion. There  are, 
however,  two  pairs 
of  imaginary  roots. 
Solving  (1)  and 
(2)  by  sabstitation, 
x=zJ^  +  V^  or 

V  -  ^v^^,      and 
y  =  l-2V^  or 

1+2V^. 

The  essential 
point  to  be  em- 
phasized here  is 
that  real  roots 
of  a  simultane- 
ous system  cor- 
respond to  real  intersections,  and  imaginary  roots  correspond 
to  no  intersections  of  real  graphs. 


a:»-j^  =  4, 
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8.  Solve  graphically  I  ._  ^_  g '^  ^ 


(1) 
(2) 

Sointion.  Constmcting  the  graphs  of  (1)  and  (2),  we  obtain  the 
hyperbola  and  the  parabola  of  the  figure  on  the  opposite  page. 
There  are  four  sets  of  roots  corresponding  to  the  four  points  of 
intersection,  which  are  approximately 

rx  =  3.7,  ra:=-2.7,  ra:=-2.7,       y.r«  =  3.7, 

"^^  =  3.1.      ^\y  =  1.8.  ^\y=-1.8.      ^\y=-3.1. 

If  the  two  curves  had  been  so  chosen  as  to  intersect  only  twice, 
their  equations  would  have  had  only  two  sets  of  real  roots. 
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Examples  1,  2,  and  3  partially  illustrate  the  truth  of  the 
following  statement: 

If  in  a  system  of  two  equations  in  two  variables  one 
equation  is  of  the  mth  degree  and  one  of  the  nth,  there 
are  usually  mn  sets  of  roots  (real  or  imaginary)  and  never 
more  than  mn  Buch  sets. 
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If  possible, 


EXERCISES 

ssible,  solve  graphically  e?w3l^  of  the  following  systemsJt  ^ 

-ii&r'-'  -T*^  •':^  +  V = 2V       -^  -1- «;« = « 

+  y  =  5.        4W/^ -If  f  =  V^. 

f=25,  a^  +  y»  =  9, 

-'2  X  =  10.  ,t-1    i^*-  a;  +  y  =  10. 

iy=:6, 


^  » 


S^ 


7. 


«'  +  3/*  =  9, 
x«  -  y»  =  16. 

iy  =  12,-        J  i " 
a;  +  y  =  10.  V  . 


-7  v-' - ;^Ai^'»  +  2y  =  12.   - 


+  a?  =  3.    '   I 


aj^  =  y»  — 9y. 
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204.  Graphical  presentation  of  numerical  data.  A  great 
variety  of  statistics  can  be  presented  graphically  in  a  very 
striking  manner.  Business  and  commercial  houses  have 
during  the  past  few  years  used  the  method  extensively 
not  only  to  present  facts  but  also  to  aid  in  interpreting 
them  and  in  indicating  their  tendencies. 

The  following  exercises  illustrate  some  of  the  possibili- 
ties in  the  graphical  presentation  of  numerical  data. 


For  the  year  1912  the  total  income  and  expenses  per  mile 
of  line  of  aJl  the  railroads  in  the  United  States  having  a 
yearly  revenue  of  one  million  dollars  or  more  was  as  follows : 
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The  foregoing  graph  represents  the  given  data  on  the  same 
axes. 

The  lowest  curve  on  the  diagram  shows  the  profits  of  the 
railroads.  It  was  obtained  by  plotting  the  differences  of  the 
numbers  injblfe  table. 

EXERCISES 

The  average  incomes  of  155  members  of  a  certain  college 
Lss  for  the  first  ten  years  after  their  graduation  is  given  in 
the  following  table : 


Years  after  gpradnation 

1 

2 

3 

4 

6 

6 

2408 

7 

8 

9 

10 

Income  in  dollars .  .  . 

706 

902 

1199 

1661 

2039 

2382 

2709 

3222 

3804 

Gra?&  the  data.   What  tendencies  do  you  note  ? 

r.  The  number  of  inches  of  rainfall  during  the  month  of 
and  the  number  of  bushels  of  corn  yielded  per  acre  for  a 
term  of  years  in  a  certain  locality  is  given  in  the  following^  ^/  .^ 
table:  \  '"^' 


Year 

'89 

5.4 
32 

'90 

2.6 
23 

'91 

5.1 

27 

'92 

3.7 
27 

'93 

3.4 
24 

♦94 

1.9 
18 

'95 

4.8 
30 

'96 

5.4 
38 

'97 

3.7 
25 

'98 

4.3 
26 

'99 

4.6 

28 

'00 

4.7 
30 

'01 

1.2 
19 

'02. 

6.0 
32 

Bainfall 

Corn  yield .... 

Plot  these  data  on  the  same  axes.   How  do  you  account  for 
the  ain^ilarity  of  the  curves  ? 

^.  The  numbers  of  hundreds  of  telephone  calls  in  certain 
business  and  residential  sections  of  New  York  City  are  given 
in  the  following  table  for  various  hours  of  the  day.  Plot  both 
sets  of  data  on  the  same  axes  and  explain  the  reason  for  differ- 
ences in  the  shapes  of  the  graphs. 


Time  of  day 

7 

1 

8 
2 

9 
4 

10 
55 

11 
108 

Noon 

1 

78 

2 
75 

3 
93 

4 
87 

5 
67 

6 
35 

7 
8 

8 
2 

9 

10 

1 

11 

1 

12 

1 

Business  district . 

loi 

Residence  district 

.25 

8 

35 

73 

76 

65 

52 

48 

47 

40 

38 

38 

36 

32 

26 
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4.  Measurements  of  the  breadth  of  the  heads  of  a  thousand 
students  in  a  certain  school  were  as  follows : 


Head  breadth  in  inohos 
Number  of  students  .  . 


6i6 
3 


5.6 
12 


6.7 
43 


53 
80 


5.9 
131 


6.0 
236 


6.1 

186 


6.2 

142 


6.3 
99 


6.4 
37 


15 


6.6 
12 


6.7 
3 


6.8 

2 


Construct  a  graph  of  the  above  data. 

6.  The  chest  measurements  of  10,000  soldiers  were  tabulated 
as  follows: 


Chest  measure- 'k 

ment  in  inches  •' 

Number  of  soldiers 


33 
5 


34 
31 


35 

141 


36 
322 


37 
732 


38 
1306 


39 
1867 


40 
1882 


41 
1^ 


42 
1148 


43 
645 


44 

160 


45 

87 


46 
38 


47 
7 


48 
2 


Construct  a  graph  of  the  above  data. 

It  may  appear  accidental  that  the  foregoing  measure- 
ments should  group  themselves  with  any  regularity.  But  if 
the  number  of  measurements  of  this  type  is  large  and  each 
is  made  with  care,  they  obey  a  law  called  the  law  of  proba- 
bility. In  fact  the  graph  of  the  data  in  Exercises  4  and  5  is 
a  close  approximation  to  what  is  called  the  probability  curve. 

The  equation  of  this  curve  is  y  =  €"**  when  e  =  2.7 
approximately. 

6.  Construct  the  graph  of  the  equation  y  =  e""**  between 
the  values  a?  =  —  2  and  x  =  2. 

HiKT.  Let  X  =  —  2,  —  |,  —  1,  —  J,  0,  etc. 

Note.  It  is  well  established  that  physical  characteristics,  such 
as  those  illustrated  by  the  graphs  of  Exercises  4  and  5,  obey  the 
law  of  probability.  K  the  graph  of  Exercise  4  is  carefully  consid- 
ered, it  may  raise  the  question,  Do  mental  characteristics  also  obey 
the  law  ?  An  interesting  aspect  of  this  is  given  by  the  fact  that  an 
increasing  number  of  high  schools  and  colleges  assume  that  such 
is  the  case>  and  grade,  or  mark,  their  students  by  a  system  based 
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on  the  law  of  probability.  Such  a  system  assumes  that  if  one  hun- 
dred or  more  students  in  any  subject  are  examined,  the  number  of 
students  and  their  degree  of  mastery  of  the  subject  arrange  them- 
selves according  to  the  probability  curve  shown  below.  Obviously 
between  very  many  students  the  differences  in  grades  attained  will 
be  small,  between  many  others  they  will  be  moderate,  and  between 
only  a  few  will  they  be  great. 

The  percentages  found  in  the  figure  indicate  the  part  of  the  total 
area  under  the  curve  lying  below  each  section.  Here  we  see  that 
3%  of  the  students  receive  the  Excellent  mark;  22%,  the  Superior 
mark ;  50%,  the  Mediimi  mark ;  22%,  the  Inferior  mark ;  and  3%,  the 
Failure  mark. 


In  the  statistical  study  of  problems  which  have  their  origin  quite 
remote  from  each  other,  this  curve  frequently  occurs,  and  occupies  a 
central  position  in  the  mathematical  theory  of  statistics. 


CHAPTER  XXXI 

SYSTEMS  SOLVABLE  BT  QUADRATICS 

205.  Introduction.  The  general  equation  of  the  second 
degree  in  two  variables  is  oa? -\-by^  +  cxy  +  dx  +  ei/  +/=  0. 
To  solve  a  pair  of  such  equations  requires  the  solution  of 
an  equation  of  the  fourth  degree.  Even  the  solution  of 
a^  -h  y  =  5  and  ^  H-  a;  =  3  requires  the  solution  of  such  an 
equation.  In  fact  only  a  limited  number  of  systems  of  the 
second  degree  in  two  variables  is  solvable  by  quadratics. 
By  the  graphical  methods  of  Chapter  XXX  the  student  can 
solve  graphically  for  real  roots  any  system  of  quadratic 
equations,  provided  the  terms  have  numerical  coefficients. 
The  algebraic  solution  of  such  systems  will  in  many  cases 
be  possible  for  him  only  after  further  study  of  algebra. 

206.  Linear  and  quadratic  systems.  Every  system  of 
equations  in  two  variables  in  which  one  equation  is  linear 
and  the  other  quadratic  can  be  solved  by  the  method  of 
mbstihUion. 


far*  — 2ajv  =  7  (V\ 

Solve  the  system  |^_^  2  yL  13.'  (2) 

Solation.  Solving  (2)  for  y  in  terms  of  x, 

13  -  X  ,Q. 

18  —  a:  ^ 

Substitating  — - —  for  y  in  (1), 

^-2.(H^)  =  7.  (4) 

From  (4),  ^o^-lZx-l ^^.  (5) 

416 
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Solving  (5),  ar  =  7  or  —  J. 

Sabstituting  7  for  x  in  (3), 

13-7 

=  8. 
Substitating  —  J  for  a:  in  (3), 

13+i 

=  6|. 

The  two  sets  of  roots  are  ar  =  7,  y  =  3,  and  a:  =  —  i,  y  =  6f . 

Check.   Substituting  7  for  x  and  3  for  y  in  (1)  and  (2)^ 

49-42=7, 
7+6=13. 

Substituting  —  \  for  x  and  6f  for  y  in  (1)  and  (2), 

1  +  ^  =  7, 
-i  +  ¥  =  13. 

EXERCISES 

Solve  the  following  systems^  pair  results,  and  check  each 
set  of  roots: 

-^a?  +  3^  =  13.  2y  +  3aj  =  l. 

^aj«-2^=8,  2a?-ajy  =  70, 

^^'  2iB  +  y  =  7.  •  a?  +  4y  =  23. 

^   ar*  +  ajy  =  15,  ^   «»  +  2««  =  108, 

'aj  +  y  =  3.  *4»  —  3<=s6. 

-    a?  +  2a;y  =  21,  -      «*  — 35^  =  22, 

*  a;  +  2y  =  3.  '  4«  +  2*  =  2. 


xt. 


+  2y  =  17,  jj    «»  +  <*=  169, 

..  2a!  —  y  =  2.  '  2s  +  «  ss  22. 

aj  +  3j^  =  13,  4^""  2^  =  18. 
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-.    «^  +  te  +  ^'  =  12, 

^*'  5  +  ^  =  2. 

,^    2«^-fe  +  e«  =  16, 
"•  25-^  =  5. 

^g   ajy  +  10  =  0, 

4  a:  +  y  =  6. 

4a:  +  y=28, 
2ic»4-3a;2/=98. 

18.  33^1  + ^^a=^» 
19.^  +  2  =  2, 

l~l^l'  27.  2«^  +  »^=8. 


22. 

a!^2 

3, 

1     » 

5 

1  ""• 

y     2 

4 

23. 

=  6, 

6      4 

2 

^m      ^^       —      SS 

=  X"* 

s       t 

3 

24. 

t+1 

3 

»+l 

2 

<  +  «* 

1 

«+<»" 

"2 

25. 

5_2_ 

5 

y     »~ 

6 

3y  +  2 

a;  =  2. 

26. 

«»  +  <«  +  2<  =  40, 

8  +  t  +  2  =  0. 

3a;  — y  =  2. 


y 


^x=^V2. 


«*  +  ^  +  4  a;  +  6  y  =  40, 
21.^  +  1  =  6,  ^^•a;-10  =  y. 

10_10^3  y  +  a;Vi6  =  0, 

y        a;       2  *y»  +  ««  =  16a^ 

207.  Homogeneous  equations.  If  both  the  equations  of 
a  system  are  quadratic^  an  attempt  to  solve  it  by  substi- 
tution usually  gives  an  equation  of  the  fourth  degree.  In 
most  cases  such  an  equation  could  not  be  solved  by  fac- 
toring, and  at  the  present  time  its  solution  by  any  other 
method  is  beyond  the  student.    With  certain  lypes  of 
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systems,  however,  which  occur  more  or  less  frequently,  we 
can  employ  special  devices  and  avoid  the  solution  of  any 
equation  of  higher  degree  than  a  quadratic.  Among  these 
systems  are  the  so-called  "  homogeneous  "  systems. 

An  equation  is  homogeneous  if,  on  being  written  so  that 
one  member  is  zero,  the  terms  in  the  other  member  are  of 
the  same  degree  with  respect  to  the  variables. 

Thus  a^  +  y^  =  xy  and  a:^  —  3  a;y  +  y*  =  0  are  homogeneous  equa- 
tions of  the  second  degree.  2  a;*  +  y*  =  xhf  —  3  xy^  is  a  homogeneous 
equation  of  the  third  degree. 

The  system  -|„     ^  T    1  ^risa  homogeneous  system. 

^  \x^-{-2y^-Sxy:=0S  *  "^ 

fv*  +  XV  +  x^  ~7      ^ 
Systems  like  -{?:„„      ,       '      r  are  often  called  homogeneous 
^  \2x^-'f  +  4:xy  =  6j  ® 

systems,  but  strictly  speaking  they  are  not.    As  will  be  seen,  the 

method  of  solving  such  systems  is  about  the  same  as  the  method 

of  solving  a  homogeneous  system.    Hence  they  are  classed  with 

homogeneous  systems. 

208.  Systems  having  both  equations  quadratic.  Occasion-^ 
ally  when  both  equations  are  quadratic  the  terms  which 
occur  in  the  two  are  so  related  that  the  elimination  of 
terms  involving  both  variables  or  of  the  constant  terms 
can  be  performed.   The  following  system  is  of  such  type : 


1.  Solve  the  system  1 3^,  _^^^^^^ 


EXAMPLES 

x'-xy  =  2,  (1) 

20.  (2) 

Solution.   First  eliminate  xy  by  addition  (§  47), 

(1)  .  4,  4  a^»  -  4  ary  =  8.  (8) 

(2) +  (8),  70:^  =  28. 

Whence  «  =  ±  2. 
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Substituting  +  2  for  x  in  (1),  4  —  2  y  =  2,  whence  y  =  1. 
Substituting  —  2  for  a:  in  (1),  4  +  2  y  =  2,  whence  y  =  —  1. 
Therefore  ar  =  2,  -  2, 

and  y  =  1,  —  1. 

These  values  may  be  checked  as  usuaL 

The  method  of  solving  a  system  in  which  every  term  in  each 
equation  except  the  constant  terms  is  of  the  second  degree  is 
as  follows : 

a^  +  3y»  =  6;  (1) 


2.  Solve 


{ 


X*  +  y«  =  10. 


(2) 


Solution.   First  we  combine  the  two  equations  to  obtain  a  homo- 
geneous equation : 

(1).5,  5a:y  +  15ya  =  30. 

(2). 3,  3xa  +  3y«  =  30. 

(3)-  (4),  -  3ar«  +  5ary  +  12  y^  =  0. 

a:  =  3y, 

4y 


Solving  (5)  for  x  in  terms  of  y, 
and 

Substituting  3  y  for  a:  in  (2), 

From  (8), 

Substituting  from  (9)  in  (6), 


9y«  +  y«  =  10. 

y  =  ±l. 
a:  =  ±3. 


Substituting  -  ^  for  a:  in  (2),     ?^  +  y^  =  10. 


9 


From  (10), 

Substituting  from  (11)  in  (7), 


y  =  ±jVlO. 
ar=:FfViO. 


(3) 
(4) 

(5) 
(6) 

(7) 

(8) 
(9) 

(10) 
(11) 


When        x  = 

3 

-3 

+  jVio 

-fVio 

then          y  = 

1 

-1 

-*Vio 

+  fVio 

Each  pair  of  values  can  be  checked  as  usuaL 
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A  quadratic  system  in  which  one  equation  is  homoge- 
neous is  easier  to  solve  than  the  system  of  Example  2,  as 
can  be  seen  from  what  follows: 

3.  Solve  the  system  |^2  +  ^  _  5  ^  =  3.  (2) 

Hints.   Solving  (1)  for  x,        x  =  2y,  (8) 

and  x  =  -.  (4) 

o 

We  may  now  substitute  from  (3)  in  (2)  and  from  (4)  in  (2),  solve  the 
resulting  equations,  and  then  complete  the  solution  as  in  Example  2. 


EXERCISES 

Solve,  pair  results,  and  check  each  set  of  real  roots : 

0^2-1-3/^=20,  a?  +  2xy^f=^32, 

3  2/^ -f- ar»  =  28.  2s(^ -3xy +  f=^0. 

2-  li^l"'^^'^\  II    2a^-xy  +  2f=.12, 

2x»-3ajy  =  -4.  ^'  2x'+xy  +  2f=S. 

3y^-a;y  =  2, 

2y'  +  Sxy==SS.  g    2x^  +  f  =  Sxy, 

a^  +  Sxy  =  m 
f^xy^27?, 

•  2ar»-fa;y=:16.  ^^    s2-3«^  =  4, 

V  +  ^=25.  ^^    52-f.2s^-h4^«  =  13, 

6.  Solve  Example  3  completely.        '  ^^  -|-  8  =  —  2  5^. 

209.  Symmetric  systems.  A  system  of  equations  in 
X  and  y  is  symmetric  if  the  system  is  not  altered  by  sub- 
stituting X  for  y  and  y  for  x. 

Thus  x*  +  y^  =  6  and  a:  +  y  =  11  is  a  symmetric  system,  but 
a?*  —  y3  =  6  and  x  +  y  =  11  is  not. 
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Certain  symmetric  systems  or  systems  which  are  nearly 
symmetric  can  be  easily  solved  by  the  method  of  substi- 
tution.   Of  such  the  following  are  types : 


\xy  =  4.  \x±y=2.  \ 


a;yt=4.  \<x±f/=2.  L2a?±y  =  ll. 

A  few  other  systems  which  are  syipmetric  or  nearly  so 
are  more  easily  solved  by  certain  special  methods.  The 
following  list  contains  typical  systems,  and  the  methods 
applicable  are  given  in  Exercises  1,  10,  and  12. 


EXERCISES 

1.  Solve '^  +  ^  =  ^^'  <^> 


(x'  +  y'- 

\xi/  =  6. 


(2) 

Hints.  These  equations  can  be  combined  in  such  a  way  as  to  obtain 
definite  values  for  z  +  y  and  x  —  y  as  follows : 

(2).  2,  2iry  =  12.  (3) 

(l)+(3),  aj«  +  2xy  +  y2==40.  (4) 

From  (4),  x  +  y  =  ±  7.  (5) 

(1)  -  (3),  x«  -  2xy  +  y«  =  26.  (6) 

From  (6),  x  —  y  =  ±  5.  (7) 

(6)  and  (7)  combined  give  four  systems  of  equations : 

(11) 

(9) 

fx  +  y  =  7,  (8)  nf*  +  V=-7,  (11) 

■°\x-y=-6.  (10)  \x-y=-6.  (10) 

The  solution  of  systemB  A,  B,  C,  and  D  is  left  to  the  student. 

The  pairs  of  roota  found  for  the  four  systems  A,  B,  C,  and 
D  will  check  in  the  original  system. 

„    a:»  +  S^  =  100,      ,    a!»  +  a^  +  y»=19,     .    a!?  +  4y»  =  20, 
xy  =  48.  »y  =s  6.  xy^4L. 


f»  +  y  =  7,  (8)  ^fa;  +  y=-7, 

\x— y  =  6.  (9)  \x  — y  =  6. 
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^    9a:«  +  3^  =  61, 
xy  =  10. 

®'  xy  =  12. 

4a^  +  26y^=:41, 
'  xy  =  2. 

iB*  — ary  +  y*  =  8, 
ay  + 1  =  0. 

Hint.  To  clear  of  fractions  in  Exercise  10  would  merely  increase  the 
difficulty  of  solution.  Instead  we  solve  in  a  manner  similar  to  that  of 
Exercise  1  (see  Exercise  18,  p.  225). 

2 


Then 


a? 

4y2 

7 

3 

-xy-\- 

3 

=  3' 

9. 

X  ■ 
1 

6 

1 

>2 

+  -1  = 

13, 

10. 

or 

1 

xy 

=  6. 

Whence 


In  like  manner 


—  =  12. 
xy 

1  4.  1_6 
,«    a;*     »*~4' 

a      y      2* 

TT              12        1 
Hints.  ■— 1 — 

x^     xy     y^ 

1 
"4' 

Then                       ^ 

=  1,  etc. 

am 

a2. 

1 

»2 

xy      2/2 

26. 

1 

:±6. 

1 

X 

i_ 

±1. 

13. 

1 

3x 

+ 

1 

2y" 

13 
=  6' 

1 

9ar» 

+ 

1 

97 
36 

14    3?     xy     f       ' 
—  =  6. 

^-^  +  ^  =  13, 


RE 
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210.  Equivalent  systems.   Equivalent  systems  of  equations 
are  systems  which  have  the  same  set  or  sets  of  roots. 
If  the  two  systems 

U  +  y  =  6.  (2)  lx  +  t/  =  6.  (4) 

are  solved,  only  one  pair  of  roots,  a;  =  4  and  y  =  2,  is  obtained 
for  A  and  the  same  pair  for  B.  Systems  A  and  B  are 
equivalent,  though  usually  a  system  which  consists  of  a 
linear  and  a  quadratic  ^as  two  sets  of  roots  and  hence 
cannot  be  equivalent  to  a  linear  system  (see  page  411, 
second  paragraph). 

Sometimes  an  equation  simpler  than  either  of  those  given 
in  a  system  can  be  derived  from  this  system  by  dividing 
the  left  and  right  members  of  the  first  equation  by  the  corre- 
sponding members  of  the  second.  In  systems  like  those  of 
the  following  list  the  equation  so  obtained  taken  with  one  of 
the  first  two  gives  an  equivalent  system  more  easily  solved 
than  the  original  one. 

EXERCISES 

Solve,  using  division  where  possible,  pair  results,  and  check 
each  set  of  real  roots : 

a«-42/?  =  20,  4aj«-y^  =  16, 

•  a;  +  2y  =  2.  2a;  +  y  =  8. 

Hint.   Division  gives  the  equiv-  R%  —  75  =  Q, 

alent  system  ^'  Rh^  15. 

^v?-2xy  =  li7,  ^a^  +  y»  =  28, 

2y  — »=— 17.  *  a!  +  y=4. 
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In  the  following  figure,  (1),  (2),  and  (3)  are  the  graphs  of 
aj*  -I-  y*  =  28,  «^  —  ajy  +  y^  =  7,  and  a:  +  y  =  4  respectively. 
These  equations  are  all  used  in  the  solution  of  Exercise  7.  The 
graph  makes  clear  in  a  striking  way  that  the  system  (1)  and  (3) 
is  equivalent  to  the  system  (2)  and  (3). 
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aj«-83/^  =  36, 


9. 


X      y 


10. 


^.  +  ^  =  1^2, 

1  +  ^  =  8. 
X      y 


MISCELLANEOUS  EXERCISES 


Solve  by  any  method  and  pair  results.  If  any  system  can- 
not be  solved  algebraically  by  the  methods  previously  given, 
solve  it  graphically. 


1. 


8. 


y»  +  a;y  =  8, 
05  +  y  =  4. 

»~3y  =  1. 


3. 


4. 


2/*  —  42/  +  cc=:0. 
x»  +  2/^  =  25, 

c;  +  y  =  7. 
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X 


ay  + 12  =  0. 


6. 


7. 


8. 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


(a: -2^)^  =  49. 

2  ar* -1-2/2  =  33, 
0^  +  2^  =  54. 

3A2-8A;»=40, 
5h^  +  k^  =  81. 

4122  +  3  =  9121, 

X2/  +  x  =  18, 

ay  +  y  =  20. 

aj2  +  y»  =  169, 
ajy  =  60. 

aj2  =  y, 
a5y  =  8. 

05  —  a:y  =  5, 
2y  +  a;y  =  6. 

a;»  -  y»  =  19, 

aj2  +  icy  +  3/2  _  19 

4712  +  797^2=9^ 

2n2-f  =  m2. 


6  W^i2  -  6.8  W^l  =  99.56; 
W^a  _  p^i  ^  20. 


17. 


ajy  +  22/2^2, 
3icy  +  6y2  =  2. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


a2  +  2ajy  +  2y2  =  lo, 
3  5c2  —  ay  —  y2  __  5  j^ 

y'  +  a;  =  7, 
ar*  +  y  =  11. 

a^  +  ay  +  r  =  7, 
a;2  +  ya  =  10. 

aj*  +  ay  +  y  =  0, 

^2  +  ay  +  a;  =  0. 
X      y 

a     y 

4a^-hy2=289, 
xy  =  60. 

a*  +  yi  =  9, 
x^y^  =  20. 

a2  +  y2  +  X  +  y  =  58, 


a  4-  y  =  5. 

27.  9aj-r-y  =18  =  a:y. 

OQ    .1     _l1     >ia     26a     1 

28.  4a-f-  =  46  =  — 

y  5       y 


29. 


1 

1 

3 

a 

2 

+ 

y- 

2 

=  4' 

1 

1 

1 

— 

^1^ 

•^ 

—*■■ 

X 

y 

12 
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3ajy  =  a^2/»-88,  x -1 


30.  ^ 

a;  —  y  =  6. 


31. 


x  +  y=:a. 


^2-  aj-i  +  y-i  =  2.  ae   rc»  +  2a^  =16, 

a?  — y=16,  a»  =  v'4-37, 

33.     1        1  37.  ^  ^      ' 

aj*-y*  =  2.  a»y=:a^+12. 

PROBLEMS 
(Reject  all  results  which  do  not  satisfy  the  conditions  of  the  problems.) 

1.  Eind  two  numbers  whose  difference  is  6  and  the  differ- 
ence of  whose  squares  is  120. 

2.  The  sum  of  two  numbers  is  20  and  the  sum  of  their 
squares  is  202.    Find  the  numbers. 

3.  Eind  two  numbers  whose  sum  plus  their  product  is  132 
and  whose  quotient  is  3. 

4.  It  takes  56  rods  of  fence  to  inclose  a  rectangular  lot 
whose  area  is  one  acre.   Eind  the  dimensions  of  the  lot. 

5.  The  area  of  a  right  triangle  is  180  square  feet  and  its 
hypotenuse  is  41  feet.   Find  the  legs. 

6.  The  area  of  a  pasture  containing  15  acres  is  doubled  by 
increasing  its  length  and  its  breadth  by  20  rods.  What  were 
the  dimensions  at  first  ? 

7.  The  difference  of  the  areas  of  two  squares  is  495  square 
feet  and  the  difference  of  their  perimeters  is  60  feet.  Eind 
a  side  of  each  square. 

8.  The  area  of  a  rectangular  field  is  43^  acres  and  one 
diagonal  is  120  rods.    Find  the  perimeter  of  the  field. 
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9.  The  value  of  a  certain  fraction  is  f .  If  the  fraction  is 
squared  and  44  is  subtracted  from  both  the  numerator  and  the 
denominator  of  this  result,  the  value  of  the  fraction  thus 
formed  is  r^j.    Find  the  original  fraction. 

10.  Two  men  together  can  do  a  piece  of  work  in  4^  days. 
One  man  requires  4  days  less  than  the  other  to  do  the  work 
alone.   Find  the  number  of  days  each  requires  alone. 

11.  The  perimeter  of  a  rectangle  is  250  feet  and  its  area 
is  214  square  yards.    Find  the  length  and  the  width. 

12.  The  base  of  a  triangle  is  8  inches  longer  than  its  alti- 
tude and  the  area  is  1|  square  feet.  Find  the  base  and  altitude 
of  the  triangle. 

13.  The  volumes  of  two  cubes  differ  by  316  cubic  inches 
and  their  edges  differ  by  4  inches.    Find  the  edge  of  each. 

14.  The  perimeter  of  a  right  triangle  is  80  feet  and  its  area 
is  240  square  feet.   Find  the  legs  and  the  hypotenuse. 

15.  The  perimeter  of  a  rectangle  is  7a  and  its  area  is  a\ 
Find  its  dimensions. 

16.  A  man  travels  from  A  to  B,  30  miles,  by  boat  and  from 
B  to  C,  120  miles,  by  rail  The  trip  required  6  hours.  He 
returned  from  C  to  B  by  a  train  running  10  miles  per  hour 
faster,  and  from  B  to  A  by  the  same  boat.  The  return  trip 
took  5  hours.   Find  the  rate  of  the  boat  and  of  each  train. 

17.  There  were  1400  fewer  reserved  seats  at  a  certain  sale 
than  of  unreserved  seats,  and  the  price  of  the  latter  was 
15  cents  less  than  the  price  of  the  former.  The  total  proceeds 
were  1490,  of  which  $250  came  from  the  reserved  seats.  Find 
the  number  of  each  kind  of  seats  and  the  price  of  each. 

18.  If  a  two-digit  number  be  multiplied  by  the  sum  of  its 
digits,  the  product  is  324;  and  if  three  times  the  sum  of 
its  digits  be  added  to  the  number,  the  result  is  expressed  by 
the  digits  in  reverse  order.  Find  the  number. 
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19.  The  sum  of  the  radii  of  two  circles  is  31  inches  and  the 
difference  of  their  areas  is  155  ir  square  inches.  Find  the  radii 

20.  The  yearly  interest  on  a  certain  sum  of  money  is  $42. 
If  the  sum  were  |200  more  and  the  interest  1%  less,  the 
annual  income  would  be  $6  more.  Find  the  principal  and 
the  rate. 

21.  A  wheelman  leaves  A  and  travels  nortL  At  the  same 
time  a  second  wheelman  leaves  a  point  3  miles  east  of  A  and 
travels  east.  One  and  one-third  hours  after  starting,  the  short- 
est distance  between  them  is  17  miles,  and  3^  hours  later  the 
distance  is  53  miles.   Find  the  rate  of  each. 

22.  A  starts  out  from  P  to  Q  at  the  same  time  B  leaves  Q 
for  P.  When  they  meet,  A  has  gone  40  miles  more  than  B. 
A  then  finishes  the  journey  to  Q  in  2  hours  and  B  the  journey 
to  P  in  8  hours.  Find  .the  rates  of  A  and  B  and  the  distance 
from  P  to  Q. 

23.  A  leaves  P  going  to  Q  at  the  same  time  that  B  leaves 
Q  on  his  way  to  P.  From  the  time  the  two  meet,  it  requires 
6f  hours  for  A  to  reach  Q,  and  15  hours  for  B  to  reach  P. 
Find  the  rate  of  each,  if  the  distance  from  P  to  Q  is  300  miles. 


GEOMETRICAL  PROBLEMS 

1.  The  sides  of  a  triangle  are  6,  8,  and  10.    Find  the 
altitude  on  the  side  10. 

Hint.  From  the  accompanying  fig- 
ure we  easily  obtain  the  system 

(10  -  a;)2  +  y2  -  64. 

2.  The  sides  of  a  triangle  are 
8,  15,  and  17.  Find  the  altitude 
of  the  triangle  on  the  side  17  and  the  area  of  the  triangle. 

3.  The  sides  of  a  triangle  are  11,  13,  and  20.    Find  the 
altitude  on  the  side  20  and  the  area  of  the  triangle. 


{: 
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4.  The  sides  of  a  triangle  are  13,  14,  and  15.  Find  the. 
altitude  on  the  side  14  and  the  area  of  the  triangle. 

5.  The  sides  of  a  triangle  are  12,  17,  and  25.  Find  the 
altitude  on  the  side  12  and  the  area  of  the  triangle. 

6.  Find  correct  to  two  decimals  the  altitude  on  the  side  16 
of  a  triangle  whose  sides  are  16,  20,  and  24  respectively. 

7.  The  parallel  sides  of  a  trapezoid  are  14  and  26  respec- 
tively, and  the  two  nonparallel  sides  are  10  each.  Find  the 
altitude  of  the  trapezoid. 

Hint.  Let  A  BCD  be  a  trapezoid.  Draw  CE  parallel  to  DA  and  CF 
perpendicular  to  AB, 

Then 


and 


^^  =  14, 
and 

^B  =  26  -  14,  or  12. 

If  we  let  EF  =  as,  FB  must  equal  12  —  x ;  then  we  can  obtain  the 
system  of  equations 

x«  +  y^  =  100, 

(12  -  x)a  +  y^  =  100. 


{: 


8.  The  two  nonparallel  sides  of  a  trapezoid  are  10  and  17 
respectively,  and  the  two  bases  are  9  and  30  respectively.  Find 
the  altitude  of  the  trapezoid. 

9.  The  bases  of  a  trapezoid  are  15  and  20  respectively, 
and  the  two  nonparallel  sides  are  29  and  30.  Find  the  alti- 
tude of  the  trapezoid  and  the  area. 

10.  The  sides  of  a  trapezoid  are  7,  9,  20,  and  24.  The  sides 
24  and  9  are  the  bases.  Find  the  altitude  and  the  area. 

11.  The  sides  of  a  trapezoid  are  21,  27,  40,  and  30.  The 
sides  21  and  40  are  parallel.  Find  the  altitude  and  the  area 
of  the  trapezoid. 
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12.  The  sides  of  a  trapezoid  are  23,  85,  100,  and  x.  The 
sides  23  and  100  are  the  bases,  and  each  is  perpendicular  to 
the  side  x.  Find  x 
and  the  area  of  the  ^ 
trapezoid. 

13.  The  area  of  a 
triangle  is  1  square 
foot.  The  altitude 
on  the  first  side  is 
16  inches.  The  sec- 
ond side  is  14  inches 
longer  than  the  third. 
Find  the  three  sides.        ^ 

A  LB 

14.  A  rectangular 

tank  is  8  feet  6  inches  long  and  6  feet  8  inches  wide.  A  board 
10  inches  wide  is  laid  diagonally  on  the  floor.  What  two  equa- 
tions must  be  solved  to  determine  the  length  of  the  longest 
board  that  can  be  thus  laid  ? 

Hints.   Let  DR  =  x  and  DK  =  y.  The  triangle  DKB  is  similar  to 
the  triangle  AKL. 


CHAPTER  XXXII 

PROGRESSIONS 

211.  A  sequence  of  numbers.  In  all  fields  of  mathe- 
matics we  frequently  encounter  groups  of  three  or  more 
numbers,  selected  according  to  some  law  and  arranged  in 
a  definite  order,  whose  relations  to  each  other  and  to  other 
numbers  we  wish  to  study. 

There  is  an  unlimited  variety  of  such  groups,  or  suc- 
cessions, of  numbers.  Only  two  simple  types  will  be 
considered  here. 

212.  Arithmetical  progression.  An  arithmetical  progression 
is  a  succession  of  terms  in  which  each  term  after  the  first  is 
formed  by  adding  the  same  number  to  the  preceding  one. 

Thus,  if  a  denotes  the  first  term  and  d  the  common  number  added, 
any  arithmetical  progression  is  represented  by 

a,  a  +  d,  a  +  2  d,  a  +  3  dy  a  -h  4i  d,  "  : 

This  common  number  d  is  called  the  common  difference 
and  may  be  any  number,  positive  or  negative.  It  may  be 
found  for  any  given  arithmetical  progression  by  subtract- 
ing any  term  from  the  term  which  f oUows  it. 

The  numbers  3,  7,  11,  15,  •  •  •  form  an  arithmetical  progression, 
since  any  term,  after  the  first,  minus  the  preceding  one  gives  4.  Simi- 
larly, 12,  6,  0,  —  6,  — 12,  •  •  •  is  an  arithmetical  progression,  since 
any  term,  after  the  first,  minus  the  preceding  one  gives  the  com- 
mon difference  —  6.  In  like  manner  ^,  5,  6^,  •  •  •  is  an  arithmetical 
progression  whose  common  difference  is  1^. 

432 
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ORAL  EXERCISES 

State  the  first  four  terms  of  the  arithmetical  progression  if : 

1.  a  =  2,  (^  =  3.  6.  a  =  100,  c?  =  -  10. 

2.  a  =  5,  c?  =  4.  7.  a  =  20  aj,  c?  =  —  2  aj. 

3.  a  =  10,  d=  6.  S.  a  =x,  d  =  2x. 

4.  a  =  20,  d  =  5.  9,  a  =  17 m,  d  =  ^  2m. 
6.  a  =  18,  e^  =  -3.  10.  a=V5,  e^  =  l+V5. 

'    From  the  following  select  the  arithmetical  progressions,  and 
in  each  arithmetical  progression  find  the  common  difference : 

11.  1, 10,  19, . . ..  16.  8,  9|,  10|, . . .. 

12.  4,  12,  36, . . ..  17.  15,  3,  -12, . . .. 

13.  19,  11,  3, . . ..  18.  6  a,  10  a,  14  a, . . .. 

14.  9,  12,  J,  16, . . ..  19.  18  a,  14  a,  12  a,  •  • .. 

16.  3,  ^0-,  "V"?  •  •  ••  20.  6a,  5a  +  3,  6a  +  6, . . .. 

21.  3a?,  03  —  2,  —  aj  —  4, . . .. 

22.  2a;  —  1,  a;,  1,  2  —  a;,  •  •  •. 

23.  —  5  Va,  —  2  Va,  Va,  4  Va,  •  •  -. 

24.  eVa— 1,  4V^-2,  3V^-3, .... 

213.  The  last  or  nth  term  of  an  arithmetical  progression. 

In  the  arithmetical  progression 

a^  a  +  dj  a  +  2dj  a+Zdj  a  +  4{/, 


•  •  • 


one  observes  that  the  coefficient  of  rf  in  each  term  is  1 
less  than  the  number  of  the  term.  Hence  the  nth,  or 
general,  term  is  a  +  (n  —  l')d.    It  I  denotes  the  wth  term, 

WO  have  ,       .  /      ,n^ 
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Find  the  required   terms   of   the   following   arithmetical 
progressions : 

1.  The  fifteenth  term  of  2,  7, 12,  • . .. 

Solution.   Here  a  =  2,  d  =  5,  and  n  =  15.  ^     ^/ypcy 

Hence  /  =  a  +  (n  —  1)  rf 

becomes  Z  =  2  + 14  •  5  =  72. 

jt.  The  eighth  term  of  1,  4,  7,  •  •  •. 

J5.  The  eleventh  term  of  15,  9,  3,  —  3,  •  •  •. 

j(i  The  twenty-first  term  of  a,  4 a,  7  a,  •  •  •. 

JT  The  sixteenth  term  of  9a;,  a,  —  7aj,  •  •  •. 

\^  The  sixth  term  of  1^,  f ,  f ,  •  •  •. 

JT  The  eleventh  term  of  —  ^,  f ,  1, .  • .. 

jf  The  sixth  term  of  Vs,  4  VS,  7  V3,  •  •  .. 

■Jff  The  eighth  term  of  3  V^  Vs,  — Vs,  -  3  V5, .  " 

(^oTTrhe  eighth  term  of  6  +  a,  7+  3  a,  9  +  6«,  •  •  •.         \  /^^ 

(^l^^he  twelfth  and  the  twentieth  terms  of  0,  —  5  aj  +  2, 
4— 10a5,  •  •  •. 

/12.  The  tenth  term  of  Va  +  3,  6  Va  +7,  9  Va  + 11, . . .. 

.f  13.  The  tenth  and  the  twentieth  terms  of  9  Va  —  3,  5  Va, 
•v^-l-3,  .... 

.  U.jThe  fourteenth  term  of  ^,  ^^,  ^^, ' '  - 

15.  The  ninth  and  the  twelfth  terms  of  Vs,  —7=.  3  Vs,  •  •  •. 

V3 

'\fx  3  "V^ 

16.  The  eighth  and  the  sixteenth  terms  of  -^  + 1,  —^ — h  2, 

17.  The  fifteenth  term  of  ^^  - 12,  -  6,  fcp^, .  • .. 
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ik.  The  twenty-ninth  term  of  a,  a  +  c?,  a  +  2  c^,  •  •  •. 

I^  The  mth  term  of  a,  a  +  e^,  a  +  2 c?,  •  •  •.  ^ 

90.  The  (m  —  l)th  term  of  a,  a  +  ^,  «  +  2  e^,  •  •  •.  r^St;* 

21.  The  (n  —  2)th  term  of  a,  a  +  5,  a  +  10,  •  •  •. 

22.  The  (n  -  6)th  term  of  --p>  3  V3,  5  V3,  •  • .. 

23.  Find  the  (w-3)th  term  of  V5-1, 2  V5-2,3(V6-l), . . .. 

.    24.  J'ind  the  nth  term  of  ->  ^  2 >  •  •  *• 

l2§.  The  first  and  third  terms  of  an  arithmetical  progression 
are  2  and  22.  Find  the  seventh  term ;  the  nth  term. 

26.  The  first  and  second  terms  of  an  arithmetical  progres- 
sion are  r  and  s  respectively.  Find  the  third  term  and  the 
72-th  term. 

27.  The  edges  of  a  box  are  consecutive  even  integers  with 
n  the  least.  Express  in  terms  of  n^  (a)  the  sum  of  the  edges ; 
(h)  the  area  of  the  faces ;  (c)  the  volume. 

28.  A  body  falls  16  feet  the  first  second,  48  feet  the  next, 
80  feet  the  next,  and  so  on.  How  far  does  it  fall  during  the 
twelfth  second?  during  the  nth  second? 

29.  The  digits  of  a  certain  three-digit  number  are  in  arith- 
metical progression.  If  their  sum  is  24  and  the  sum  of  their 
squares  is  194,  find  the  number. 

214.  Arithmetical  means.  The  arithmetical  means  between 
two  numbers  are  numbers  which  form,  with  the  two 
given  ones  as  the  first  and  the  last  term,  an  arithmetical 
progression. 

The  insertion  of  one  or  more  arithmetical  means  between 
two  numbers  is  performed  as  in  the  following  examples: 
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1.  Lisert  four  arithmetical  means  between  7  and  72. 

Solation.   /  =  a  +  (n  —  1)  rf. 
There  will  be  six  terms  in  all. 
Therefore  72  =  7  +  (6  - 1)  d. 

Solving,  d  =  13. 

The  required  arithmetical  progression  is  7,  20,  33,  46,  59,  72. 

2.  Lisert  one  arithmetical  mean  between  h  and  k, 

Solation.   /  =  a  +  (w  —  1)  d. 
There  will  be  three  terms  in  all. 
Therefore  A:  =  A  +  2  d. 

Solving,  </  =  — - — 

k  —  h  h  ■{•  k 

Therefore  the  progression  is  A,  A  +  — - — >  k,  or  h,  — - — >  k. 

It  follows  from  the  above  that  the  arithmetical  mean  between  two 
numbers  is  one  half  of  their  sum. 

EXERCISES 

Lisert  one  arithmetical  mean  between : 
1.  3  and  15.       2.  3  and  27.      3.  h  and  5  A.      4.  m  and  n. 

Lisert  two  arithmetical  means  between : 

5.  ^  and  8.  .  7.  X^  and  217.  9.  x  and  3  y. 

I 

6.  j5  and  29.  8.  i;  and  x-^-^y,  10.  A  and  k, 

* 
Lisert  three  arithmetical  means  between : 

11.  10  and  34.  13.  -  12aj  and  44  aj. 

12.  —  5  and  31.  14.  h  and  k. 

^.  Insert  seven  arithmetical  means  between  — 13  and  131. 
16.  Ins<ert  five  arithmetical  means  between  —  f  and  -^. 
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17.  Insert  four  arithmetical  means  between  —  2  Vs  and 

18  V%^ 

jert  five  arithmetical  means  between  7  a —  3b  and 

9  b. 

27 
^tSl.  Insert  six  arithmetical  means  between  Vs  and  — j=' 

3 

20.  Insert  two  arithmetical  means   between  7=  and 

4V3-6.  1-^ 

21.  In  going  a  distance  of  1  mile  an  engine  increased  its 
speed  uniformly  from  15  miles  per  hour  to  25  miles  per  hour. 
What  was  the  average  velocity  in  miles  per  hour  during  that 
time  ?   How  long  did  it  require  to  run  the  mile  ? 

22.  At  the  beginning  of  the  third  second  the  velocity  of  a 
falling  body  is  64  feet  per  second,  and  at  the  end  of  the  third 
second  it  is  96  feet  per  second.  What  is  its  average  velocity 
in  feet  per  second  during  the  third  second  ?  How  many  feet 
does  it  fall  during  the  third  second  ? 

23.  The  velocity  of  a  body  falling  from  rest  increases  uni- 
formly and  is  32  feet  per  second  at  the  end  of  the  first  second. 
What  is  the  average  velocity  in  feet  per  second  during  the 
first  second  ?  How  many  feet  does  the  body  fall  during  the 
first  second  ?   the  second  second  ? 

24.  Find  the  average  length  of  twenty  lines  whose  lengths 
in  inches  are  the  first  twenty  odd  numbers. 

25.  Find  the  average  length  of  fifteen  lines  whose  lengths  in 
inches  are  given  by  the  consecutive  even  numbers  beginning 
with  58. 

26.  With  the  conditions  of  Problem  23  determine  the  average 
velocity  per  second  of  a  body  which  has  fallen  for  12  seconds. 

27.  A  certain  distance  is  separated  into  ten  intervals,  the 
lengths  of  which  are  in  arithmetical  progression.  If  the  shortest 
interval  is  1  inch  and  the  longest  37  inches,  find  the  others. 


m 
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215.  Stun  of  a  series.  The  indicated  sum  of  several 
terms  of  an  arithmetical  progression  is  called  an  arith- 
metical series.  The  formula  for  the  sum  of  n  terms  of 
an  arithmetical  series  may  be  obtained  as  follows: 

/S  =  a+(a+rf)+(a+2rf)+  . . .  +(Z-2tr)+(Z-d)+Z.     (1) 

Reversing  the  order  of  the  terms  in  the  second  member 
of  (1), 

;Sf=Z+(Z-(i)+(;-2i)+  . .  .+(a+2rf)+(a+i)+a.     (2) 

Addmg  (1)  and  (2), 

2/S  =  (a  +  Z)  +  (a  +  Z)  +  (a  +  0H +(a  +  0  +  («  +  0 

+  (a  +  Z)  =  w(a  +  0- 

Therefore  5=2(^+7). 

EXAMPLE 

Required  the  sum  of  the  integers  from  7  to  02^  inclusiye. 
Solution,   n  =  86,  a  =  7,  /  =  92. 

Sub^tutin,in5=|(a  +  0. 

86(7+82)^ 
2 

Therefore  the  sum  of  the  integers  from  7  to  92  is  4257. 

ORAL  EZERCISE8 

Using  the  formula  'Si  =  ^  (a + ^,  find  the  sum  of  the  following : 

1.  The  six-term  series  in  which  a  =  2  and  Z  =17. 

2.  The  ten-term  series  in  which  a  =  1  and  I  =  46. 

3.  The  twelve-term  series  in  which  a  =^  —  12  and  I  =  21. 

4.  The  seven-term  series  in  which  a  =  3  and  I  =  63. 

5.  The  twenty-term  series  in  which  a  =  5  and  I  =  85. 

6.  The  twelve-term  series  in  which  a  =  — 175  and  I  =  126. 
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The  formula  S=  -(^a  +  l)  enables  one  to  find  the  sum  of 

a  series  if  the  first  term,  the  last  term,  and  the  number  of 
the  terms  are  given.  If,  however,  the  last  term  is  not  given, 
but  instead  the  common  difference  is  given  or  evident,  we 

can  use  a  formula  obtained  by  substituting  in  iS  =  -(a  +  0 
the  value  of  I fromthe  formula  Z = a+ (n  —  1)  c?,  on  page  433. 


>mj^r 


Then 


n 


fif=-[a  +  a  +  (w-l)rf], 


n 


or 


S=-[2a+(n-l)rfI. 


EXAMPLE 


Required  the  sum  of  the  first  fifty-nine  terms  of  the  progression 
2,  9,  16,.«.. 

Solution,   n  =  59,  a  =  2,  and  d  =  7. 


n 


Substituting  in  5  =  -  [2  a  +  (rjN- 1)  d], 


5  =  ^  (4  +  58  . 7)  =  ^  (410)  =  12,095. 


Find  the  sumorthe  lollowing: 

1.  The(  first  eight  terms  of  the  series  in  which  a  = 

2.  The  Srst  ten  terms  of  the  series  in  which  a  =  8 

3.  The  first  nine  terms  of  the  series  in  which  a  =  1  and 

d  =  11.     ; 

^ixThe  first  fifteen  terms  of  the  series  in  which  a  =  17 
and  a  =  .> 

^5L  T>  ^  "irst  twenty  terms  of  the  series  in  which  a =100  and 


BE 


)n\ 


r  ; 
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K'      M     \^  The  first  e^t  terms  of  the  series  2  4^,4  +  6  H 

\  iL  The  first  ten  terms  of  the  series  1  +  9  + 17  H . 

^  •  ^        \  The  first  ten  terms  of  the  series  —  8  +(—  4)+  0  H . 


I 


9.  The  first  eighteen  terms  of  the  series  1  +  5  +  9  + 
^«^  The  first  twenty  terms  of  the  series  10  +  8  +  6  + 


i 


^ 


>  *  (  y^^  -^^^  "^^^  twelve  terms  of  1  + 1^  -f  2, 


-0 


The  first  twelve  terms  of  15  -|- 12 J  + 10  H . 

13.  The  first  one  hundred  integers. 

14.  The  first  one  hundred  even  numbers. 
^        ^  15.  T)>e  first  one  hundred  odd  numbers. 

16,/'Show  that  the  sum  of  the  first  n  even  numbers  is  n{n + 1). 
/^  '     17.  Show  that  the  sum  of  the  first  n  odd  numbers  is  w*. 

'  V  ^  V^*^  -^"^^  *^®  ^^^"^  ^^  *^®  ®^®^  numbers  between  247  and  539. 

/\^     '19.  How  many  of  the  positive  integers  beginning  with  1 

are  required  to  make  their  sum  861?  . 

Hint.  Substitute  in  the  formula  iS  =  -  [2  a  +  (n  ^  1)  d]  flnl  solve^or  ti. 

^^.  How  many  terms  must  constitute  the  seriesy7+10  +13 
,  +  . . .  itt  order  that  its  sum  may  be  242  ?        /       ' 

)      /    ^^K^Beginning  with  90  in  the  progression  7^,  l80,  82, 
'      liow  mjiify  terms  are  required  to  give'a  suni  of  372  ?| 

.   '.       3^  The  second  term  of  an  arithmetical  progression  is  —  2 
*^  and'tne  eighth  term  is  22,   Find  the  eleventh  term^ 

1    a-1    2fX-3 


23 .  Find  the  sum  of  the  first  t  terms  of 

a       a  a 

24.  If  Z  =  25,  a  =  1,  and  rf  =  4,  find  n  and  s. 
25^If  a  =  -  20,  6?  =  11,  and  s  =  216,  find  n  and^'. 

y^.  If  <?  =  —  9,  n  =  15,  and  «  =  0,  find  a  and  U  d  4 


■, . . 
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27.  The  first  and  second  terms  of  an  arithmetical  progres- 
sion are  h  and  k  respectively.    Find  the  sum  of  n  terms. 

'If  «  =  9  A,  a  =  12  —  10  hy  and  n  =  9,  find  I  and  d, 

,a|^f  s  =  66  VS,  a  =  -  4  V3,  and  e^  =  2  VS,  find  ji  and  L 

30.  A  clock  strikes  the  hours  but  not  the  half  hours.  How 
many  times  does  it  strike  in  a  day  ? 

31.  A  car  running  15  miles  an  hour  is  started  up  an  incline^ 
which  decreases  its  velocity  ^  of  a  foot  per  second,  (a)  In  how 
many  seconds  will  it  stop  ?  (h)  How  far  will  it  go  up  the 
incline? 

32.  A  car  starts  down  a  grade  and  moves  3  inches  the  first 
second,  11  inches  the  second  second,  19  inches  the  third  second^ 
and  so  on.  (a)  How  fast  does  it  move  in  feet  per  second  at  the 
end  of  the  thirtieth  second  ?  (h)  How  far  has  it  moved  in  the 
thirty  seconds  ? 

33.  An  elastic  ball  falls  from  a  height  of  24  inches.  On 
each  rebound  it  comes  to  a  point  ^  inch  below  the  height 
reached  the  time  before.  How  often  wHl  it  drop  before  coming 
to  rest  ?  Find  the  total  distance  through  which  it  has  moved. 

34.  The  digits  of  a  three-digit  number  are  in  arithmetical 
progression.  The  first  digit  is  3  and  the  number  is  20^  times 
the  sum  of  its  digits.   Find  the  number. 

35.  A  clerk  received  $60  a  month  for  the  first  year  and  a 
yearly  increase  of  $75  for  the  next  nine  years.  Find  his  salary 
for  the  tenth  year  and  the  total  amount  received. 

36.  If  a  man  saves  $200  a  year  and  at  the  end  of  each 
year  places  this  sum  at  simple  interest  at  6%,  what  will  be 
the  amount  of  his  savings  at  the  time  of  the  sixth  annual 
deposit  ? 

37.  Assuming  that  a  ball  is  not  retarded  by  the  air,  deter- 
mine the  number  of  seconds  it  will  take  to  reach  the  ground  if 
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dropped  from  the  top  of  the  Washington  Monument,  which  is 
655  feet  high.   With  what  velocity  will  it  strike  the  ground  ? 
Hint.   See  Exercise  28,  p.  486. 

38.  A  ball  thrown  vertically  upward  rose  to  a  height  of 
266  feet.  In  how  many  seconds  did  it  begin  to  fall?  With 
what  velocity  was  it  thrown  ? 

39.  By  Exercise  28,  p.  435,  it  is  seen  that  a  falling  body  obeys 
the  law  of  an  arithmetical  progression.   Show  from  the  data  of 

that  exercise  that  the  general  formula  5  =  -(2a  +(n  —  l)c?) 

becomes  the  special  one  5  =  ^>  which  is  used  in  physics  for 
all  such  problems. 

40.  A  ball  thrown  vertically  upward  returned  to  the  ground 
6  seconds  later.  How  high  did  it  rise  ?  With  what  velocity 
was  it  thrown  ? 

41.  A  and  B  start  from  the  same  place  at  the  same  time  and 
travel  in  the  same  direction.  A  travels  20  miles  per  hour.  B 
goes  30  miles  the  first  hour,  26  miles  the  second,  22  miles  the 
third,  and  so  on.   When  are  they  together  ? 

Note.  In  the  earliest  mathematical  work  known  a  problem  is 
found  which  involves  the  idea  of  an  arithmetical  progression.  In 
the  papyrus  of  the  Egyptian  priest  Ahmes,  who  lived  nearly  two 
thousand  years  before  Christ,  we  read  in  essence,  "  Divide  40  loaves 
among  5  persons  so  that  the  numbers  of  loaves  that  they  receive  shall 
form  an  arithmetical  progression,  and  so  that  the  two  who  receive 
the  least  bread  shall  together  Lave  one  seventh  as  much  as  the 
others."  From  that  time  to  this,  the  subject  has  been  a  favorite 'one 
with  mathematical  writers,  and  has  been  extended  so  widely  that  it 
would  require  many  volumes  to  record  all  of  the  discoveries  regard- 
ing the  various  kinds  of  series. 

216.  Geometrical  progression.    A  geometrical  progreesion  is 

a  succession  of  terms  in  which  each  term  after  the  first 
is  formed  by  multiplying  the  preceding  one  always  by  the 
same  number. 
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Thus,  if  a  denotes  the  first  term  and  r  the  common  multiplier,  then 
any  geometrical  progression  is  represented  by  a,  ar,  ar^,  ar^,  ar*,  •  •  •. 

The  common  multiplier  is  called  the  ratio.  It  is  evident 
from  the  above  that  the  ratio  r  in  a  geometrical  progression 
is  found  by  dividing  any  term  by  the  preceding  one. 

The  numbers  2, 10,  50,  250,  •  •  •  form  a  geometrical  progression, 
since  any  term,  after  the  first,  divided  by  the  preceding  one  gives  the 
same  number  5.  Similarly,  the  numbers  3,-3  V2,  6,  --  6  V2,  •  •  • 
form  a  geometrical  progression,  since  any  term,  after  the  first, 
divided  by  the  preceding  one  gives  the  common  ratio  —  V2. 


^    ,    ' 


ORAL  EXERCISES 

Determine  which  of  the  following  are  geometrical  progres- 
sions and  state  the  ratio  in  each  case : 

1.  1,  3,  9,  27, ....  7.  i  V6,  Ve,  Vsi, . . .. 

2.  2,4,16,....  8.  Vf, -V|,2,.... 

3.  2,  6, 18, .....  9.  7  a,  36  a,  175  a,  •  • .. 

4.  6,1,^,....  10.  8V5,  -2V5,  V5,.... 

5.  18,  -  3, 1^, . . ..  11.  5a?,  10ar»,  20a?,  • . .. 

6.  2,  J  V2,  J  V2, . . ..  12.  3y*,  12 y,  48y*,  •  • .. 

13.  Find  the  condition  under  which  a,  h,  and  c  form  a 
geometrical  progression. 

State  in  order  the  first  four  terms   of  the   geometrical 
progression  in  which  the  first  term  is 

14.  1  and  the  ratio  is  4.  17.  64  and  the  ratio  is  ^, 

15.  3  and  the  ratio  is  10.         18.  —  243  and  the  ratio  is  \, 
19,  —  3  and  the  ratio  is  2.      19.  2  and  the  ratio  is  V3. 
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217.  The  nth  tenn  of  a  geometrical  progression.    Since 
bj  definition  any  geometrical  progression  is  represented  by 

a,  AT,   AT*,   Of*,  •  •  •, 

it  is  evident  that  the  exponent  of  r  in  any  term  is  1  less 
than  the  number  of  the  term.  Therefore,  if  f„  denotes  the 
nth,  or  general,  term  of  any  geometrical  progr^ssiion; 


r.. ' 


EZERCISBS  / 

1.  Find  the  fifth  term  of  4, 12,  36, .  • .. 

> 

Solntion.   Here  a  =  4,  r  =  3,  n  —  1  =  4. 
Substituting  these  values  in  the  formula  t^  =  af^'^\ 

^=  4.  3*  =  324. 

2.  Find  the  eighth  term  of  1,  2,  4, .  • ..     /    :     ' 
^Find  the  tenth  term  of  3,  6, 12, . . .. 

(^  Find  the  eighth  term  of  3,  2,  |, .  • .. 
^6^nd  the  twelfth  term  of  7,  - 14,  28, 

\Find  t^  of  16,  -  6,  +  f, . . .. 

\l  Find  t^  of  12 a«,  9a«,  ^»  •  •  •• 

-2c»       .    -5 


f   \ 


VFind  t,  of  — g-,  _  1,  — , . . .. 


\ 


Find  t^  of  4  V2,  4,  2  V2, ..  • .. 

10.  Fmd  L  of  — T=>  -^9  -pT^  •  •  •• 

'      2V2  2     2  . 

11.  Write  the  twentieth  term  of  ^412(1.01))  Hl2(L01)*, 
♦4.12(1.01)»,  .... 
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^  12.  Since  the  nth  term  of  a  geometrical  progression  is  ar*"*, 
what  is  the  (n-l)th  term?  the(n-2)th?  the(»-3)th?  the 
(»  +  l)th ?  the  (n  +  2)th? 

13.  The  first  and  second  terms  of  a  geometrical  progression 
are  m  and  n  respectively.   Find  the  next  two  terms. 

218.  Geometrical  means.  Geometrical  means  between  two 
numbers  are  numbers  which  form,  with  the  two  given  ones 
as  the  first  and  the  last  term,  a  geometrical  progression. 

Thus  ar  and  ar^  are  the  geometrical  means  in  a,  ar,  ar^,  ai^. 

EXAMPLES 

t 

1.  Insert  two  real  geometrical  means  between  9  and  72. 

Solution.  There  are  four  terms  in  the  geometrical  progression, 
and  a  =  9,  n  =  4,  and  tn  =  t^=^ 72. 

Substituting  these  values  in  ^n  =  ar^'^ 

72  =  9r».  lJ  /  ^ 

Whence  r  =  2,  and  - 1  ±  \/^.  ^ 

The  required  geometrical  progression  is  9, 18,  36,  72.  .   ; " 

2.  Insert  one  geometrical  mean  between  h  and  k, 

Solntion.  There  are  three  terms  in  the  progression,  and  a  =  A, 

n  =  3,  and  t^  =  k,  * 

Substituting  these  values  in  <»  =  ar**~^  we  have  \      .  | 

Solving,  y    \^/*%=±^|-  / 

Hence  the  progression  is  jfc,  ±h'^-ri  k,OT  h,  ±Vhk,  k. 

It  follows  from  the  above  that  the  geometrical  mean  between 
two  munbers  is  the  square  root  of  their  product. 
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ORAL 

Insert  one  geometrical  mean  between : 
\^  1  and  a*.  3.  1  and  4ar^.  5.  a  and  «•• 

^  1  and  x\  4.N^and  75.  6.  a^  and  a*. 

Insert  two  geometrical  means  between : 

7.  1  and  x^.  10.  1  and  125.  13.  a?  and  a^. 

8.  1  and  21  11.  a  and  a\  14.  2  and  16. 

9.  1  and  27.  12.  x  and  xl  15.  5  and  40. 

EXERCISES 

Obtain  progressions  involving  real  terms  only : 

1.  Insert  two  geometrical  means  between  21  and  168. 

2.  Insert  two  geometrical  means  between  15  and  405. 
3«  Insert  three  geometrical  means  between  3  and  243. 

k  ^.  Insert  one  geometrical  mean  between  9  and  81. 

*^  5V  Insert  one  geometrical  mean  between  a^  and  a^, 

%  Insert  three  geometrical  means  between  —  9  and  — 144. 

T.Whe  fourth  term  of  a  geometrical  progression  is  16,  the 
eighth  term  is  256.   Find  the  tenth  term. 

8.  The  second  term  of  a  geometrical  progression  is  4  Vs, 
the  fifth  term  is  ^.   Find  the  first  term  and  the  ratio. 

9.  Show  that  the  geometrical  means  between  a  and  c  are 
±  Vac. 

10.  The  first  and  fourth  terms  of  a  geometrical  progression 
are  a  and  e  respectively.   Find  the  second  and  third  terms. 

11.  Insert  three  geometrical  means  between  h  and  k. 

12.  The  sum  of  the  first  and  fourth  terms  of  a  geometrical 
progression  is  56.   The  second  term  is  6.   Find. the  four  terms. 
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13.  In  the  accompanying  figure,  ABC  is  a  right  triangle 
and  AD\&  perpendicular  to  the  hypotenuse  BC,  Under  these 
conditions  the  length  of  AD  is  always  a  geometrical  mean 
between  the  lengths  of  BD  and  DC,  A 

(a)  If    BD  =  4:     and    DC  =  9, 
find  AD. 

(b)  If    BD=:S    and    5C  =  21, 
find  AD.  B      D 

(c)  If  BC  =  25  and  AD  =  10,  find  BD  and  DC. 

14.  In  the  accompanying  fig- 
ure, AB  touches  and  AD  cuts  the 
circle.  Under  such  conditions 
the  length  of  ^B  is  always  a 
geometrical  mean  between  the 
lengths  of  -4C  and  AD. 

(a)  If  AD  =  36  and  AC  =  4, 
find  AB. 


.$i^ 


C4 
(h)  If  DC  =  90  and  ^  J5  =  24,  find  ^  C  and  AD.     <X^  ^.  T  T 

219.  Geometrical  series.   The  indicated  sum  of  w^?ms  i*i ' 
of  a  geometrical  progression  is  called  a  geometrical  series.   The  y  * 
process  of  obtaining  in  its  simplest  form  the  expression  for 
this  sum  is  often  called  finding  the  sum  of  the  series. 

The  expression  for  the  sum  is  derived  as  follows : 

Let  /SL  denote  the  indicated  sum. 


=  a(l  +  r  +  y^  + 


(1) 
(2) 


since  the  polynomial  in  (1)  is  equal  to  the  fraction  in  the 
parenthesis  of  (2)  (see  Exercise  J^^jj.  304). 


\ 


Hence 


s,= 


l-r 


/ 
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BXERCISB8 

1.  Find  the  sum  of  the  first  nine  terms  of  3,  —  6^  12, 

Solution.  Sf^  =  -; 1 

I 
By  the  conditions,  a  =  3,  r  4:  ^  2,  and  n  =  9.^ 

Substituting,  ^9='^TZ{E^"^^^^' 

V  IL  Find  the  sum  of  1,  5,  25, .  •  •  to  uiue  terms. 
^  Find  S^  for  2,  -  4,  8,  •  • .. 
>^l^  Find  S^  for  40,  20, 10,  •  • 
\^  Find  S^  for  -  180,  90,  -  45, .  • .. 

6.  Find  5^  for  f ,  1,  f,  •  •  •. 

7.  Find  S^  for  a',  a^,  a^,  •  • .. 

8.  Find  S^  for  2  Vs,  6,  6  Vs,  • . .. 
9^  Find  S^  for  4, 12,  36, . .  -. 

10.  Find  S^  for  125,  -  25  V5,  25, . . .. 

11.  Find  5„_i  for  3, 12,  48, .... 

12.  Find  S^  for  3,  - 15,  75, . . .. 

13.  Find  5„_2  for  x,  4a;*,  16a;'',  •  • .. 

14.  Show  that  for  a  geometrical  progression  Sn  =  -z • 

Hint.  Substitute  I  for  the  factor  ar^-^  in  the  last  term  of  the 
numerator  iu  the  formula  of  Exercise  1. 

15.  A  rubber  ball  falls  from  a  height  of  60  inches  and  on 
each  rebound  rises  50%  of  the  previous  height.  How  far  does 
it  fall  on  its  sixth  descent?  Through  what  distance  has  it 
moved  at  the  end  of  the  sixth  descent? 

220.  Infinite  geometrical  series.  If  the  number  of  terms 
of  a  geometrical  series  is  unlimited,  it  is  called  an  infinite 
gieonietrical  series. 
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In  the  prc^re&siou  2,  4,  8,  •  •  •  the  ratio  is  positive  and 
Plater  than  1,  and  each  term  is  greater  than  the  term 
preceding  it.  Such  a  progression  is  said  to  be  increasing. 
Obviously  the  sum  of  an  unlimited  number  of  terms  in 
auch  an  increasing  geometrical  progression  is  unhmited. 
it  r>l  (read  "r  is  greater  than  1"),  the  sum  can  be  made 
as  large  as  we  please  by  tafcmg  enough  terms. 

Jn    the    nrnoTPssifin   2.  1.  1.  A.  1.  JL-  .  . .  the   ratio   is 
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The  formula  for  the  sum  of  a  geometric  series  Sn = ^j 

may  be  written  as  the  difference  of  two  fractions,       ~ 

a  ar- 


»     1-r     1-r 

For  the  series  2+l  +  J  +  ^  +  -''  it  follows  that 

Now  Qy  =  {,  Qy  =  J,  ay  =  ^\,  qy  =  ^.    Conse- 

quently  (J)**  becomes  very  small  if  n  is  taken  very  great. 

Therefore  2(|^)",  the  numerator  of  the  last  fraction  in  (3), 

decreases  and  approaches  zero  as  n  increases  without  limit 

Since  the  denominator  of  the  fraction  remains  ^  while 

the  numerator  approaches  zero,  the  value  of  the  fraction 

decreases  and  approaches  zero  as  n  increases.    Then  if 

S»  denotes  S^  where  n  has  increased  without  limit,  we 

may  write  o 

^00    approaches    - — j  >  or  4. 

In  general,  if  r<  1(" if  r  is  numerically  less  than  1"),  the 

numerical  value  of  fraction approaches  zero  as  n 

1  — r 

increases  without  limit.  Under  such  conditions  the  formula 

a  ar^     ,  ^  a 


S„  =  :^ :r^^—    bcCOmeS     /Soo  = 


'»      l^r     1-r ^      1-r 

This  means  that  for  r  numerically   less  than  1,    S^ 

approaches »  but  for  any  definite  value  of  n  it  is 

1 —  r 

always  numerically  less  than  this  number. 

Hence  whenever  we  speak  of  the  sum  of  such  a  series 
we  mean  the  limit  which  the  sum  approaches  as  n  increases 
indefinitely. 
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EXERCISES 


Find  the  sum  of  the  following  series . 


1.  4  +  1  +  1  +  .... 
8olatioii.  5a>  = 


1-r 
4 


Substituting,   3,^=- — t=5J. 

2.  l  +  ^  +  J  +  .... 
8.  3  +  (-l)  +  J  +  .... 

4.  5  +  (-2)+|  +  .... 

5.  2  +  V2  +  1H 


8.  5  +  V5  + 1 H . 

10.  .121212. 
Hint.  .121212=: 

11.  .666  . . .. 

12.  .151515.... 

13.  *o^o^  ■  *  *. 

14.  25.2727  . . .. 

15.  .71515 .... 

16.  .3108108.... 


7.  !  +  «  +  «* H .  (x<l) 

17.  A  flywheel  whose  circumference  is  6  feet  makes  80 
revolutions  per  second.  If  it  makes  99%  as  many  revolu- 
tions each  second  thereafter  as  it  did  the  preceding  second, 
how  far  will  a  point  on  its  rim  have  moved  by  the  time  it  is 
about  to  stop  ? 

Note.  In  the  study  of  geometrical  progressions  we  have  seen 
that  the  sum  of  the  infinite  series  1  +  a:  +  z^  +  x'  +  •  •  •  is  a  definite 
number  when  x  has  any  value  less  than  1.  But  it  has  no  finite  value 
when  X  is  equal  to  or  greater  than  1 ;  that  is,  we  have  an  expression 
which  we  cannot  use  arithmetically  unless  x  has  a  properly  chosen 
value.  If  we  were  studying  some  problem  which  involved  such  a 
series,  it  would  be  a  matter  of  the  most  vital  importance  to  know 
whether  the  values  of  x  under  discussion  were  such  as  to  make  the 
series  meaningless. 

This  question  of  distinguishing  between  expressions  which  con- 
verge (that  is,  the  sum  of  whose  terms  approaches  a  limit)  and  those 
which  do  not  has  an  interesting  history.  Newton  and  his  followers  in 
the  seventeenth  century  dealt  with  infinite  series  and  always  assimied 
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that  they  convergedy  as,  in  fact,  most  of  them  did.  fiut  as  more 
complicated  series  came  into  use  it  became  more  difficult  to  tell  from 
inspection  whether  they  meant  anything  or  not  for  a  given  value 
of  the  variable. 

It  was  not  until  the  beginning  of  the  nineteenth  century  that 
Gauss,  Abel,  and  Cauchy,  in  Germany,  Norway,  and  France  respec- 
tively, began  to  study  this  subject  effectively  and  to  devise  far- 
reaching  tests  to  determine  the  values  of  x  for  which  certain  series 
converge  to  a  finite  limit.  It  is  said  that  on  hearing  a  discussion 
by  Cauchy  in  regard  to  series  which  do  not  always  converge,  the 
astronomer  La  Place  became  greatly  alarmed  lest  he  had  m,ade  use 
of  some  such  series  in  his  great  work,  **  Celestial  Mechanics."  He 
hurried  home  and  denied  himself  to  all  distractions  until  he  had 
examined  every  series  in  his  book.  To  his  intense  satisfaction  they 
all  converged.  In  fact  it  has  often  been  observed  that  a  genius  can 
safely  take  chances  in  the  use  of  delicate  processes,  which  seem 
very  foolish  and  unsafe  to  a  man  of  ordinary  ability. 

mSCELLAllEOUS  EXERCISES 

1.  The  digits  of  a  certain  three-digit  number  are  in  geo- 
metrical progression.  The  sum  of  the  digits  is  13.  The  number 
divided  by  the  sum  of  its  digits  gives  a  quotient  of  10  and  a 
remainder  of  9.   Find  the  number. 

2.  What  per  cent  of  the  eleventh  term  of  the  progression 
1,  2,  4,  8, . . .  is  the  eleventh  term  of  1, 101,  201,  •  •  •  ? 

3.  Compare  the  sum  of  the  first  ten  terms  of  the  first  pro- 
gression in  Exercise  2  with  the  sum  of  the  first  ten  terms  of 
the  second  progression. 

4.  What  meaning  may  be  attached  to  (a)  $600.  (1.06)*? 
(b)  $500  .  (1.05)*?  (c)  $500  .  (1.03)«? 

5.  What  will  |100  amount  to  in  three  years,  with  interest 
at  4%,  compounded  annually  ?  in  five  years  ? 

6.  What  will  $100  amount  to  in  two  years,  with  interest  at 
6%,  compounded  semiannually  ?  in  three  years  ? 
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7.  For  each  of  ten  successive  yeaxs  a  man  saves  $200  from 
his  salary  and  places  it  in  a  savings  bank  where  it  draws  4^ 
interest,  compounded  annually.  Find  the  total  amount  of  his 
savings  at  the  time  of  his  fifth  annual  deposit.  Indicate  (with- 
out multiplication)  the  amount  of  his  deposit  at  the  beginning 
of  the  eleventh  year. 

8.  A  loan  of  S  dollars  is  to  be  repaid  in  four  equal  annual 
payments  oip  dollars  each.   Find^  if  money  is  worth  r%. 

Solution.   The  sum  due  at  begimiing  of  second  year  is 

5(l  +  r)-;>.  (1) 

The  sum  due  at  beginning  of  third  year  is 

[5(l  +  r)-;>](l  +  r)-i>.  (2) 

The  sum  due  at  beginning  of  fourth  year  is 

{[5(l  +  r)-i)](l  +  r)-;,}a  +  r)-i>.  (8) 

The  sum  due  at  begrinning  of  fifth  year  is 

[{[5(1  +  r)-p-](l  +  r)  -p}  (1  +  r)  -  J,]  (1  +  r)  -p.        (4) 

By  the  conditions  of  the  problem,  (4)  =  0,  for  all  the  debt  has 
then  been  paid.   Setting  (4)  equal  to  zero  and  simplifying, 

S(l  +  r)*  -;>(!  +  r)»  -p(l  +  r)^  -p(l  +  r)  -p  =  0.        (5) 

Solving  (5)  iovp, 

^      (1  +  r)8  +  (1  +  r)3  +  (1  +  r)  +  1  ^  ^ 

But  the  denominator  in  (6)  is  a  geometrical  series  whose  sum 

by  the  formula  S^  =  —i is  -^ ^ 

1—  r  r 

Substituting  this  last  value  for  the  denominator  of  (6), 

^      (l+r)*-l  ^^ 

In  the  general  case,  if  we  have  n  annual  payments,  the  exponent 

Sr  (14-  r)^ 
4  in  (7)  would  be  replaced  by  n,  and  then  p  =  —-^ — ^  \  . 
V  /  r  J  J-      (l+r)"— 1 
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9.  A  loan  of  $1000  is  to  be  repaid  in  three  equal  ariim^l 
payments,  interest  at  6^.   Find  the  payment  required. 

10.  A  loan  of  $2000  bearing  interest  at  5%  is  to  be  repaid 
in  five  equal  annual  payments.   Find  the  payment  required. 

11.  The  machinery  of  a  certain  mill  cost  $10,000.  The  owner 
figures  that  the  machinery  depreciates  10%  in  value  each  succes- 
sive year.  What  was  the  estimate  on  the  value  of  the  machinery 
at  the  end  of  the  sixth  year  ? 

12.  A  vessel  containing  wine  was  emptied  of  one  third  of 
its  contents  and  then  filled  with  water.  This  was  done  four 
times.  What  portion  of  the  original  contents  was  then  in  the 
vessel ? 

13.  In  the  adjacent  figure  the  tri- 
angle DEF  is  formed  by  joining  the 
mid-points  of  AB,  BC,  and,  CA  respec- 
tively. Triangles  GHI  and  KLM  are 
formed  in  like  manner.  If  ABC  is 
equilateral,  prove  that  the  successive 
perimeters  of  the  triangles  form  a 
geometrical  progression.  If  ^B  =  5,  find  the  sum  of  the 
perimeters   of  all  the  triangles  which  may  be  so  formed. 

14.  Each  square  in  the  adjacent  fig- 
ure except  the  first  is  formed  by  join- 
ing the  mid-points  of  the  square  next 
larger.  If  ^B  =  4,  show  that  the  perim- 
eters of  the  squares  form  a  decreasing 
geometrical  progression.  Find  the  sum 
of  the  perimeters  of  all  the  squares 
which  may  be  so  drawn. 


CHAPTER  XXXin 

« 

THE  BINOmAL  THEOREM 

221.  Powers  of  binomials.  The  following  identities  are 
easily  obtained  by  actual  multiplication: 

(a  +  J)2  =  a2  +  2a6  +  62.  (1) 

(^a  +  by  =  €fi  +  da?b  +  SaV^  +  Ifi.  (2) 

(a  +  6)4  =  a4  +  4a86  +  6a262  +  4aJ8  4.j4.  (3) 

(a  +  6)6  =  a^  +  5a*6  +  10a862  +  l0a258  +  5ai4  +  JB.    (4) 

If  a  +  6  is  replaced  by  a  —  J,  the  even-numbered  terms 
in  each  of  the  preceding  expressions  will  then  be  negative 
and  the  odd-numbered  terms  will  be  positive. 

222.  The  expansion  of  (a  +  Vf.  The  form  of  the  expan- 
sion for  the  general  case  will  now  be  indicated : 

The  first  term  is  fl"  and  the  last  is  V. 

The  second  term  is  +  m^'^b. 

The  es^ponents  of  a  decrease  hy  1  in  each  term  after  the 
first. 

The  exponents  of  b  increase  by  1  in  each  term  after  the 
second. 

The  product  of  the  coefficient  in  any  term  and  the  eacponent 
of  a  in  that  terrn^  divided  by  the  exponent  of  b  increased  by  i, 
gives  the  coefficient  of  the  next  term. 

The  sign  of  each  term  is  +  if  a  and  b  are  positive ;  the 
sign  of  each  evenrnumbered  term  is  —  if  b  alone  is  negative. 
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According  to  the  above  statement  we  have 


^  ^     '  1  1-2 

1  •  2  •  3 

This  expresses  in  symbols  the  law  known  as  the  binomial 
;,tlieoi«m.  The  theorem  holds  for  all  positive  values  of  n  and 
also,  with  certain  limitations,  for  negative  values. 

Note.  The  coefficients  of  the  various  terms  in  the  binomial 
expansion  are  displayed  in  a  most  elegant  form  as  follows: 

•  ^  '.■■■••■     ; .        '  1  ! 

^  '       11  ' 

12  1 

18  3  1  / 

14  6  4  1  -— ^  rJ 


In  this  arrangement  each  row  may  be  derived  from  the  one  above  it 
by  observing  that  each  nimiber  is  equal  to  the  sum  of  the  two  num- 
bers, one  to  the  right  and  the  other  to  the  left  of  it,  in  the  line  above. 
Thus  4  =  1  +  3,  6  =  3  +  3,  etc.  The  next  line  is  1  5  10  10  5  1. 
The  successive  lines  of  this  table  give  the  coefficients  for  the  expan- 
sions of  (a  +  b)^  for  the  various  values  of  n.  The  numbers  in  the  last 
line  of  tte  triangle  are  seen  to  be  the  coefficients  when  n  =  4 ;  the 
next  line  would  give  those  for  n  =  5.  This  array  is  known  as  Pascal's 
triangle,  and  was  published  in  1665.  It  was  probably  known  to 
Tartaglia  nearly  a  hundred  years  before  its  discovery  by  Pascal. 

ORAL  EXERCISES 

What  is  the  second  term  in  the  expansions  of  Exercises  i-4  ? 
1.  (a  +  by^.        2.  {a --by".        8.  {a  +  hf.        4.  (a-5)» 

Assuming  that  the  terms  in  Exercises  5-10  occur  in  an  ex- 
pansion of  the  binomial  a-\-by  find  (a)  the  exponents,  (h)  the 
coefficient  in  the  next  following  term  of  the- expansion. 

6.  10a%\  7.  15a*5*.  9.  252  aW 

6.  3atf».  8.  li.6.9aW.  10.  20 aW 
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EXERCISES  y^^"^     ^ 

Expand  by  the  rule : 

I.  (a  +  b)\        I  yXa  + 1)1  ft/  (a  +  8)«. 

>'<^  -  !)••        >  (« + 2)^        ^12  -  ay. 

Obtain  the  first  four  terms  of  the  following:  ., — . 


-\ 


Expand:  *' 

11.  (a«  +  25)*.  - 

Hints.  To  avoid  confusion  of  exponents  first  Write  , 

(a^)*  +     Xa^Y  (2  W  +  ,  (o^*  (2  6)^  +     {a^f  (2  &)»  +      (a^)!  (2  6)*  +  (2  6)». 

Tfien'in  toe  spaces  ^feft  for  them  put  in  the  co^fQcieiita  according  to 
the  rule  of  this  section.  > 

Finally,  expand  and  simplify  each  term. 

12.  (a»  +  2)\    13.  (a«-25)'.     14.  (^ J-  'A^-^^^'. 


Obtain  in  simplest  form  the  first  four  terms  of  the  following : 

16.  (a*  +  3J)» 

17.  {a?-ZVf. 


„,    (a*     ^V^V* 


,.   K-l\"  Oft   Z'?^     2y»Y 


25.  Write  the  first  six  terms  of  the  expansion  of  (a  +  h)^^ 
and  evaluate  it  for  »  =  1,  w  =  2,  w  =  3,  w  =  4.  How  does  the 
number  of  terms  compare  with  n  ?  What  is  the  value  of  each 
coefficient  after  the  (n  +  l)th  ?  Why  does  not  the  expansion 
extend  to  more  than  five  terms  when  ti  =  4  ? 


\ 
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Compute  the  following  to  two  decimal  places.  (Li  each  case 
carry  the  computation  far  enough  to  be  certain  that  the  terms 
neglected  do  not  afEect  the  second  decimal  place.) 

26.  (1.1)^°.  29.  (.98)^. 

Hint,  (l.l)io  =  (1  +  .l)"  etc.  Hint.  (.98)1i  =  (1  -  .02)ii  etc. 

27.  (5.2)1  30.  (4.9)«. 

28.  (L06)«.  81.  (2.9)1 

223.  Extraction  of  roots  by  use  of  the  binomial  expansion. 
The  expansion  in  section  222  may  be  verified  for  any  par- 
ticular integral  value  of  n  without  difficulty  by  direct  mul- 
tiplication, as  in  section  221.  But  if  n  has  a  negative  or 
fractional  value,  a  laborious  proof  is  required  to  show  that 
the  expansion  is  still  valid  when  a  is  numerically  greater 
than  I.  Since  none  of  the  factors  of  the  coefficients,  as  n, 
w  —  1,  n  —  2,  vanish  for  fractional  or  negative  values  of  ti, 
it  appears  that  for  such  exponents  the  expansion  is  an 
infinite  series. 

For  example. 

By  giving  n  the  values  ^  or  ^,  one  can  compute  the 
square  root  or  the  cube  root  of  a  number  to  any  required 
degree  of  accuracy. 

In  such  computations  it  is  desirable  to  let  the  number 
which  corresponds  to  a  in  the  binomial  exceed  the  one 
corresponding  to  h  by  as  much  as  possible  and  at  the  same 

tto,  .0  h.v,  ^  an  integer. 

Note.  The  process  of  extracting  the  square  root  and  even  the 
cube  root  by  means  of  the  binomial  expansion  was  familiar  to  the 
Hindus  more  than  a  thousand  years  ago.  The  German  Stifel  (1486- 
1567)  stated  the  binomial  theorem  for  all  powers  up  to  the  seven- 
teenth, and  also  extracted  roots  of  numbers  by  this  method. 
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EXERCISES 

Find  the  first  four  terms  of  the  following : 

1.  (1  +  x)i.  3.  (3  -  x)i  5.  (2  +  x)i. 

2.  (2  +  x)i  4.  (1  +  x)i.  6.  (3  -  x)K 

Find  to  at  least  three  decimals  by  the  binomial  theorem : 

.  7.  (27)i 

Solution.    (27)4  =  (25  +  2)i 

=  25i  +  i  •  25-i  •  2  -  i .  25"*  •  2^ 

+  tV-25"5-2« 

=  5  +  .2  -  .004  +  .00016  . . .  =  5.196 +. 

It  is  proved  in  more  advanced  books  that  when  the  terms  of 
an  infinite  series  are  alternately  plus  and  minus,  and  each  term  is 
numerically  less  than  the  preceding  one,  the  value  of  the  entire  sum 
from  a  given  term  on  cannot  exceed  that  term.  This  fact  renders 
these  so-called  ** alternating  series"  especially  convenient  for  com- 
putatien,  since  a  definite  limit  of  error  is  known  at  each  stage  of 
the  computation.    In  this  example  the  error  cannot  exceed  .00016. 

8.  (17)*        9.  (28)4        10.  (38)4        n.  (78)4       12.  (125)4 

13.  (61)4 

Solution.   (61)4  =  (64  -  3)4 

=  64*  -  ^ .  64-4  •  3  -  i  .  64-t  •  3^ 

—  /r«64"4.38 . 

=  4  —  iV  —  ttfV?  ~  T7  Aits 

=  4  -  .0625  -  .00097  -  .00000259  •  •  •  =  3.93658- . 

Here  three  terms  give  the  result  to  five  figures. 

14.  (79)4 

Hint.   (79)4  =  (81  -  2)4  =  8l4  -  J .  81"4 .  2 . 

Here  (81  —  2)4  yields  more  accurate  results  with  fewer  terms  than 
does  (64  + 15)4. 

15.  (28)4  16.  (66)4.  17.  (30)4.  ig.  (700)4. 
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.     ^      I     924.  The  factorial  notati<)n.   ^p^'he  notation  5 1  or  [3  sig-  . 

"^^        jnifies  J. 12.3.4.9,  or  120.    fVlso  41=1 .  2  .  3  .  4  =  24. 

^.    -  In  general,  nl  =1  •  2  .  3  •  4  •  • .  (n—  2)(7i  — l).w.  , 

A^  "  ffhe  symbol  w !  or  [w  is  read  "  factorial  w." 


*    f  *    v.' 


\     \   -vA 


u  I  «»  In  the  factorial  notation  the  denominators  of  the  fourth  and 
*  V  **  **  fifth  terms  of  the  expansion  of  (a  +  b)*  become  31  and  4 1  respec- 
^Cv.  <^  i  ■  tively(8ee  formula,  jp.  456). 

Evaluate  •  v    .  "I  ](  ^  .     \ 

X.  61,  V    3.  5I.2L        '''  5.  4"!-'3N2!. 


^ 


Jr 

V 


S^ 


Evaluate  "^---^)("7^)  ;;•>-'•-"  ^>>whtf- 

(r— 1)!  / 

iJ  7.  n=7,  r  =  5.  10.  w  =  20,  r  =  15. 

>v  8.  »=16,  r  =  8.  11.  »  =18,  r  =17. 

,.<  9.  n  =  21,  r  =12.  12.  n  =10,  r  =11. 


225.  The  rth  term  of  (a+  6)".  According  to  the  binomial 
.  theorem  the  fifth  term  of  the  expansion  on  page  456  is 

n(n~l)(n-2)(n--3X-^5^ 
X  ■*■  41 


If  we  note  carefully  this  term  and  the  directions  on 
page  455,  we  can  write  down,  from  the  considerations 
that  follow,  any.  required  term  without  writing  other 
terms  of  the  expansion. 

The  denominator  of  the  coefficient  of  the  fifth  term  is  4 1 

From  the  law  of  formation  the  denominator  of  the  sixth 

term  would  be  5 !,  of  the  seventh  term  6 1,  etc.    Conse- 

^>,         quently  in  the  rth  term  the  denominator  of  the  coefficient 

would  be  (r— 1)1. 
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The  numerator  of  the  coefficient  oi  the  fifth  term  contains 
the  product  of  the  four  factors  ?i(w— l)(w— 2)(n— 8). 
The  numerator  of  the  sixth  term  would  contain  these  four 
and  the  additional  factor  n  —  4.  Similarly,  the  last  factor 
in  the  numerator  of  the  seventh  term  would  be  n  —  5,  etc. 
Hence  the  last  factor  in  the  rth  term  would  be  w  —  (r  —  2), 
and  the  numerator  of  the  coefficient  of  the  rth  term  is 
w(w-l)(w-2)(w-3)...  (w-r  +  2). 

The  exponent  of  a  ia  the  fifth  term  is  w  -^  4,  and  in  the 
sixth  term  it  would  be  w  —  5,  etc.  Therefore  in  the  rth 
term  the  exponent  of  a  is  w  —  (r  —  1),  or  w  —  r  + 1. 

The  exponent  of  h  in  the  fifth  term  is  4,  in  the  sixth 
term  is  5,  etc.  Therefore  in  the  rth  term  the  exponent  of 
6  is  r  — 1. 

The  siffn  of  any  term  of  the  expansion  (if  ti  is  a  posi- 
tive integer)  is  plus  if  the  binomial  is  a  +  6.  If  the 
binomial  is  a  —  6,  the  terms  containing  the  odd  powers  of 
b  will  be  negative.  In  other  words,  the  sign  in  such  cases 
depends  upon  whether  the  exponent  r  —  1  is  odd  or  even. 

Hence  the  rth  term  (r  not  equal  to  1)  of  (a  +  6)^  equals 

(r-Wl  *      ^^ 

If  we  wanted  the  twelfth  term,  we  would  in  using  (1) 
substitute  12  for  r. 


<. 


Write  the  indicated  terms :  /    ^     ^     .  (j^^ 

1.  Fifth  term  of  (a  +  b)^.  2.  Sixth  term  of  '(a  +  b)\ 

Solution.   Substituting  10  forn  ir^„^i,  f^^  ^f /^  .   M« 

J  e  ^       '   J.X.  t        1    /I  \  ^«««  3.  Fourth  term  oi  (a  +  o)  . 
and  5  for  r  m  the  formula  (1)  gives  ^  ^ 

10.9-8»7^^,  ^  10'9>8.7^,y  4.  Seventh  term  of  (a  -  5)^. 
41                      4-3   2 

=s  210  M*.  5.  Eighth  term  of  (a  —  b)^. 


462      COMPLETE  SCHOOL  ALGEBRA 

6.  Fourth  term  of  ( a  +  -  j  •     8.  Sixth  term  of  Ij )  • 

7.  Fifth  term  of  J^-  5)»         9.  Middle  term  of  (ay"  -  a)". 

I9u  Seventh  term  of  ( -r )   • 

11.  Fifth  term  of  fVa—W^j  . 

Find  the  coefficient  of  : 

12.  aj*  in  (1  +  xf.  14.  a?"  in  (a?  +  1)". 

13.  af  in  (1  +  ^T-  15.  x^  in  (a«  -  x-yK 

Note.  The  binomial  theorem  occupies  a  remarkable  place  in  the 
history  of  mathematics.  By  means  of  it  Napier  was  led  to  the  dis- 
covery of  logarithms,  and  its  use  was  of  the  greatest  assistance  to 
Newton  in  making  his  most  wonderful  mathematical  discoveries. 
But  to-day  the  results  of  Newton  and  of  Napier  are  explained  with- 
out even  so  much  as  a  mention  of  the  binomial  theorem,  for  simpler 
methods  of  obtaining  these  results  have  been  discovered. 

It  was  Newton  who  first  recognized  the  truth  of  the  theorem,  not 
only  for  the  case  where  n  is  a  positive  integer,  which  had  long  been 
familiar,  but  for  fractional  and  negative  values  as  well.  He  did  not 
give  a  demonstration  of  the  general  validity  of  the  binomial  develop- 
ment, and  none  even  passably  satisfactory  was  given  until  that  of 
Euler  (1707-1783).  The  first  entirely  satisfactory  proof  of  this 
difficult  theorem  was  given  by  the  brilliant  young  Norwegian  Abe] 
(1802-1829). 


JOHN  NAPIEK 


CHAPTER  XXXIV 

HAXIO,  PROPORTION,  AND  VARIATION 

226.  Ratio.    The  ratio  of  one  number  a  to  a  second 
number  h  is  the  quotient  obtained  by  dividing  the  first 

bv  the  second,  or  -.    The  ratio  of  a  to  J  is  also  written 
a:b. 

It  follows  from  the  above  that  all  ratios  of  two  numbers 
are  fractions  and  all  fractions  may  be  regarded  as  ratios. 

Thus  ->  — f >  and  —=  are  ratios  as  well  as  fractions. 

5  3d  c-d  VS 

Since  ratios  like  the  above  are  fractions,  operations 

which  may  be  performed  on  fra<3tions  may  be  performed  on 

these  ratios.    Hence  the  value  of  a  ratio  is  not  changed 

by  multiplying  or  dividing  both  numerator  (antecedent) 

and  denominator  (consequent)  by  the  same  number. 

a 

— ,  a     O'X         .,    a     y 

Thus  T  =  T —    and    7-  =  -t. 

0      0' X  ^      £ 

y 


Simplify  the  following  ratios  by  considering  them  as  frac- 
tions and  reducing  the  fractions  to  lowest  terms: 


■C'^^^y-i^^j^:)- 


2.  1  kilometer :  1  mile.  (1  kilometer  =  .62  miles.) 

3.  1  liter :  1  quart.    (1  liter  =  .001  cubic  meter ;  1  quart  = 
^^  cubic  inches ;  and  1  meter  =  39.4  inches.) 

468 
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4.  A  city  lot  100  x  160  feet :  1  acre.  (1  acre  =  43,560  square 
feet.) 

5.  Area  of  printed  portion  of  this  page  :  total  area  of 
the  page. 

6.  If  #24,000  is  divided  between  two  men  so  that  the 
portions  received  are  to  each  other  as  5:7,  how  much  does 
each  receive? 

Hint.  Let  6  x  and  7x  be  the  required  parts. 

7.  Separate  690  into  four  parts  which  are  to  each  other 
as  2  :  5  : 7 : 9. 

8.  Show  that  — — ^<  — r~^  if  a  is  positive. 

x  +  2     X  +  5  ^ 

Hint.  Reduce  the  given  fractions  to  respectively  equivalent  fractions 
having  a  common  denominator,  then  compare  the  numerators  of  the 
fractions  so  obtained. 

9.  Arrange  the  ratios  3 : 4  and  7 : 9  in  decreasing  order  of 
magnitude. 

227.  Proportion.  A  proportion  is  a  statement  of  equality 
between  two  ratios.  Four  numbers,  a,  J,  c,  and  dy  are  in 
proportion  if  the  ratio  of  the  first  pair  equals  the  ratio  of 
the  second  pair. 

This  proportion  is  written 

a     c 
a:b=c:d    or    t  =  -t* 

o     a 

Though  both  forms  are  equations,  the  second  is  the 
more  familiar  one  and  for  this  reason  is  preferable. 

Note.  By  the  earlier  mathematicians  ratios  were  not  treated  as 
if  they  were  numbers,  and  the  equality  of  two  ratios  which  we 
know  as  a  proportion  was  not  denoted  by  the  same  symbol  as  other 
kinds  of  equality.  The  usual  sign  of  equality  for  ratios  was  ::,  a 
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notation  which  was  introduced  by  the  Englishman  Oughtred  in 
1631  and  was  brought  into  common  use  by  John  Wallis  about  1686. 
The  sign  =  was  used  in  this  connection  by  Leibnitz  (1646-1716) 
in  Germany,  and  by  the  Continental  writers  generally,  while  the 
English  clung  to  Oughtred's  notation. 

In  the  proportion  7  =  -  the  first  and  fourth  terms  (a,  d) 

0     a 

are  called  the  eactremes,  and  the  second  and  third  terms 

(by  c)  are  called  the  means. 

228.  Mean  proportional.  A  mean  proportional  between  two 

numbers  a  and  b  is  the  number  w  if  —  =  y.  It  follows 
that  m^  =  aby  ot  m  =  ±  Vab. 

229.  Third  proportional.  A  third  proportional  to  two  num- 

bers  a  and  b  is  the  number  ^  if  -  =  -• 

6      t 

230.  Fourth  proportional.    A  fourth  proportional  to  three 

231.  Test  of  a  proportion.  Since  a  proportion  is  an 
equality  between  two  ratios  (fractions),  it  is  therefore 
an  equation.  Hence  ani/  operation  which  may  be  performed. 
on  an  equation  may  be  performed  on  a  proportion.  (See 
Axioms,  pp.  39-40.) 

Thus,  in  the  proportion  -7  =  -  both  members  may  be  multiplied 

by  hd,  giving  ad  =  he.  Here  the  first  member  is  the  product  of  the 
extremes  of  the  proportion,  and  the  second  member  is  the  product 
of  the  means. 

Therefore  in  any  proportion  the  product  of  the  extremes  equals  the 
product  of  the  means, 

232.  Proportions  from  equal  products.  The  numbers 
which  occur  in  a  pair  of  equal  products  may  be  used  in 
various  ways  as  the  terms  of  a  proportion. 
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Thus,  if  ad=bc, 

we  may  write  either         -  s  — i    or    -  =  — 

b     d  c     d 

Proof.  If  a  •  <f  =  5  •  c  is  divided  by  bd,  we  obtain 

ad      be  a      c  zix 

. —  =  — ,     or    -  =s  — .  (1) 

bd      bd  b     d  ^^ 


If  a  •  (/  s=  &  •  c  is  divided  by  cd,  we  obtain 

c     d' 


(2) 


If  the  means  in  (1}  are  interchanged,  (2)  is  obtained. 
This  process  of  obtaining  (2)  from  (1)  is  called  alternation. 

Jia^d  =  b»  cia  divided  by  ac,  we  obtain 

*  =  ^.  (8) 

a      c 

If  the  fractions  in  (1)  are  inverted,  (3)  is  obtained. 
This  process  of  obtaining  (3)  from  (1)  is  called  inversion. 

EXERCISES 

1.  Find  a  mean  proportional  between:   (a)  3  and  27; 
(5)  -  and  -;  (c)  —  and  -;  (d)  ^  and  xy. 

2.  Find  a  third  proportional  to:   (a)  9  and  6;    (b)  180 
and  60;  (c)  216  and  36. 

3.  Find  the  fourth  proportional  to:  (a)  14,  10,  and  7; 
(b)  27,  3,  and  36 ;  (c)  96,  12,  and  8. 

4.  Form  three  proportions  from  each  of  the  following 
equations :    (a)   6  ac  =  9  y ;    (b)    (a  +  3)  •  2  =  (a  +  1)  •  3 ; 

5.  Write  by  alternation:  («)-  =  —;  (*)  3  =  — 

O         XO  '  «7  .6 

6.  Write  by  inversion:  (a)  ^  =  77^5  (^)  -  =  i^x' 

•^  ^^ol2^'^a;30 
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ft      ft 
If  -  =  -9  prove  the  following  and  state  the  corresponding 

theorems  in  words : 

!«•   = • 

a  c 

Hint.  Write  -r  =  ^  ^7  inversion 
0     a 

and  apply  hint  of  Exercise  11. 

--.    a  —  5       c  —  d 
13. 


14. 


7. 

a  ^b 
c      d 

8. 

b      d 
a      c 

9. 

6«      rf" 

10. 

11. 

a  +  ft      c  +  d 
b             d 

Hint.  Add  1  to  each  member 

c 

— • 

d 

b 

d 

a  —  b 

c  —  d 

a 

c 

a  +  b 

C'\-d 

The  proportions  given  in  Exercises  11, 13,  and  15  are  said 
to  be  derived  from  a\b=icid  by  addition,  subtraction,  and 
addition  and  subtraction  respectively. 

CL         C 

I^  T  =  j»  show  that  the  following  equalities  are  true : 
o      a 

a^^l?      f?^d?^ 
20.  • 


16. 

ha      5c 
b        d 

4    ■• 

2a      2c 

17. 

lb      Id 

18. 

c?      ac 
b^ ""  bd 

19. 

ha-^-b      hc-\'d 

21. 


22. 


V  d? 

i^  d^ 

a^^h^      0*  -  cP 


2ab  2cd 

la^^ZV      Tc^'-Sd^ 


28.  — :lz.  -  :.:: :i^. 


6a  —  b      be  —  d  5a^  6cd 

a*  +  ab  +  lf^      a^-ah  +  V 


24. 


(?'\-cd  +  d^      <?-cd  +  d^ 
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25.  In  the  proof  which  follows  give  the  reason  for  each 
step  and  state  the  result  as  a  theorem: 

If  f  =  f=f,     then    £±i±f  =  ?  =  f=f. 

b     d    f  b+d+f     b     d    f 

Proof.   Setting  each  of  the  given  ratios  above  equal  to  r, 

-  =  r,    -  =  r,    and    -  =  r.  (1) 

Then  from  (1),  a  =  hr,     c  =  dr,     e—fr,  (2) 

Adding  in  (2),  a-\-  c  ■{-  e  =  hr  ■\-  dr -\- fr.  (3) 

Factoring  in  (3),  a  +  c  +  e  =  (6  +  rf  +/)r.  (4) 

Therefore  f"*"  ^  "*"  ^  =  r.  (6) 


Hence  by  (1)  and  (5), 


6 +  «?+/"■  6  ""5""/ 


Solve,  using  theorems  of  proportion : 

27.  2aj:(aj  +  8)  =  10:3.         29.  5:4  =  (a?  -  3):(a;  -  4). 

28.  25:a;  =  aj:169.  30.  (15 +  a;):(15  -  aj)  =  13:17. 

31.  (10  +  aj):(20  +  3a;)  =  (10-a:):-3a:. 

V^  +  2      a?  +  l 
V  aj  —  2      05  —  7 

33.  Show  that  the  mean  proportional  between  two  numbers 
is  the  geometric  mean  between  these  numbers. 

PROBLEMS 

1.  The  surface  of  a  sphere  is  47ri2^.    If  S  represents  the 
surface  of  a  sphere,  B,  its  radius,  and  D  its  diameter,  show 

2.  Find  the  ratio  of  the  surfaces  of  two  spheres  whose 
radii  are  in  the  ratio  1:10. 
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3.  If  the  diameter  of  the  earth  is  7920  miles  and  that  of 
Mars  is  4230  miles,  find  the  ratio  of  their  surfaces. 

4.  If  the  diameter  of  the  moon  is  2160  miles,  find  the  ratio 
of  its  surface  to  that  of  the  earth. 

47rJK' 

5.  The  volume  of  a  sphere  is  — - — .    If  V  represents  the 

o 

volume  of  a  sphere,  R  its  radius,  and  D  its  diameter,  show  that 
for  any  two  spheres,      y      ^8      j)* 

6.  The  diameter  of  the  sun  is  approximately  one  hundred 
and  nine  times  the  diameter  of  thq  earth.  Pind  the  ratio  of 
their  volumes. 

7.  From  Exercises  3  and  5  find  the  ratio  of  the  volumes  of 
Mars  and  the  earth. 

8.  Find  the  ratio  of  the  volumes  of  the  earth  and  the  moon. 

9.  The  areas  of  two  similar  triangles  are  to  each  other 
as  the  squares  of  any  two  corresponding  lines.  If  the  corre- 
sponding sides  of  two  similar  triangles  are  12  and  20  and 
the  area  of  the  first  is  90  square  inches,  find  the  area  of  the 
second. 

10.  The  areas  of  two  similar  triangles  are  147  and  300 
respectively.  If  the  base  of  the  first  is  10,  find  the  correspond- 
ing base  of  the  second. 

11.  If  -45 C  is  any  triangle  and  KR  is  a  line  parallel  to  BC, 
meeting  AB  at  K  and  AC  at  R, 
then 

area  ABC  __  AB^  _  AC^  _  BC^ 
area  AKR  "  AK^  ~  AR^  ~  KR^' 

If  in  the  accompanying  figure 
area  ABC  =  225  square  inches, 
axea  AKR  =  81  square  inches,  and  AB  =  15  inches,  find  AK. 
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12.  In  the  figure  of  Exercise  11,  if  ABC = 846  square  inches, 
BC  =:  13  inches,  and  KR  =  7  inches,  find  the  area  AKR. 

13.  If  in  the  figure  of  Exercise  11  triangle  AKR  equals  -^ 
of  the  trapezoid  KBCR  and  ^  C  =  16  inches,  find  ^JS  and  RC. 

14.  In  Exercise  13  substitute  |  for  ^^  and  solve  for  AR  to 
two  decimals. 

15.  If  in  the  figure  of  Exercise  11  the  triangle  is  equivalent 
to  the  trapezoid  and  AK  =  10,  find  KB  to  two  decimals. 

16.  A  certain  flagpole  casts  a  shadow  46  feet  long  at  the 
same  time  that  a  near-by  post  8  feet  high  casts  a  shadow 
4j  feet  long.    Find  the  height  of  the  pole. 

17.  The  bisector  of  an  angle  of  a  triangle  divides  the  oppo- 
site side  into  segments  which  are  proportional  to  the  adjacent 
sides.  In  triangle  ABC  ii  AB:=  16,  BC  =  24,  and  CA  =  25j 
find  the  segments  of  BC  made  by  the  bisector  of  angle  A. 

18.  If  a  plane  be  passed  par- 
allel to  the  base  of  a  pyramid 
(or  cone),  as  in  the  accompany- 
ing figure,  cutting  it  in  KRL, 
then  pyramid  2)  — -4 5C :  pyra- 
mid D  -  KRL  =  DH* :  DS%  etc. 

If  in  the  adjacent  figure  the 
volumes  of  the  pyramids  are  8 
and  27  cubic  inches  respectively, 
and  the  altitude  DH  equals  15 
inches,  find  DS. 

19.  If  DH  in  the  accompany- 
ing figure  is  18  inches  and  the  volume  of  one  pyramid  is  one 
third  the  volume  of  the  other,  find  DS  to  two  decimals. 

20.  In  the  accompanying  figure  the  frustum  is  seven  eighths 
of  the  whole  pyramid,  (a)  If  DH  equals  16,  find  DS ;  (b)  if 
DH  =  X,  find  DS. 
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21.  If  a  plane  parallel  to  the  base  divides  the  whole  pyra- 
mid into  two  parts  having  equal  volumes  and  DH  =  75,  find 
to  two  decimals  the  parts  into  which  the  plane  divides  DH. 

22.  The  volumes  of  two  similar  figures  are  to  each  other  as 
the  cubes  of  any  two  corresponding  edges.  Compare  the  vol- 
umes of  two  similar  solids,  the  edge  of  one  of  which  is  50% 
greater  than  the  corresponding  edge  of  the  other. 

23.  Compare  the  radii  of  two  spheres  whose  volumes  are 
to  each  other  as  125 :  27. 

233.  Variation.  The  word  quantity  denotes  anything 
which  is  measurable,  such  as  distance,  rate,  time,  and  area. 

Many  operations  and  problems  in  mathematics  deal  with  numeri- 
cal measures  of  quantities,  some  of  which  are  fixed  and  others  con- 
stantly changing.  Such  problems  as  deal  with  the  relation  of  the 
numerical  measures  of  at  least  two  changing  quantities  are  called 
problems  in  variation 

The  theory  of  variation  is  really  involved  in  proportion. 
This  fact  will  become  evident  after  a  study  of  the  illustra- 
tions of  the  different  kinds  of  variation  here  given. 

The  equation  a?=  3  y  may  refer  to  no  physical  quantities 
whatever,  yet  it  is  possible  to  imagine  y  as  taking  on  in 
succession  every  possible  numerical  value,  and  the  value 
of  X  as  changing  with  every  change  of  y,  and  consequently 
always  being  three  times  as  great  as  the  corresponding 
value  of  y.  In  this  sense,  which  is  strictly  mathematical, 
X  and  y  are  variables. 

The  symbol  for  variation  is  oc,  and  a;  oc  y  is  read  "  x 
varies  directly  as  y  "  or  "  a?  varies  as  y." 

234.  Direct  variation.  One  hundred  feet  of  copper  wire 
of  a  certain  size  weighs  32  pounds.  Obviously  a  piece  of 
the  same  kind  200  feet  long  would  weigh  64  pounds,  a 
piece  800  feet  long  would  weigh  96  pounds,  and  so  on. 
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Here  we  have  two  variables,  1^  (weight)  and  L  (length), 
so  related  that  the  value  of  W  depends  on  the  value  of  Z, 
and  in  such  a  way  that  W  increases  proportionately  as  L 
increases.  That  is,  F'is  directly  proportional,  or  merely  pro- 
portional, to  L.  Hence,  if  W^  and  W^  are  any  two  weights 
corresponding  to  the  lengths  L^  and  L^  respectively, 

W^i  W^^L^iLy  (1) 

The  fact  expressed  by  (1)  can  be  stated  in  the  form  of 
a  variation,  thus:  WccL. 

In  general,  if  a:  oc  y,  and  x  and  y  denote  any  two  corre- 
sponding values  of  the  variables,  and  x^  and  y^  a  particvlar 
pair  of  corresponding  values  of  these  variables, 

then  1  =  1.  (2) 

From  (2),  "'^feV  ^^^ 

But  -^  is  a  constant,  being  the  quotient  of  two  definite 

numbers. 

Call  this  constant  K,  and  (3)  may  be  written 

x=Ky. 

That  is,  if  one  variable  varies  as  a  second^  the  first  always 
equals  the  second  mvltiplied  by  some  constant. 

Thus  for  the  copper  wire  just  mentioned,  W=  -^^  Z,  or  ^  L, 
Here,  though  W  varies  as  L  varies,  W  is  always  equal  to  L  multi- 
plied by  the  constant  ^. 

EXERCISES 

1.  If  a;  ocy,  and  aj  =  3  when  y  =  8,  find  x  when  y  =12. 
Solution.   The  variation  is  direct. 

Therefore  -  =  — . 

X      12 

Solving,  X  =  4^. 
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2.  If  aj  oc  y,  and  a  =  8  when  y  =16,  find  y  when  x  =10. 

3.  Jixooy^  and  aj  =  A  when  y==k,  find  y  when  sc  =  r. 

4.  If  a?  oc  y,  and  x  =  2  when  y  =  5,  find  ^. 

235.  Inyerse  variation.  If  a  tank  full  of  water  is  emptied 
in  24  minutes  through  a  smooth  outlet  in  which  the  area 
of  the  opening  ^  is  1  square  inch,  an  outlet  in  which  A 
is  2  square  inches  would  empty^  the  tank  in  one  half  the 
time,  or  in  12  minutes;  and  an  outlet  in  which  ^  is  8  square 
inches  would  empty  the  tank  in  8  minutes. 

Suppose  it  possible  to  increase  or  decrease  A  at  wilL 
When  A  is  doubled  t  is  halved;  when  A  is  trebled  t  is 
divided  by  3;  and  so  on.  We  then  have  in  t  (the  time 
required  to  empty  the  tank)  and  in  A  (the  area  of  the 
opening)  two  related  variables  such  that  if  A  increases,  t 
will  decrease  proportionally,  while  if  A  decreases,  t  wiU 
increase  proportionally. 

Now  let  t^  and  t^  be  any  two  times  corresponding  to  the 
areas  A^  and  A^  respectively;  then 

The  letters  and  the  subscripts  in  (1)  say :  The  first  time 
is  to  the  second  time  as  the  second  area  is  to  the  first  area. 

The   proportion   (1)   may  be  written  t^i  t^^  —  i  — 

where  the  subscripts  on  the  ^'s  and  those  on  the  ^'s  come 
in  the  same  order. 

First,  from  (1),  ^^ .  ^^  =  ^2  •  ^v  (2) 

Dividing  (2)  by  ^1^2.     ^  =  ^-  (3) 
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1     1 
Therefore  f^ :  ^  =  — :  — .  (5) 

In  the  form  of  a  variation  (5)  becomes  <  oc  —.• 

A 

In  general,  x  varies  inverady  as  y  when  x  vades  as  the 

reciprocal  of  y ;  that  is, 

of  the  variable,  and  x,  and  Vi  &  particular  pair  of  corre- 
spending  valui        ^  ^^      ^ 

a? :  24  =  — :  — •  C7) 

Whence  —  =  ^>  or  xy^  XrV^.  (8) 

yi     y  *^i     . 

But  a^^y^  is  a  constant,  being  the  product  of  two  definite 
numbers.    Call  this  constant  K. 

Then  (8)  becomes  xy  =  K. 

That  is,  if  one  variable  varies  inversely  as  another^  the 
product  of  the  two  is  a  coTistant. 


1.  If  X  varies  inversely  as  y^  and  a;  =  8  when  ^  =  5,  find  x 
when  y  =  15. 

SolntioiL  The  variation  is  inverse. 

Hence  8  :  a:  =  -• :  r— • 

5    15 

Solving,  a:  =  2f . 

8«  If  a;  oc  ->  and  a;  =  1  when  y  =  25^  find  a?  when  y  =  10. 
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3.  Jfycc-9  and  y  =  h  when  z  =  k,  find  y  when  «  =  r. 

z 

4.  If  m  oc  ->  and  m  =  2  when  ri  =  77?  find  m.  when  n  =  12. 

n  o 

5.  If  *  oc  ->  and  if  =  2  when  n  =  8,  find  n  when  ^  =  8. 

n 

6.  If  m;  oc  ->  and  w  =  100  when  c?  =  4000,  find  w  when 
d  =  6000. 

7.  If  *  oc  ->  and  ^  =  4  when  r  =  26,  find  iT. 

8.  If  II?  oc  -,  and  ««;  =  200  when  d  =  4000,  find  K. 

a 

236.  Joint  variation.  If  the  base  of  a  triangle  remains 
constant  while  the  altitude  varies,  the  area  will  vary  as 
the  altitude.  Similarly,  if  the  base  varies  while  the  alti- 
tude remains  constant,  the  area  wiU  vary  as  the  base.  If 
both  base  and  altitude  vary,  the  area  varies  as  the  product 
of  the  two ;  that  is,  the  area  of  the  triangle  varies  jointly 
as  the  base  and  altitude.  Further,  if  at  any  time  A  denotes 
the  area  of  a  variable  triangle,  and  h^  and  b^  the  corre- 
sponding altitude  and  base,  then 

A=^-  a) 

If  A2  denotes  the  area  at  any  other  time,  and  ^2  and  b^ 
the  corresponding  altitude  and  base,  then 

^  =  ^.  (2) 

Now  (l)-i-(2)  gives  -41:^42  =  ^161:^262. 

In  the  form  of  a  variation  this  last  proportion  becomes 

Acchh. 


476      COMPLETE  SCHOOL  ALGEBRA 

In  general,  any  variable  x  varies  jointly  as  two  others, 
y  and  «,  if  xa^yz;  (1) 

that  is,  if  X  varies  as  the  product  of  the  two. 

If  X  varies  jointly  as  y  and  z,  and  if  x,  y,  and  z  denote 
any  corresponding  values  of  the  variables,  while  a^,  y^,  and 
z^  denote  a  particular  set  of  such  values,  then 

1=J!L.  (2) 

From  (2),  x  =  (^)i/z.  (3) 

Xt 

But  in  (3)  the  fraction  — ^  is  a  constant,  since  a^,  y,, 

and  Zi  are  particular  values  of  the  variables  scj  y,  and  z. 
Calling  this  constant  K^  we  may  write  xccyz  as  the 
equation  ^^^^ 

One  variable  may  vary  directly  as  one  variable  (or  several  varia- 
bles) and  inversely  as  another  (or  several  others).  Also  one  variable 
may  vary  as  the  square,  or  the  cube,  or  the  square  root,  or  the  recip- 
rocal, or  as  any  algebraic  expression  whatever  involving  the  other 
variable  (or  variables). 


1.  If  x  varies  jointly  as  y  and  z,  and  a?  =  24  when  y  =  6  and 
«  =  8,  find  X  when  y  =  18  and  «  =  4. 

Solatioii.   The  variation  is  joint. 

Therefore  —  =  ,   *     « 

X      18-4 

Solving,  X  =  36. 

2.  If  x  varies  as  y«,  and  a;  =  10  when  y  =  15  and  «  =  6,  find 
x  when  y  =  9  and  «  =  8. 

3.  1£  A  cc  hby  and  ^  =  30  when  A  =  5  and  b  =  12,  find  A 
when  A  =  7  and  b  =  10. 
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4.  If  ^  oc  hb,  and  ^  =  48  when  ^  =  8  and  ft  =  12,  find  K, 

5.  If  a;  varies  directly  as  y  and  inversely  as  «,  and  a?  =  10 
when  y  =  5  and  z  =  27,  find  x  when  y  =  12  and  z  =  36. 

6.  If  V  varies  directly  as  r  and  inversely  as  P,  and  F  =  80 
when  P  =  30  and  r  =  300,  find  P  when  T  =  400  and  V  =  40. 

PROBLEMS 

1.  The  weight  of  any  object  below  the  surface  of  the  earth 
varies  directly  as  its  distance  from  the  center.  An  object 
weighs  172  pounds  at  the  surface  of  the  earth.  What  would 
be  its  weight  (a)  1000  miles  below  the  surface?  (h)  3000 
miles  below  the  surface?  (c)  at  the  center  of  the  earth? 
(Radius  of  the  earth  =  4000  miles.) 

2.  The  distance  which  sound  travels  varies  directly  as  the 
time.  A  soldier  measures  with  a  stop  watch  the  time  elapsing 
between  the  sight  of  the  flash  of  an  enemy's  gun  and  the 
sound  of  its  report.  If  sound  travels  1100  feet  per  second,  how 
far  off  was  the  enemy  when  the  observed  time  was  5|^  seconds  ? 

3.  When  the  volume  of  air  in  a  bicycle  pump  is  24  cubic 
inches,  the  pressure  on  the  handle  is  30  pounds.  Later  when 
the  volume  of  air  is  20  cubic  inches,  the  pressure  is  36  pounds. 
Asgume  that  a  proportion  exists  here,  determine  whether  it  is 
direct  or  inverse,  and  find  the  volume  of  the  air  when  the 
pressure  is  42  pounds. 

4.  The  distance  (in  feet)  through  which  a  body  falls  from 
rest  varies  as  the  square  of  the  time  in  seconds.  If  a  body  falls 
16  feet  in  1  second,  how  far  will  it  fall  in  (a)  3  seconds? 
(b)  10  seconds? 

5.  The  intensity  (brightness)  of  light  varies  inversely  as 
the  square  of  the  distance  from  the  source  of  the  light. 
A  reader  holds  his  book  3  feet  from  a  lamp  and  later  6  feet 
distant.  At  which  distance  does  the  page  appear  the  brighter  ? 
How  many  times  as  bright  ? 
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6.  A  lamp  shines  on  the  page  of  a  book  5  feet  distant. 
Where  must  the  book  be  held  so  that  the  ^^a-gQ  will  receive 
twice  as  mucih  light  ?  four  times  as  much  light  ? 

7.  The  area  of  a  circle  varies  as  the  square  of  its  radius. 
The  area  of  a  certain  circle  is  154  square  inches  and  its  radius 
is  7  inches.  Find  the  radius  of  a  circle  whose  area  is  616  square 
inches. 

8.  The  area  illuminated  on  a  screen  by  a  spot  light  varies 
directly  as  the  square  of  the  distance  from  the  source  of 
the  light  to  the  screen.  If  the  lighted  area  at  a  distance  of 
40  feet  is  a  circle  of  diameter  10  feet,  find  the  diameter  of  the 
illuminated  circle  at  a  distance  of  15  feet. 

9.  The  weight  of  an  object  above  the  surface  of  the  earth 
varies  inversely  as  the  square  of  its  distance  from  the  center 
of  the  earth.  An  object  weighs  172  pounds  at  the  surface  of 
the  earth.  What  would  it  weigh  (a)  1000  miles  above  the 
surface  ?  (b)  3000  miles  above  the  surface  ?  (c)  6000  miles 
above  the  surface? 

10.  How  far  above  the  surface  of  the  earth  would  a  150-pound 
object  have  to  be  placed  so  that  its  weight  would  be  reduced 
one  third? 

11.  The  weight  of  a  sphere  of  given  material  varies  directly 
as  the  cube  of  its  radius.  Two  spheres  of  the  same  material 
have  radii  3  inches  and  5  inches  respectively.  The  first  weighs 
8  pounds.   Find  the  weight  of  the  second. 

12.  The  time  required  by  a  pendulum  to  make  one  vibra- 
tion varies  directly  as  the  square  root  of  its  length.  If  a 
pendulum  100  centimeters  long  vibrates  once  in  1  second, 
find  the  time  of  one  vibration  of  a  pendulum  81  centimeters 
long. 

13.  Find  the  length  of  a  pendulum  which  vibrates  once  in 
2  seconds ;  once  in  7  seconds. 
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14.  The  pressure  of  wind  on  a  plane  surface  varies  jointly 
as  the  area  of  the  surface  and  the  square  of  the  wind's  velocity. 
The  pressure  on  1  square  foot  is  .9  pound  when  the  rate  of 
the  wind  is  16  miles  per  hour.  Find  the  velocity  of  the  wind 
when  the  pressure  on  1  square  yard  is  72.9  pounds  ? 

15.  The  pressure  of  water  on  the  bottom  of  a  containing 
vessel  varies  jointly  with  the  area  of  the  bottom  and  the  depth 
of  the  water.   When  the  water  is  1  foot  deep  the  pressure  on 

1  square  foot  of  the  bottom  is  62.5  pounds.  Pind  the  pressure 
on  the  bottom  of  a  circular  tank  of  14  feet  diameter  in  which 
the  water  is  10  feet  deep. 

16.  The  cost  of  ties  for  a  railroad  varies  directly  as  the 
length  of  the  road  and  inversely  as  the  distance  between  the 
ties.   The  cost  of  ties  for  a  certain  piece  of  road,  the  ties  being 

2  feet  apart,  was  $1320.  Pind  the  cost  of  ties  for  a  piece  twenty 
times  as  long  as  the  first  if  the  ties  are  2^  feet  apart. 


CHAPTER  XXXV 

LOGARITHHS 

237.  Introduction.  Logarithms  were  invented  to  shorten 
the  work  of  extended  numerical  computations  which  involve 
one  or  more  of  the  operations  of  multiphcation,  division, 
involution,  and  evolution.  Their  use  has  decreased  the 
labor  of  computing  to  such  an  extent  that  many  calcula- 
tions which  would  require  hours  without  the  use  of  loga- 
rithms can  be  performed  with  their  aid  in  one  tenth  of 
the  time  or  less. 

238.  Definition  of  logarithm  and  base.  If  we  write  the 
equation  ^^j,^  ^^^ 

• 

we  express  therein  the  essential  relation  between  a  number, 
n,  and  its  logarithm,  Z,  for  a  given  baae,  b.  In  the  notation 
of  logarithms  this  is  written 

logftn  =  Z,  (2) 

and  it  is  read  "the  logarithm  of  n  to  the  base  h  equals  ?." 
We  can  define  verbally  in  one  statement  both  logarithm 
and  base  as  follows: 

The  logarithm  of  a  given  number  is  the  exponent  in  the 
power  to  which  another  number^  called  the  bascy  mvM  be 
raised  in  order  to  equal  the  given  number. 

It  is  important  to  realize  that  equations  (1)  and  (2)  are 
merely  two  different  ways  of  expressing  precisely  the  same 
relations,  one  the  exponential  way,  the  other  the  logarithmic 

480 
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Above  all  it  is  necessary  to  keep  in  mind  the  fact  that  a 
logarithm  is  an  exponent. 

Thus  in  32  =  2^  the  given  number  is  32,  the  base  is  2,  and  the 
logarithm  is  5  ;  that  is,  log232  =  5. 

239.  Systems  of  logarithms.  The  base  of  the  common^  or 
Briggs^  system  of  logarithms  is  10.  Hence  a  table  of  common 
logarithms  is  really  a  table  of  exponents  of  the  number  10. 
Since  the  greater  portion  of  these  exponents  are  approxi- 
mate values  of  irrational  numbers,  it  follows  that  compu- 
tations by  means  of  logarithms  give  only  approximate 
results.  Tables  exist,  however,  in  which  each  logarithm  is 
given  to  twenty  or  more  decimals ;  hence  practically  any 
desired  degree  of  accuracy  can  be  obtained  by  using  the 
proper  table.  This  system  is  used  in  numerical  work  almost 
exclusively.  The  table  on  pages  494-495  is  a  table  of 
common  logarithms  carried  to  four  decimal  places. 

The  only  other  system  of  logarithms  used  in  computa- 
tions is  called  the  natural  system.  It  has  for  its  base  the 
irrational  number  2.7182  +  ,  which  is  usually  denoted  by 
the  letter  e  and  is  used  mainly  for  theoretical  purposes. 

It  can  be  proved  that  the  laws  given  on  pages  329-330, 
governing  the  use  of  rational  exponents,  hold  for  irrational 
exponents.  In  the  work  on  logarithms  this  fact  will  be 
assumed. 

ORAL  EXERCISES 

1.  If  8  =  2^,  aj  =  ?  \og^%  =  ? 

2.  If  1000  =  10^,  aj  =  ?  log,,1000  =  ? 

3.  log^ie  =  ?  log381=  ?  logg625  =  ? 

4.  If  58  =  64,  5  =  ?   If  Ifi  =  243,  5  =  ? 

5.  10^=?  log,,10  =  ?  8.  3«  =  ?  loggl  =  ? 

6.  10^  =  ?  log,,100  =  ?  9.  5°  =  ?  loggl  =  ? 

7.  ia>  =  ?  logj,l  =  ?  10.  71*  =  ?  log„l=  ? 
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? 
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9 
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? 
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8 

? 
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15. 
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? 
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16 
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1 

16. 

16 
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2 
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2 

4 

? 
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81 

? 

2 
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3 

9 

? 

18. 

81 

? 

4 

31. 

2 

8 

? 

19. 

49 

? 

2 

32. 

3 

81 

? 

20. 

216 

? 

3 

33. 

7 

49 

? 

21. 

? 

10 

3 

34. 

8 

4 

? 

22. 

? 

10 

2 

35. 

4 

8 

? 

23. 

? 

10 

1 

36. 

.1 

10 

? 

Bead  in  the  notation  of  logarithms : 

37.  300=10»-".  42.  1730  =  10«-«». 

38.  66  =  10"^  43.  173  =  102«». 

39.  4  =  10«^  44.  1.73  =  10-^8. 

40.  1  =  10^.  45.  .173=10-1+-^. 

41.  .10  =  10-\  46.  .0173  =  10-«+-«». 

Read  Exercises  47-49  and  64-56  as  powers  of  10 : 

47.  log  3  =  .48.       48.  log  20  =  1.301.       49.  log  4.9  =  .69. 

50.  log,,100  +  log,,1000  +  log,,10,000  =  ? 

51.  Iogj^l0  +  log^o.01~logj,l=?     54.  log  490  =  2.69. 

52.  logj8  +  log327  +  log,l  =  ?  55.  log  .0049  =  -  3  +  .69. 

53.  log,9  +  log, 64  =  ?  56.  log  381  =  2.68. 


LOGAEITHMS  488 

Biographical  Notb.  John  Napier,  Although  many  scientists  have 
been  honored  with  titles  on  account  of  their  discoveries,  very  few  of  the 
titled  aristocracy  have  become  distinguished  for  their  mathematical 
achievements.  A  notable  exception  to  this  rule  is  found  in  John  Napier, 
Lord  of  Merchiston  (1550-1617),  who  devoted  most  of  his  life  to  the 
problem  of  simplifying  arithmetical  operations.  Napier  was  a  man  of 
wide  intellectual  interests  and  great  activity.  In  connection  with  the 
management  of  his  estate  he  applied  himself  most  seriously  to  the  study 
of  agriculture,  and  experimented  with  various  kinds  of  fertilizers  in  a 
somewhat  scientific  manner,  in  order  to  find  the  most  effective  means  of 
reclaiming  soil.  He  spent  several  years  in  theological  writing.  "When  the 
danger  of  an  invasion  by  Philip  of  Spain  was  imminent  he  invented 
several  devices  of  war.  Among  these  were  powerful  burning  mirrors, 
and  a  sort  of  round  musket-proof  chariot,  the  motion  of  which  was  con- 
trolled by  those  within,  and  from  which  guns  could  be  discharged  through 
little  portholes. 

But  by  far  the  most  serious  activity  of  Napier's  life  was  the  effort  to 
shorten  the  more  tedious  arithmetical  processes.  He  invented  the  first 
approximation  to  a  computing  machine,  and  also  devised  a  set  of  rods, 
often  called  Napier's  bones,  which  were  of  assistance  in  multiplication. 
His  crowning  achievement,  however,  was  the  invention  of  logarithms,  to 
which  he  devoted  fully  twenty  years  of  his  life. 

240.  Steps  preceding  computation.  Before  computation 
by  means  of  the  table  can  be  taken  up,  two  processes 
requiring  considerable  explanation  and  practice  must  be 
mastered. 

/.  To  find  from  the  table  the  logarithm  of  a  given  number. 
U.  To  find  from  the  table  the  number  corresponding  to  a 
given  logarithm. 

241.  Characteristic  and  mantissa.  Unless  a  number  is 
an  exact  power  of  10,  its  logarithm  consists  of  an  integer 
and  a  decimal. 

This  fact  is  illustrated  in  Exercises  37-46,  p.  482. 
The  integral  part  of  a  logarithm  is  called  its  chara^ristic. 
The  decimal  part  of  a  logarithm  is  called  its  mantissa. 
Log  200  =  2.301.   Here  2  is  the  characteristic  and  .301 
is  the  mantissa. 
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The  characteristic  of  any  number  is  obtained  not  from 
a  table  of  logarithms  but  by  an  inspection  of  the  number 
itself,  according  to  rules  which  will  now  be  derived. 

10*  =  10,000;  that  is,  the  log  10,000  =  4. 

108  =  1000 ;  that  is,  the  log  1000  =  3. 

102  =  100 ;  that  is,  the  log  100  =  2. 

101  =  10 ;  that  is,  the  log  10  =  1. 

10<>  =1 ;  that  is,  the  log  1  =0. 

10*1  =  .1 ;  that  is,  the  log  .1  =  —  1. 

10-2  =  .01 ;  that  is,  the  log  .01  =  -  2. 

10-8  ^  .001 ;  that  is,  the  log  .001  =  -  3. 

The  preceding  table  indicates  between  what  two  integers 
the  logarithm  of  a  number  less  than  10,000  lies.  This 
determines  the  characteristic. 

Since  542  lies  between  100  and  1000  (that  is,  between 
102  and  108),  log  542  must  he  between  2  and  3  and  must 
equal  2  (characteristic)  plus  a  decimal  (mantissa). 

And  since  .0045  lies  between  .001  and  .01  (that  is, 
between  10"  •  and  10"*),  log  .0045  =  — 3  plus  a  positive 
decimal  or  —  2  plus  a  negative  decimal. 

For  the  determination  of  the  characteristic  of  a  positive 
number  we  have  the  following  rules : 

/.  The  cJiaracteristic  of  a  number  greater  than  1  is  one  less 
than  the  number  of  digits  to  the  left  of  the  decimal  point. 

n.  The  characteristic  of  a  number  less  than  1  is  negative 
and  numerically  one  greater  than  the  number  of  zeros  between 
the  decimal  point  and  the  first  significant  fi^re. 

Accordingly  the  characteristic  of  2536  is  3 ;  of  6  is  0 ; 
of  .4  is  -1;  of  .032  is  -  2;  of  .00036  is  -4. 
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ORAL  EXERCISES 

• 

What  is 

the  characteristic  of  the  following : 

1.  347. 

6.  35. 

9.  97.2. 

13. 

.00972. 

2.  9864. 

6.  972. 

10.  9.72. 

14. 

30.467. 

3.  95. 

7.  9720. 

11.  .972. 

15. 

.5000. 

4.  7. 

8.  97200. 

12.  .0972. 

16. 

.000375. 

The  table  on  pages  494-495  gives  the  mantissas  of 
numbers  from  10  to  999.  Before  each  mantissa  a  decimal 
point  is  understood. 

The  numbers  5420,  542,  5.42,  .0542,  and  .000542  are 
spoken  of  as  composed  of  the  same  significant  digits  in  the 
same  order.  They  differ  only  in  the  position  of  the  deci- 
mal point,  and  consequently  their  logarithms  to  the  base  10 
will  have  different  characteristics,  but  they  will  have  the 
same  mantissa. 

The  last  two  points  are  easily  illustrated  by  any  two 

numbers  which  have  the  same   significant  digits  in  the 

same  order. 

log  5.42  =  .734,  or  5.42  =  lO-^s*; 

5.42  .  102 ^  542  =10784 .  102  =  102.734. 

Therefore  log  542  =  2.734. 

The  property  just  explained  does  not  belong  to  a  system 
of  logarithms  in  which  the  base  is  any  number  other  than  10. 
Thus,  if  the  base  is  100,  the  most  convenient  number  after 
10,  the  logarithms  of  5420,  542,  54.2,  and  5.42  are  respec- 
tively 1.8670,  1.3670,  .8670,  and  .3670.  While  a  certain 
regularity  in  characteristic  and  mantissa  can  be  seen  here, 
it  is  obvious  that  the  rules  for  obtaining  them  would  not 
be  so  simple  as  they  are  for  the  base  10.  Moreover,  it  can 
be  seen  that  tables  of  a  given  accuracy  are  far  shorter  when 
the  base  is  10  than  they  would  be  with  any  other  base. 
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242.  Use  of  the  table.  To  obtain  the  logarithm  of  a 
number  of  three  or  fewer  significant  figures  from  the 
table,  we  have  the 

Rule,   Determine  the  characteristic  hy  inspection. 

Find  in  column  N  the  first  two  significant  fibres  of  the 
given  number.  In  the  row  with  these  and  in  the  column  headed 
hy  the  third  figure  of  the  number^  find  the  required  mantissa. 

ORAL  EXERCISES 

!Find  the  logarithm  of  the  following : 

1.  263.  4.  56.  7.  3.7.  10.  7. 

2.  376.               6.  660.               8.  3700.  11.  932. 
8.  729.               6.  37.                 9.  6.  12.  .932. 

Solution.  The  characteristic  of  .932  is  —  1  and  the  mantissa  is 
.9694.  Hence  log  .932  =  —  1  +  .9694.  This  is  usually  written  in  the 
abbreviated  form,  1.9694.  The  mantissa  is  always  kept  positive  in 
order  to  avoid  the  addition  and  subtraction  of  both  positive  and 
negative  decimals,  which  in  ordinary  practice  contain  from  three  to 
five  figures.  Negative  characteristics,  being  integers,  are  compara- 
tively easy  to  take  care  of.  (The  student  should  note  that  log  .932 
is  really  negative,  being  —  1  +  .9694,  or  —  .0306.) 

18.  .663.  15.  .00376.  17.  .0202.  19.  3.86. 

14.  .0637.  16.  .00468.  18.  726000.         20.  .987. 

243.  Interpolation.  The  process  of  finding  the  logarithm 
of  a  number  not  found  in  the  table,  from  the  logarithms 
of  two  numbers  which  are  found  there,  or  the  reverse  of 
this  process,  is  called  iaterpolation. 

If  we  desire  the  logarithm  of  a  number  not  in  the  table, 
say  7635,  we  know  that  it  lies  between  the  logarithms  of 
7680  and  7640,  which  are  given  in  the  table.  Since  7635 
is  halfway  between  7630  and  7640,  we  assume,  though  it 
is  not  strictly  true,  that  the  required  logarithm  is  halfway 
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between  their  logarithms,  3.8825  and  3.8831,  In  order  to 
find  log  7635  we  first  look  up  log  7630  and  log  7640  and 
then  take  half  (or  .5)  their  difference  (this  difference 
may  usually  be  taken  from  the  column  headed  D)  and 
add  it  to  log  7630,    This  gives 

log  7635  =  3.8825  +.5  x  .0006  =  3.8828. 

Were  we  finding  log  7638,  we  should  take  .8  of  the 
difference  between  log  7630  and  log  7640  and  add  it  to 
log  7630  as  f oUows : 

log  7638  ==  3.8826  +.8  x  .0006 
=  3.8825 +.00048 
=  3.8825 +.0005 
=  3.8830. 

Observe  that  in  using  four-place  tables  one  should  not 
carry  results  to  five  figures.  If  the  fifth  figure  is  5,  6,  7, 
8,  or  9,  omit  it  and  increase  the  fourth  figure  by  1 ;  that 
is,  obtain  results  to  the  nearest  figure  in  the  fourth  place. 

For  finding  the  logarithm  of  a  number  we  have  the 

Rule.  Prefix  the  proper  characteristic  to  the  mantissa  of  the 
first  three  significant  figures. 

Then  multiple/  the  difference  between  this  mantissa  and  the 
next  greater  mmUissa  in  the  table  (called  the  tabular  differ- 
ence^ by  the  remaining  figures  of  the  number  preceded  by  a 
decimal  point. 

Add  the  product  to  the  logarithm  of  the  first  three  figures^ 
taking  the  nearest  decimal  in  the  fourth  place. 

In  this  method  of  interpolation  we  have  assumed  that 
the  increase  in  the  logarithm  is  directly  proportional  to 
the  increase  in  the  number.  As  has  been  said,  this  is 
not  strictly  true,  yet  the  results  here  obtained  are  nearly 
always  correct  to  the  fourth  decimal  place. 
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EXERCISES 

Knd  the  logarithm  of  the  following : 

1.  3625.  6.  646.8.  9.  705.50.  13.  30.07. 

2.  464.7.         6.  82.543.         10.  3.0075.  14.  3.1416. 

3.  52.73.         7.  10.101.        11.  .00286.  15.  2.71828. 

4.  42.75.         8.  500.35.        12.  .0007777.  16.  .0023456. 

244.  Antilogarithms.  An  antilogarithm  is  the  number  cor- 
responding to  a  given  logarithm.  Thus  antilog  2  equals  100. 

If  we  desire  the  antilogarithm  of  a  given  logarithm, 
say  4.7308,  we  proceed  as  follows:  The  mantissa  .7308  is 
found  in  the  row  which  has  53  in  column  N  and  in  the 
column  which  has  8  at  the  top.  Hence  the  first  three  sig- 
nificant figures  of  the  antilogarithm  are  538.  Since  the 
characteristic  is  4,  the  number  must  have  five  digits  to  the 
left  of  the  decimal  point.   Thus  antilog  4.7308  =  53,800. 

Therefore,  if  the  mantissa  of  a  given  logarithm  is  found 
in  the  table,  its  antilogarithm  is  obtained  by  the 

Bute.  Find  the  row  and  the  column  in  which  the  given 
mantissa  lies.  In  the  row  found  take  the  two  figures  which 
are  in  column  N  for  the  first  two  significant  figures  of  the 
antilogarithm  and  for  the  third  figure  the  number  at  the  top 
of  the  column  in  which  the  mantissa  stands. 

Place  the  decimal  point  as  indicated  by  the  characteristic 

ORAL  EXERCISES 

Find  the  antilogarithm  of  the  following : 

1.  3.8768.  6.  7.5866  - 10.  10.  4.1335. 

2.  1.8035.  Hint.  7.6866-10  =  8.5866.  11.  6.9154. 

3.  .5763.  7.  9.2455  - 10.  12.  8.3464. 

4.  1.3747.  8.  4.1335  - 10.  13.  0.8882. 
6.  2.7649.  9.  6.7876  -  6.  14.  5.9689. 
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If  the  mantissa  of  a  given  logarithm,  as  1.5271,  is  not 
in  the  table,  the  antilogarithm  is  obtained  by  interpolation 
as  follows : 

The  mantissa  5271  lies  between 

•5263,  the  mantissa  of  the  sequence  336, 
and         .5276,  the  mantissa  of  the  sequence  337. 

Therefore  the  antilogarithm  of  1.5271  lies  between  33.6 
and  33.7.  Since  the  tabular  difference  is  13  and  the  dif- 
ference between  .5263  and  .5271  is  8,  the  mantissa  .5271 
lies  -j®^  of  the  way  from  .5263  to  .5276.  Therefore  the  re- 
quired antilogarithm  lies  -^^  of  the  way  from  33.6  to  33.7. 

Then      ,    antilog  1.5271=  83.6 -h-j^  x  •!» 
and  33.6 +  .061=  33.66. 

Therefore  when  the  mantissa  is  not  found  in  the  table 
we  have  the 

Rule.  Write  the  number  of  three  figures  corresponding  to  the 
lesser  of  two  mantissas  between  which  the  given  mantissa  lies. 

Svbtract  the  less  mantissa  from  the  given  one  and  divide 
the  remainder  by  the  tabular  difference  to  two  decimal  places. 
If  the  second  digit  is  5  or  more^  increase  the  first  digit  by  1; 
if  less  than  5^  omit  it. 

Annex  the  residting  digit  to  the  three  already  found  and 
place  the  decimal  point  where  indicated  by  the  characteristic. 

EXERCISES 

Find  the  antilogarithms  of  the  following : 

1.  1.5623.  5.  1.2666.  9.  9.2664  - 10. 

2.  2.3821.  6.  7.3672  -  10.  10.  .7729. 

3.  0.6790.  7.  9.8327  - 10.  11.  7.1060  - 10. 
4*  2.6720.  8.  6.9613  -  8.  12.  6.2318  - 10. 
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245.  Multiplication.     Multiplication  by  logarithms  de- 
pends on  the 

Uieorem.  The  logarithm  of  the  product  of  two  numbers 
is  the  sum  of  the  logarithms  of  the  numbers. 

That  is,  for  the  numbers  a  and  x 

logj  (a  .  a;)  =  log^a  +  log^a;. 


Proof.  Let 

logftfl  =  Iv 

a) 

and 

logftX  =  /g. 

(2) 

From  (1), 

a  =  hk» 

(3) 

From  (2), 

ar  =  Mt. 

W 

(3)  X  (4), 

ax  =  bh+h. 

(5) 

Therefore 

logfeoar  =  /j  +  /a 

=  log^a  + 

logfcX. 

EXERCISES 

Perform  the  indicated  operation  by  logarithms : 

1.  18  X  25. 

Solution.  log  18  =  1.2558 

log25  =  1.3979 
log  (18  X  25)  =  2.6532  (adding) 

antilog  2.6532  =  450. 

2.  37  X  28.  6.  386  x  27.  10.  2870  x  3754 

3.  29  x  9.  7.  432  x  263.  11.  286.7  x  2.39L 

4.  9.8  X  6.  8.  589  x  375.  12.  3.412  x  2.526 

5.  42  X  3.3.  9.  4326  x  497.  13.  432  x  .574. 

Solution.  log  432  =  2.6355  =   2.6355 

log  .574  =  1.7589  =   9.7589  - 10 


log  (432  X  .574)  =  2.3944  =:  12.3944  - 10  (adding) 
antUog  2.3944  =  247.9. 
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Since  the  mantissa  is  always  positive,  any  number  carried  over  from 
the  tenths'  column  to  the  imits'  column  is  positive.  This  occurs  in 
the  preceding  solution,  where  .6  +  .7  =  1.3,  giving  + 1  to  be  added 
to  the  sum  of  the  characteristics  +  2  and  — - 1,  in  the  units'  column. 
Mistakes  in  such  cases  will  be  few  if  the  logarithms  with  negative 
characteristics  be  written  as  in  the  9—10  notation  on  the  right. 

In  the  preceding  example  and  in  others  which  follow,  two  methods 
are  given  for  writing  the  logarithms  which  have  negative  character- 
istics. This  is  done  to  illustrate  those  cases  in  which  the  second  of 
the  two  ways  is  preferable.  It  should  be  understood  that  in  practice 
one,  but  not  necessarily  both,  of  these  methods  is  to  be  used. 

14.  385  X  .647.  19.  .6381  x -.01897. 

15.  571  X  .073.  Hint.  Determine  by  inspection  the 

sign  of  the  product.  Then  operate  aa 

16.  37.6  X  .00865.  if  all  signs  were  positive. 

17.  .0476  X  673.  20.  675  x  -  .0286. 

18.  .07325  X  6.354.  21.  -.437  x  -.0046. 

246«  Division.    Division  by  logarithms  depends  on  the 

Theorem*  The  logarithm  of  the  quotient  of  two  numbers 
is  the  logarithm  of  the  dividend  minvs  the  logarithm  of  the 
divisor. 

That  is,  for  the  numbers  a  and  x 

log5  -  =  logja  -  logftOi 

Proof.  Let  log6a  =  /i,  (1) 

and  logftar  =  l^.  (2) 

From  (1),  a  =  Uu  (3) 

From  (2),  ar  =  5^  (4) 

(8)-*- (4),  l  =  hh'h> 

X 

Therefore    *  logj-  —  h  —  h 

X 

=  logja  —  logftx. 
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b: 

Divide,  using  logarithms : 
1.  891-^27. 

Solntion.  log  891  =  2.9499 

log  27  =  1.4314 


log  (891  +  27)  =  1.5185  (subtracting) 
antilog  1.5185  =  88. 

2.  96  -i-  32.  6.  439  -5-  27.1.  8.  9896  -5-  62.78. 

3.  888^47.  6.  3860 -j- 4.32.  9.  6732-4-7.81. 

4.  976-<-361.         7.  4627^281.  10.  3.26 -s- .0482. 

Solution.  log  3.26  =  0.5132  =  10.5132  - 10 

log  .0482  =  2.6830  =    8.6830  -  10 


log  (3.26  +  .0482)  =    1.8302  =  1.8302  -  0 
antilog  1.8302  =  67.64. 

11.  2.35 -4- .0683.  347  x  (-  625) 

12.  4.86 -S-. 751.  '  346          ' 

13.  .0635 -S-. 277.  473.2  x  4.78 

14.  .2674  -4-  3.66.  '        -  68.3 

15.  .07882  -4-  68.72.  9.63  x  .0892 

16.  356  x  392  -5-128.  .00635 

247.  Involution.  Involution  by  logarithins  depends  on  the 

Theorem.    The  logarithm  of  the  rth  power  of  a  number  is 
r  times  the  logarithm  of  the  number. 

That  is,  for  the  numbers  r  and  Xy  log^af  =  rlogj^ic 

Proof.  Let  log6a:  =  Z.  (1) 

Then  a:  =  &' .  (2) 

Raising  both  members  of  (2)  to  the  rth  power, 

XT  =  JW. 

Therefore  logjx^  =  rl 

=  r  logfrX. 
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Compute,  using  logarithms : 

1.  (2.73)«. 

Solution.  log  2.73  =  .4362. 

log(2.73)«  =  L3086  (multiplying  by  3). 
antilog  1.3086  =  20.33. 

2.  (6.32)*.  3.  (34.26)1  4.  (6.715)l 

6.  (.425)«. 

Solution.  log  .426  =  1.6284  =  9.6284  - 10. 

log  (.425)»  =  2.8852  =  28.8852  -  30. 
antilog  2.8852  =  .07677. 

6.  (.362)1  9.  (486.2)2  .  (3.85)» 

7.  (.0972)1  10.  (.376)* .  (62.5)*. 

8.  (.003597)«.  11.  (2.25)* -H  (1.232)». 

SS48.  Evolution.    Evolution  by  means  of  logarithms  de^ 
pends  on  the 

Theorem.    The  logarithm  of  the  real  rth  root  of  a  number 
is  the  logarithm  of  the  number  divided  by  r. 

r/-      1 

That  is,  for  the  real  numbers  r  and  n,  logjVn=— log^w. 

r 

Proof.  Let  logins/.  (1) 

Then  n  =  M.  (2) 

Extracting  the  rth  root  of  both  members  of  (2), 

1  1       I 

(nf  =  Qfy  =  ftr  (8) 


Therefore  log^  (nf  =  i-  =  -5^ 


r  r 


(^ 
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N 

0 

1 

8 

8 

4 

5 

6 

7 

8 

9 

D 

10 

0000 

0043 

0086 

0128 

0170 

0212 

0253 

0294 

0334 

0374 

42 

11 

0414 

0453 

0492 

0531 

0569 

0607 

0645 

0682 

0719 

0756 

38 

12 

0792 

0828 

0864 

0899 

0934 

0969 

1004 

1038 

1072 

1106 

35 

IS 

1189 

1173 

1206 

1239 

1271 

1303 

1335 

1367 

1399 

1430 

32 

14 

1461 

1492 

1523 

1553 

1584 

1614 

1644 

1673 

1703 

1732 

30 

15 

1761 

1790 

1818 

1847 

1875 

1903 

1931 

1959 

1987 

2014 

28 

16 

2041 

2068 

2095 

2122 

2148 

2175 

2201 

2227 

2253 

2279 

26 

17 

2804 

2330 

2355 

2380 

2405 

2430 

2455 

2480 

2504 

2529 

25 

18 

2553 

2577 

2601 

2625 

2648 

2672 

2695 

2718 

2742 

2765 

24 

19 

2788 

2810 

2883 

2856 

2878 

2900 

2923 

2945 

2967 

2989 

22 

90 

8010 

8032 

8054 

8075 

8096 

3118 

3139 

3160 

3181 

3201 

21 

21 

8222 

8243 

8263 

8284 

3304 

8324 

3345 

3366 

3385 

3404 

20 

22 

8424 

8444 

8464 

8488 

S502 

3522 

3541 

8660 

3579 

3698 

19 

28 

8617 

8636 

8655 

3674 

8692 

8711 

8729 

8747 

3766 

3784 

18 

24 

8802 

8820 

8838 

3856 

8874 

3892 

3909 

3927 

8945 

3962 

18 

86 

8979 

8997 

4014 

4081 

4048 

4065 

4082 

4099 

4116 

4133 

17 

26 

4150 

4166 

4183 

4200 

4216 

4232 

4249 

4265 

4281 

4298 

16 

27 

4314 

4330 

4346 

4362 

4378 

4393 

4409 

4425 

4440 

4456 

16 

28 

4472 

4487 

4502 

4518 

4533 

4548 

4564 

4579 

4594 

4609 

15 

29 

4624 

4639 

4654 

4669 

4683 

4698 

4713 

4728 

4742 

4757 

15 

80 

4771 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4886 

4900 

14 

81 

4914 

4928 

4942 

4955 

4969 

4983 

4997 

5011 

6024 

6038 

14 

82 

5051 

5065 

5079 

5092 

5105 

5119 

5132 

5145 

5159 

5172 

13 

S3 

5185 

5198 

5211 

5224 

5237 

5250 

5263 

5276 

5289 

5302 

13 

84 

5315 

5328 

5340 

5353 

5366 

5378 

5391 

5403 

5416 

5428 

13 

85 

5441 

5453 

5465 

5478 

5490 

5502 

5514 

5627 

5639 

5551 

12 

86 

5563 

5575 

5587 

5599 

5611 

5623 

5635 

5647 

6668 

5670 

12 

87 

5682 

5694 

5705 

5717 

5729 

5740 

5752 

5763 

5775 

5786 

12 

88 

5798 

5809 

5821 

5832 

5843 

5855 

5866 

5877 

5888 

5899 

11 

89 

5911 

5922 

5933 

5944 

5955 

5966 

5977 

5988 

5999 

6010 

11 

40 

6021 

6031 

6042 

6053 

6064 

6075 

6065 

6096 

6107 

6117 

11 

41 

6128 

6138 

6149 

6160 

6170 

6180 

6191 

6201 

6212 

6222 

10 

42 

6232 

6243 

6253 

6263 

6274 

6284 

6294 

6804 

6314 

6325 

10 

48 

6335 

6345 

6355 

6365 

6375 

6385 

6396 

6405 

6415 

6425 

10 

44 

6435 

6444 

6454 

6464 

6474 

6484 

6493 

6503 

6513 

6522 

10 

45 

6532 

6542 

6551 

6561 

6571 

6580 

6690 

6699 

6609 

6618 

10 

46 

6628 

6637 

6646 

6656 

6665 

6675 

6684 

6693 

6702 

6712 

9 

47 

6721 

6730 

6739 

6749 

6758 

6767 

6776 

6786 

6794 

6803 

9 

48 

6812 

6821 

6830 

6839 

6848 

6857 

6866 

6875 

6884 

6893 

9 

49 

6902 

6911 

6920 

6928 

6937 

6946 

6965 

6964 

6972 

6981 

9 

50 

6990 

6998 

7007 

7016 

7024 

7033 

7042 

7060 

7059 

7067 

9 

51 

7076 

7084 

7093 

7101 

7110 

7118 

7126 

7135 

7143 

7152 

8 

62 

7160 

7168 

7177 

7185 

7193 

7202 

7210 

7218 

7226 

7235 

8 

58 

7243 

7251 

7259 

7267 

7275 

7284 

7292 

7300 

7308 

7316 

8 

54 

7324 

7332 

7340 

7848 

7366 

7364 

7372 

7380 

7388 

7396 

8 
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N 

0 

1 

2 

8 

4 

5 

6 

7 

8 

9 

D 

65 

7404 

7412 

7419 

7427 

7436 

7443 

7451 

7459 

7466 

7474 

8 

66 

7482 

7490 

7497 

7505 

7613 

7520 

7628 

7636 

7643 

7551 

8 

67 

7659 

7566 

7674 

7682 

7689 

7597 

7604 

7612 

7619 

7627 

8 

58 

7634 

7642 

7649 

7657 

7664 

7072 

7679 

7686 

7694 

7701 

69 

7709 

7716 

7723 

7731 

7738 

7746 

7752 

7760 

7767 

7774 

60 

7782 

7789 

7796 

7803 

7810 

7818 

7826 

7832 

7839 

7846 

61 

7853 

7860 

7868 

7875 

7882 

7889 

7896 

7903 

7910 

7917 

62 

7924 

7931 

7938 

7946 

7962 

7959 

7966 

7973 

7980 

7987 

63 

7993 

8000 

8007 

8014 

8021 

8028 

8036 

8041 

8048 

8065 

64 

8062 

8069 

8076 

8082 

8089 

8096 

8102 

8109 

8116 

8122 

65 

8129 

8136 

8142 

8149 

8156 

8162 

8169 

8176 

8182 

8189 

66 

8196 

8202 

8209 

8216 

8222 

8228 

8235 

8241 

8248 

8254 

67 

8261 

8267 

8274 

8280 

8287 

8293 

8299 

8306 

8312 

8319 

6 

68 

8326 

8331 

8338 

8344 

8351 

8357 

8363 

8370 

8376 

8382 

6 

69 

8388 

8396 

8401 

8407 

8414 

8420 

8426 

8432 

8439 

8445 

6 

70 

8461 

8467 

8463 

8470 

8476 

8482 

8488 

8494 

8600 

8506 

6 

71 

8513 

8519 

8526 

8531 

8537 

8543 

8549 

8555 

8561 

8667 

6 

72 

8573 

8579 

8586 

8591 

8697 

8603 

8609 

8615 

8621 

8627 

6 

73 

8633 

8639 

8646 

8651 

8657 

8663 

8669 

8675 

8681 

8686 

6 

74 

8692 

8698 

8704 

8710 

8716 

8722 

8727 

8733 

8739 

8745 

6 

76 

8761 

8756 

8762 

8768 

8774 

8779 

8786 

8791 

8797 

8802 

6 

76 

8808 

8814 

8820 

8826 

8831 

8837 

8842 

8848 

8854 

8859 

6 

77 

8866 

8871 

8876 

8882 

8887 

8893 

8899 

8904 

8910 

8915 

6 

78 

8921 

8927 

8932 

8938 

8943 

8949 

8954 

8960 

8966 

8971 

6 

79 

8976 

8982 

8987 

8993 

8998 

9004 

9009 

9016 

9020 

9025 

6 

80 

9031 

9036 

9042 

9047 

9063 

9058 

9063 

9069 

9074 

9079 

6 

81 

9086 

9090 

9096 

9101 

9106 

9112 

9117 

9122 

9128 

9133 

6 

82 

9138 

9143 

9149 

9154 

9159 

9165 

9170 

9176 

9180 

9186 

6 

83 

9191 

9196 

9201 

9206 

9212 

9217 

9222 

9227 

9232 

9238 

6 

84 

9243 

9248 

9263 

9258 

9263 

9269 

9274 

9279 

9284 

9289 

5 

85 

9294 

9299 

9304 

9309 

9315 

9320 

9325 

9330 

9336 

9340 

5 

86 

9345 

9350 

9356 

9360 

9365 

9370 

9375 

9380 

9385 

9390 

5 

87 

9396 

9400 

9406 

9410 

9416 

9420 

9425 

9430 

9435 

9440 

5 

88 

9446 

9450 

9456 

9460 

9465 

9469 

9474 

9479 

9484 

9489 

6 

89 

9494 

9499 

9504 

9609 

9613 

9518 

9523 

9528 

9533 

9638 

6 

90 

9642 

9547 

9552 

9567 

9562 

9566 

9571 

9576 

9681 

9586 

6 

91 

9690 

9595 

9600 

9606 

9609 

9614 

9619 

9624 

9628 

9633 

5 

92 

9638 

9643 

9647 

9652 

9657 

9661 

9666 

9671 

9675 

9680 

6 

93 

9686 

9689 

9694 

9699 

9703 

9708 

9713 

9717 

9722 

9727 

6 

94 

9731 

9736 

9741 

9746 

9760 

9754 

9759 

9763 

9768 

9773 

6 

95 

9777 

9782 

9786 

9791 

9796 

9800 

9806 

9809 

9814 

9818 

6 

96 

9823 

9827 

9832 

9836 

9841 

9845 

9850 

9854 

9859 

9863 

6 

97 

9868 

9872 

9877 

9881 

9886 

9890 

9894 

9899 

9903 

9908 

4 

98 

9912 

9917 

9921 

9926 

9930 

9934 

9939 

9943 

9948 

9952 

4 

99 

9966 

9961 

9966 

9969 

9974 

9978 

9983 

9987 

9991 

9996 

4 
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Compute,  using  logaritluus : 

1.  -v/376. 

Soltttion.  log  376  =  2.5752. 

log\^376  =  .8584  Qdividing  by  8). 
Then  antilog  .8584  =  7.218. 

2.  -v^TSS.  3.  -v^nsF.  4.  -4^3421. 

5.  -^.000639. 

Solution.  log  .000639  s  i.8055. 

If  one  diyided  4.8055  as  it  stands  by  3>  he  would  be  likely  to 
confuse  the  negative  characteristic  and  the  positive  mantissa.  This 
and  other  difficulties  may  easily  be  avoided  by  adding  to  the  char- 
acteristic and  subtracting  from  the  resulting  logarithm  any  integral 
multiple  of  the  index  of  the  root  which  will  make  the  characteristic 
positive. 

Thus  log  .000639  =  2.8055  -  6. 

log  \^.000639  =  .9352  -  2  (dividing  by  8)- 
Then  antilog  2.9352  =  .08614. 

6.  V.0756.       11.  (-  6.387)*.  14.  *v^269. 

7.  •»07624.        ^     12837^;^^      ,,,  V^f^^. 

8.  4^^006679.  'y    (3.423)* 

a   mi^f  .  16.  ^VWWI. 

9.  (d».4;  .  1(43.56)' .  7.984 

10.  (4926)*  y       (T.623)'       *  17.  -^^  •v'.07241. 

18.  Determine  the  logarithms  of  5732,  573.2,  57.32,  and 
5.732  to  the  base  10  and  to  the  base  100.  Compare  the  results. 
What  &ct  about  logarithms  do  these  results  emphasize  ? 
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Note.  The  preceding  four-place  table  will  usually  give  results 
correct  to  one  half  of  one  per  cent.  Five-place  tables  give  the  man- 
tissa to  five  decimal  places  of  the  numbers  from  1  to  9999  and,  by 
interpolation,  the  mantissa  of  numbers  from  1  to  99,999.  Such  tables 
give  results  correct  to  one  twentieth  of  one  per  cent,  a  degree  of 
accuracy  which  is  sufficient  for  most  engineering  work. 

Six-place  tables  give  the  mantissa  to  six  decimals  for  the  same 
range  of  numbers  as  a  five-place  table,  but  the  labor  of  using  a  six- 
place  table  is  much  greater  than  that  of  using  a  five-place  one. 

Seven-place  tables  contain  the  mantissas  of  the  numbers  from 
1  to  99,999.  Such  tables  are  needed  in  certain  kinds  of  engineering 
work  and  are  of  constant  use  in  astronomy. 

In  place  of  a  table  of  logarithms  engineers  often  use  an  instru- 
ment called  a  slide  rule.  This  is  really  a  mechanical  table  of 
logarithms  arranged  ingeniously  for  rapid  practical  use.  Results  can 
be  obtained  with  such  an  instrument  far  more  quickly  than  with  an 
ordinary  table  of  logarithms,  and  that  without  recording  or  even 
thinking  of  a  single  logarithm.  A  slide  rule  ten  inches  long  usually 
gives  results  correct  to  three  figures.  In  work  requiring  greater 
accuracy  a  larger  and  more  elaborate  instrument  which  gives  a  five- 
figure  accuracy  is  used. 

249.  Exponential  equations.  An  exponential  equation  is  an 
equation  in  which  the  unknown  occurs  in  an  exponent. 

Many  exponential  equations  are  readily  solved  by  means 
of  logarithms,  since  log  <f^x  log  a. 

Thus  let  a*  =  c.   Then  x  log  a  =  log  c.  Whence  x  =  log  c-s-  log  a. 

EXAMPLE 

Solve  for  x  8*  =  324. 

Solution,  log  8*  =  log  324, 

or  ar  log  8  =  log  324. 

wi,  log  324      2.5105      ^.^^ 

Whence  x  =    °   ^    =   ^^^^   =  2.78+. 

log  8        .9031 

The  student  must  overcome  his  hesitation  actually  to 
divide  one  logarithm  by  another  if,  as  here,  it  is  necessary. 
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MISCELLAirEOnS  EXERCISES 

1.  Can  you  find  the  logaxithm  of  a  negative  number  to  a 
positive  base  ?   Explain. 

Find,  without  reference  to  the  table,  the  numerical  values  of; 

2.  log, 9.  6.  51og^9. 

3.  log,8.  7.  log,8  +  3  log34. 

4.  log32.  8.  2  logj^81  -  4  log3^27. 

5.  4  log,27.  9.  3  log25l25  +  2  logg25  -  2  log^5. 

10.  4  log3(i)  -  6  log/^V)  +  2  log^9. 
Simplify : 

11.  log  I  +  log  If  13.  log  \^  +  log  I J  -  log  f . 

12.  log  ^V  -  log  If.  14.  2  log  3  +  3  log  2. 

15.  31og4  +  41og3  — 21og6. 
Show  that : 

16.  log  (a j=  log(a  +  x)  +  log(a  —  ar)  — loga. 

17.  log  Va^  —  x^  =  ^  [log  (a  +  x)  +  log  (a  —  oj)]. 

18.  log  Vs(s  —  a)  =  ^ pog s  +  log (s  —  a)]. 


"•i°^>l^     ,_« 


\s  (s  —  b)(s  ^  c) 


^-[log5  4-  log(5  -  5)  +  log(5  —  c)  —  log(5  —  a)]. 

Solve,  using  logarithms  (obtain  results  to  four  figures) : 

20.  The  circumference  of  a  circle  is  2  ttR,    (tt  =  3.1416, 
R  =  radius.) 

(a)  Find  the  circumference  of  a  circle  whose  radius  is  85 
inches. 

(b)  Find  the  radius  of  a  circle  whose  circumference  is  3281 
centimeters. 
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21.  The  area  of  a  circle  is  irR\ 

(a)  Find  the  area  of  a  circle  whose  radius  is  6.672  feet. 
(b^  Find  the  radius  of  a  circle  whose  area  is  67.37  square 
feet. 

22.  The  area  of  the  surface  of  a  sphere  is  4  irR\ 

(a)  The  radius  of  the  earth  is  3958.79  miles.    Find  its 
surface. 

(b)  Find  the  length  of  the  equator. 

4  7ri2' 

23.  The  volume  of  a  sphere  is  — - — • 

o 

(a)  Find  the  radius  of  a  sphere  whose  volume  is  86  cubic  feet. 

(b)  Find  the  diameter  of  a  sphere  whose  volume  is  47  cubic 
inches. 

24.  If  the  hypotenuse  and  one  leg  of  a  right  triangle  are 
given,  the  other  leg  can  always  be  computed  by  logarithms. 

In  the  adjacent  figure  let  a  and  c  be  given  and  x  required. 
Then 

X  =Vc^  — a^  =V(c  +  a)(c  —  a). 

Whence 

^ogx  =  -J-  log(o  +  a)  +  i  log(c  —  a). 

(a)  The  hypotenuse  of  a  right  triangle  is  377  and  one  leg 
is  288.   Find  the  other  leg. 

(b)  The  hypotenuse  of  a  right  triangle  is  1286  and  one  leg 
is  924.   Find  the  other  leg. 

25.  The  area  of  an  equilateral  triangle  whose  side  is  8  is 

J  V3.   Find  in  square  feet  the  area  of  an  equilateral  triangle 

whose  side  is  34.23  inches. 
Solve  for  x : 

26.  3^  =  25.  30.  3  =  (1.04)*.  34.  1(F'^  =  3. 
27.64^  =  4.                31.2^  =  64.  35.8^+2  =  6. 

28.  16*  =  1024.  32.  4^*+^  =  84.  36.  (.3)"*  =  5. 

29.  (-  2y  =  64.  33.  3*  +  »  =  6561.  37.  (.07)*  =  9. 


600      COMPLETE  SCHOOL  ALGEBRA 

Find  the  number  of  digits  in : 

88.  (a)  3";    (b)  2*«;   (c)  2«  .  3«  •  P. 

89.  In  how  many  years  will  |1  double  itself  at  3%  interest 
compounded  annually  ?  * 

Solution.  At  the  end  of  one  year  the  amount  of  $1  at  3%  is  $1.03 ; 
at  the  end  of  two  years  it  is  $(1.03)  (1.03),  or  $(1.03)>;  at  the  end  of 
three  years  it  is  $(1.03)*,  and  at  the  end  of  x  years  it  is  $(1.03)'. 

If  X  is  the  number  of  years  required,  (1.03)'  =  2. 

Taking  the  logarithms  of  both  members  of  the  equation, 

X  log  1.03  =  log  2. 

^^^^'        '-bii:o3==:oi28-^^-^+- 

40.  In  how  many  years  will  $1  double  itself  at  6^  interest 
compounded  annually  ? 

41.  In  how  many  years  will  any  sum  of  money  treble  itself 
at  4^  interest  compounded  annually  ? 

42.  In  how  many  years  will  $450  double  itself  at  3j^ 
interest  compounded  annually? 

43.  In  how  many  years  will  $4000  amount  to  $7360.80  at 
5^0  interest  compounded  annually  ? 

44.  About  300  years  ago  the  Dutch  paid  $24  for  the  island 
of  Manhattan.  At  4^  compound  interest,  what  would  this 
payment  amount  to  at  the  present  time  ? 

45.  In  how  many  years  will  $12  double  itself  at  3^ 
interest  compounded  semiannually? 

46.  Show  that  the  amount  of  P  dollars  in  t  years  at  r^ 
interest  compounded  annually  is  P(l+  r)*;  compounded  semi- 
annually is  p(l  +  -)  ;  compounded  quarterly  is  p(H--)  ; 
and  compounded  monthly  is  P  f  1  -f  r^ )    ' 

*  In  making  computations  of  this  nature  by  the  aid  of  logarithms,  care 
must  be  exercised  not  to  retain  more  significant  figures  in  the  result  than 
are  given  with  accuracy  by  the  process. 
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47.  Find  the  amount  of  $5000  at  the  end  of  four  years, 
interest  at  4%  compounded  (a)  annually;  (b)  semiannually; 
(c)  quarterly. 

48.  Find  the  amount  of  $4.12  at  the  end  of  five  years, 
interest  at  4%,  compounded  quarterly. 

49.  Set  up  and  solve  the  equation  used  to  determine  the 
amount  which  should  be  paid  for  a  $5  certificate  to  be  paid 
in  five  years,  interest  at  4^,  compounded  quarterly. 

Note.  It  is  not  a  little  remarkable  that  just  at  the  time  when 
GaHleo  and  Kepler  were  turning  their  attention  to  the  laborious 
computation  of  the  orbits  of  planets,  Napier  should  be  devising  a 
method  which  simplifies  these  processes.  It  was  said  a  hundred 
years  ago,  before  astronomical  computations  became  so  complex  as 
they  now  are,  that  the  invention  of  logarithms,  by  shortening  the 
labors,  doubled  the  effective  life  of  the  astronomer.  To-day  the 
remark  is  well  inside  the  truth. 

In  the  presentation  of  the  subject  in  modem  textbooks  a  loga- 
rithm is  defined  as  an  exponent.  But  it  was  not  from  this  point  of 
view  that  they  were  first  considered  by  Napier.  In  fact  it  was  not 
till  long  after  his  time  that  the  theory  of  exponents  was  understood 
clearly  enough  to  admit  of  such  application.  This  relation  was 
noticed  by  the  mathematician  Euler,  about  one  hundred  and  fifty 
years  after  logarithms  were  invented. 

It  was  by  a  comparison  of  the  terms  of  certain  arithmetical  and 
geometrical  progressions  that  Napier  derived  his  logarithms.  They 
were  not  exactly  like  those  used  commonly  to-day,  for  the  base 
which  Napier  used  was  not  10.  Soon  after  the  publication  (1614) 
of  Napier's  work,  Henry  Briggs,  an  English  professor,  was  so  much 
impressed  with  its  importance  that  he  journeyed  to  Scotland  to  con- 
fer with  Napier  about  the  discovery.  It  is  probable  that  they  both 
saw  the  necessity  of  constructing  a  table  for  the  base  10,  and  to  this 
enormous  task  Briggs  applied  himself.  With  the  exception  of  one 
gap,  which  was  filled  in  by  another  computer,  Briggs's  tables  form 
the  basis  for  all  the  common  logarithms  which  have  appeared  from 
that  day  to  this. 

The  square  roots  and  the  cube  roots  on  the  following  page  are 
corrected  to  the  nearest  digit  in  the  third  decimal  place. 
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^x9 


\ 


V 


No. 

Squares 

1 

1 

2 

4 

3 

9 

4 

16- 

5 

25 

6 

36 

7 

49 

8 

64 

9 

81 

10 

100 

11 

121 

12 

144 

13 

169 

14 

196 

15 

225. 

16 

256 

17 

289 

18 

324 

19 

361 

20 

400 

21 

441 

22 

484 

23 

529 

24 

576 

25 

625 

26. 

676 

27 

729 

28 

784 

29 

841 

30 

900 

31 

961 

32 

1,024 

33 

1,089 

34 

1,156 

a5 

1,225 

36 

1,296 

37 

1,369 

38 

1,444 

39 

1,521 

40 

1,600 

41 

1,681 

42 

1,764 

43 

1,849 

44 

1,936 

45 

2,025 

46 

2,116 

47 

2,209 

48 

2,304 

49 

2,401 

60 

2,500 

Cubes 


1 

8 

27 

64 

125 

216 

343 

512 

729 

1,000 

1,331 

1,728 

2,197 

2,744 

3,375 

4,096 

4,913 

5,832 

6,859 

8,000 

9,261 

10,64^ 

12,167 

13,824 

15^25 

I7jS76 

19,683 

21,952 

24,389 

27,000 

29,791 

32,768 

35,937 

39,304 

42,875 

46,656 

50,653 

54,872 

59,319 

64,000 

68,921 

74,088 

79,507 

85,184 

91,125 

97,336 

103,823 

110,592 

117,649 

125,000 


Square 
Roots 


1.000 
1.414 
1.732 
2.000 
2.236 
2.449 
2.646 
2.828 
3.000 
3.162 
3.317 
3.464 
3.606 
3.742 
3.873 
4.000 
4.123 
4.243 
4.359 
4.472 
4.583 
4.690 
4.796 
4.899 
5.000 
5.099 
5.196 
5.292 
5.385 
5.477 
5.566 
5.657 
5,745 
5^1 
^.916 
6.000 
6.083 
6.164 
6.245 
6.325 
6.403 
6.481 
6.557 
6.633 
6.708 
6.782 
6.866 
6.928 
7.000 
7.071 


Cube 
Roots 


1.000 
1.260 
1.442 
1.587 
1.710 
1.817 
1.913 
2.000 
2.080 
2.154 
2.224 
2.289 
2.351 
2.410 
2.466 
2.520 
2.571 
2.621 
2.668 
2.714 
2.759 
2.802 
2.844 
2.884 
2.924 
2.962 
3.000 
3.037 
3.072 
3.107 
8.141 
3.175 
3.208 
3.240 
3.271 
3.302 
3.332 
3.362 
3.391 
3.420 
3.448 
3.476 
3.503 
3.530 
3.657 
3.583 
3.609 
3.634 
3.669 
3.684 


No. 


51 
52 
63 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 
100 


Squares 


2,601 
2,704 
2,809 
2,916 
3,025 
3,136 
3,249 
3,364 
3,481 
3,600 
3,721 
3,844 
3,969 
4,096 
4,225 
4,356 
4,489 
4,624 
4,761 
4,900 
5,041 
5,184 
5,329 
5,476 
5,625 
5,776 
5,929 
6,084 
6,241 
6,400 
6,661 
6,724 
6,889 
7,056 
7,225 
7,396 
7,569 
7,744 
7,921 
8,100 
8,281 
8,464 
8,649 
8,836 
9,025 
9,216 
9,409 
9,604 
9,801 
10,000 


Cubes 


132,651 
140,608 
148,877 
157,464 
166,375 
175,616 
185,193 
195,112 
205,379 
216,000 
226,981 
238,328 
260,047 
262,144 
274,625 
287,496 
300,763 
314,432 
328,609 
343,000 
367,911 
373,248 
389,017 
405,224 
421,875 
438,976 
466,533 
474,562 
493,039 
512,000 
631,441 
551,368 
671,787 
692,704 
614,125 
636,066 
658,603 
681,472 
704,969 
729,000 
763,571 
778,688 
804,357 
830,684 
857,375 
884,736 
912,673 
941,192 
970,299 
1,000,000 


Square 
Roots 


7.141 
7.211 
7.280 
7.348 
7.416 
7.483 
7.550 
7.616 
7.681 
7.746 
7.810 
7.874 
7.937 
8.000 
8.062 
8.124 
8.185 
8.246 
8.307 
8.367 
8.426 
8.485 
8.544 
8.602 
8.660 
8.718 
8.775 
8.832 
8.888 
8.944 
9.000 
9.055 
9.110 
9.165 
9.220 
9.274 
9.327 
9.381 
9.434 
9.487 
9.539 
9.592 
9.644 
9.696 
9.747 
9.798 
9.849 
9.899 
9.950 
10.000 


Cube 
Roots 


3.708 
3.733 
3.756 
3.780 
3.803 
3.826 
3.849 
3.871 
3.893 
3.915 
3.936 
3.958 
3.979 
4.000 
4.021 
4.041 
4.062 
4.082 
4.102 
4.121 
4.141 
4.160 
4.179 
4.198 
4.217 
4.236 
4.254 
4.273 
4.291 
4.309 
4.327 
4.344 
4.362 
4.380 
4.397 
4.414 
4.431 
4.448 
4.465 
4.481 
4.498 
4.514 
,4.631 
4.647 
4.663 
4.579 
4.695 
4.610 
4.626 
4.642 


v.» 


x^ 


'  i/Si-i 


y       m\i%^ 


\ 


1^ 


.s 


1 


Abacus,  186 

Abel,  462,  462 

Absolute  value,  22 

Aggregation,  signs  of,  64 

Ahmes,  442 

Al-jebr,  67 

Alternation,  466 

Antecedent,  463 

Antilogarithm,  488 

Apothem,  356 

Arabic  notation,  1,  9,  186 

Arabs,  6, 11, 67, 93, 186, 249, 254, 261 

Archimedes,  274 

Arrangement,  75 

Associative  Law  of  Multiplication, 

70,  71 
Axes,  X-  and  y-,  202,  319 
Axiom,  39,  40,  176 

Babylonians,  157 

Bacon,  Roger,  186 

Base,  480,  485 

Binomial,  35,  82  ;  square  of,  105 

Binomial  theorem,  465 ;  extraction 

of  roots  by,  458 ;   rth  term  of 

(a  +  hy\  460-461 
Binomials,      difference     of      two 

squares,    124,    297;   powers    of, 

456;  product  of,  107,  109,  110; 

sum  or  difference  of  two  cubes, 

133,300 
Braces,  64 
Brackets,  64 
Briggs,  481,  501 

Cancellation,  149,  167 

Cardan,  279 

Cauchy,  452 

Characteristic,  483 

Check,  36,  42,  46,  46,  61 

Circle,  area,  16 ;  circumference,  191 
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Coefficient,  10 

Coe^fficients,  literal,  95 ;  polynomial, 
38,  96 

Commutative  Law  of  Multiplica- 
tion, 70 

Complex  number,  387 

Conjugate  imaginaries,  390 

Consequent,  463 

Constant,  472,  474,  476 

Constant  term,  137 

Coordinates,  203 

Cube  root,  11,  114,  251 

Cubes,  of  numbers,  502 ;  sum  or 
difference  of,  133 

Cubic  equation,  141,  275 

Cylinder,  surface,  191 ;  volume,  16 

Decimal  point,  186,  249 

Decimals,  249  ;  equations  contain- 
ing, 184 ;  repeating,  343 

Degree,  75;  of  an  equation,  137, 
141 ;  of  a  term,  75,  76 

Denominator,  lowest  common,  154 

Diagonal  of  rectangle,  248 

Diophantos,  278,  279 

Discriminant  of  a  quadratic  equa- 
tion, 400 

Distance,  x-  and  y-,  202 

Division,  by  logarithms,  491 ;  rule 
for,  88,  91 

Egyptians,  157 

Ellipse,  408 

Equation,  6,  39,  64,  95 ;  graph  of, 
205;  indeterminate,  217  ;  in  one 
unknown,  55 ;  in  several  un- 
knowns, 217  ;  in  two  variables, 
202  ;  of  condition,  54  ;  of  fourth 
degree,  275 ;  of  second  degree, 
137 ;  of  third  degree,  141 ;  root 
of,  56,  218,  264 ;  solution  of,  41; 
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solving,  80 ;  translation  of  prob- 
lem into,  60,  82.  See  also  Linear, 
Quadratic,  Cubic 

Equations,  containing  decimals, 
184;  containing  fractions,  175, 
180 ;  incompatible,  221 ;  indeter- 
minate system  of,  221 ;  literal, 
96, 190 ;  literal,  in  two  unknowns, 
281 ;  radical,  264.  See  also  Sys- 
tems, Simultaneous  systems 

Euclid,  82,  157,  261,  884 

Euler,  462,  601 

Evolution,  law  of,  880;  by  loga- 
rithms, 498 

Exponent,  9,  210  ;  logarithm  as  an, 
481 ;  meaning  of  a  fractional, 
880  ;  meaning  of  a  negative,  881; 
meaning  of  a  zero,  881 

Exponents,  fractional,  251 ;  law  of, 
in  division,  87 ;  law  of,  in  multi- 
plication, 71 

Expressions,  integral,  296;  rational, 
296 ;  reducible  to  difference  of 
two  squares,  299 

Extremes,  466 

Factor,  9,  10 ;  common  monomial, 
116  ;  highest  common,  808;  ra- 
tionalizing, 266,  862 ;  zero,  188 

Factor  Theorem,  801 

Factorial  notation,  460 

Factoring,  118  ff.;  definition  of  the 
process,  296 ;  general  directions 
for,  185,  806;  solution  of  equa- 
tions by,  187,  807 

Factors,  prime,  112,  295 

Falling  body,  17,  214 

Fractions,  1 ;  addition  of,  167,  811 ; 
algebraic,  148 ;  changes  of  sign 
in,  162, 168  ;  complex,  172  ;  divi- 
sion of,  170;  equations  contain- 
ing, 175,  180;  equivalent,  164; 
history  of,  167 ;  lowest  common 
denominator  of,  164 ;  lowest 
terms  of,  149 ;  multiplication  of, 
167 ;  operations  with,  157 ;  reduc- 
tion of  mixed  expressions  to,  165 ; 
simultaneous  systems  containing, 
224  ;  subtraction  of,  167  ;  terms 
of,  148 

Function,    definition   of    a,    869; 


graph  of  a  cubic,  862 ;  graph  of  a 
linear,  860 ;  graph  of  a  qusMiratic, 
861 ;  notations  for  a,  860 
Functions,  359 ;  names  of,  869 

Galileo,  501 

Gauss,  864,  887,  898,  452 

Graph,  200;  of  a  cubic  function, 
862 ;  of  an  equation,  205 ;  of 
linear  equation,  205,  206,  208; 
of  a  linear  function,  360 ;  of  a 
quadratic  equation  in  two  vari- 
ables, 406 

Graphical  representation,  of  linear 
system  in  three  unknowns,  289  ; 
of  statistics,  210,  412 

Graphical  solution  of  an  equation 
in  one  unknown,  864 ;  the  process 
of,  866 

Graphical  solution  of  a  quadratic 
system  in  two  variables,  409 

Greeks,  93,  167 

Harriot,  5 

Highest  common  factor,  308 

Hindus,5,21,28,29,157,186, 261,279 

Hyperbola,  406 

Hypotenuse,  247 

Identity,  54 ;  sign  of,  56 

Imaginaries,  addition  and  subtrac- 
tion of,  387  ;  conjugate,  890 ;  defi- 
nitions, 886  ;  division  of,  890  ; 
equations  with  imaginary  roots, 
892 ;  factors  involving,  394 ;  mul- 
tiplication of,  38B ;  note  on  the 
use  of,  394 

Imaginary,  343 

Imaginary  roots,  866 

Index,  11,  251 

Infinite  geometrical  series,  448 

Integer,  1,  260 ;  consecutive,  44 ; 
consecutive  even,  44 ;  consecu- 
tive odd,  44 ;  even,  44 ;  odd,  44  ; 
positive,  27 

Integral  expressions,  ^96 

Interest,  15,  186 ;  simple,  187 

Interpolation,  486 

Inversion,  466 

Involution,  law  of,  830;  by  loga- 
rithms, 462 
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Irrational  number,  260 
Italians,  6 

Kepler,  408,  601 

Klein,  Professor  Felix,  364 

Kronecker,  Leopold,  27 

La  Place,  462 

Leibnitz,  Gottfried  Wilhelm,  465 

Lever,  193 

Line,  straight,  360 

Linear  and  quadratic  equations, 
systems  of,  279 

Linear  equation,  137 ;  in  two  vari- 
ables, 208,  217,  224 

Linear  systems  in  three  unknowns, 
236 

Literal  coefficients,  96;  equations 
with,  95,  190,  231,  277 

Logarithms,  definition  of,  480; 
antilogarithm,  488 ;  interpola- 
tion, 486  ;  systems  of,  481 ;  table 
of,  494-495 

Lowest  common  denominator,  154 

Lowest  common  multiple,  152 

Lowest  terms,  149 

Mantissa,  483,  491 

Means,  464;  arithmetical,  435; 
geometrical,  446 

Member,  left,  39 ;  right,  39 

Monomial,  33 ;  cube  root  of,  114 ; 
square  root  of,  113 

Monomial  denominator  in  equa- 
tions, 176 

Monomial  factor,  116 

Monomials,  addition  of,  33,  34; 
division  of ,  87  ;  division  of  poly- 
nomials by,  89 ;  multiplication 
of,  72 ;  multiplication  of  poly- 
nomials by,  73;  subtraction  of, 
49 

Moors,  186 

Morse,  S.F.B.,  276 

Motion,  uniform,  97,  192 

Multiple,  lowest  common,  162 

Multiplication,  rules  for,  71-74;  rule 
for,  by  logarithms,  490 

Napier,  Sir  John,  186,  462,  484,  601 
Negative   numbers,    19,   20,   210, 


279.  See  also  Positive  and  nega- 
tive numbers 

Newton,  367,  461,  462 

Numbers,    classification   of,   343 
complex,  387 ;  imaginary,  260 
irrational,  260 ;  orthotomic,  386 
pure  imaginary,  386;   rational, 
260 ;  real,  343 

Numerals,  1,  9 ;  arable,  9 

Numerical  value,  15,  22 

Operation,  signs  of,  1,  6,  30 
Operations,  order  of,  13 
Order,  261 ;  in  addition,  34 
Ordinate,  202 
Origin,  203 
Oughtred,  6,  465 

Parabola,  406 

Parentheses,  10,  13,  30,  34,  64,  79, 
82  ;  insertion,  68  ;  removal,  64 

PascaPs  triangle,  456 

Percentage,  186 

Points,  plotting,  204 

Polynomial,  36 

Polynomial  denominators  in  equar 
tions,  180 

Polynomials,  addition  of,  36 ;  divi- 
sion of,  by  monomials,  89 ;  divi- 
sion of,  91 ;  multiplication  of,  by 
monomials,  73 ;  multiplication  of, 
74;  prime  to  each  other,  152; 
subtraction  of,  60 ;  with  common 
monomial  factor,  116 

Positive  and  negative  numbers,  20 ; 
addition  of,  21 ;  division  of,  28 ; 
multiplication  of,  26 ;  subtrac- 
tion of,  23 

Power,  75 

Powers,  ascending,  76;  descend- 
ing, 75  ;  sum  or  difference  of  two 
like,  303 

Prime,  113,  162,  808 

Probability  curve,  416 

Problems,  solution  of,  46 

Product,  9, 10,  70,  71,  93,  107,  109, 
110 ;  of  sum  and  difference,  107 

Products,  important  special,  106, 
287 

Progressions,  common  difference 
of  arithmetical,  432;  definition 
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of  arithmetical,  432;  definition  of 
geometrical,  442 ;  nth  term  of 
arithmetical,  433;  nth  term 
of  geometrical,  444;  ratio  of 
geometrical,  443 ' 

Proportional,  fourth,  465;  mean, 
465;  third,  465 

Proportions,  derived  by  addition, 
by  sabtraction,  and  by  addition 
and  subtraction,  467 ;  from  equal 
products,  465 

Quadratic  and  linear  equations, 
systems  of,  279 

Quadratic  equation,  137, 275;  char- 
acter of  the  roots  of,  400 ;  com- 
parison of  the  various  methods 
of  solution  of  the,  374 ;  constant 
term  of,  137  ;  formation  of,  with 
given  roots,  396 ;  history  of,  278 ; 
in  two  unknowns,  279;  num- 
ber of  roots  of,  402  ;  pure,  272  ; 
relation  between  the  roots  and 
the  coefficients  of,  397 ;  solution 
of,  by  completing  the  square, 
270;  solution  of,  by  factoring, 
137 ;  solution  of,  by  formula, 
297, 371 ;  with  literal  coefficients, 
277 

Quadratic  expressions,  factors  of, 
403 

Quadratic  trinomial,  127,  298 ;  the 
general,  130 

Quantity,  471 

Radical,  250 ;  sign,  11 

Radical  equations,  264 

Radicals,  addition  of,  259 ;  conju- 
gate, 266  ;  division  of,  266  ;  mul- 
tiplication of,  261 ;  simplification 
of,  253  ;  subtraction  of,  259 

Radicand,  251 

Radicands,  fractional,  256 

Raleigh,  Sir  Walter,  5 

Ratio,  463 

Rational  expressions,  295 

Rational  number,  250 

Rationalizing  factor,  266,  352 

Recorde,  5,  242 

Remainder  Theorem,  800 

Roman  notation,  186 


Romans,  157 

Root,  cube,  11,  114;  of  an  equa- 
tion, 55, 217, 264 ;  principal,  251 ; 
principal  square,  114;  square, 
11,  113 

Roots,  cube,  251 ;  even,  114 ;  fourth, 
114;  imaginary,  366  ;  imaginary, 
for  a  cubic  equation,  367;  of  a 
monomial,  113,  114,  115;  re- 
jected, 143 ;  set  of,  218 ;  sixth, 
114 ;  table  of  square  and  cube, 
502 

Series,  arithmetical,  438 ;  geomet- 
rical, 447 ;  infinite  geometrical, 
448  ;  sum  of,  438 

Set  of  roots,  218 

Sign,  changes  of,  in  fraction,  162, 
163 ;  double,  114 ;  of  equality, 
2,  5 ;  of  identity,  55  ;  radical,  11 

Simultaneous  systems,  218 ;  con- 
taining fractions,  224;  solution 
of,  by  addition  and  subtraction, 
219 ;  solution  of,  by  substitution, 
222 

Slide  rule,  497 

Solution,  definition  of,  218;  of 
equations,  15,  41;  of  equations 
by  factoring,  137  ff.;  graphical, 
of  linear  equations  in  two  varia- 
bles, 208 ;  of  problems,  6,  45;  of 
systems,  219,  222 

Solving  an  equation,  39 

Square,  of  binomial,  105;  of  tri- 
nomial, 288 ;  perfect,  121 ;  tri- 
nomial, 121 

Square  root,  11 ;  historical  note  on, 
249;  of  algebraic  expressions, 
240 ;  of  numbers,  243 ;  principal, 
114 

Squares,  difference  of,  124,  297 

Squares  of  numbers,  502 

Stifel,  11,  279,  458 

Subscripts,  191 

Substitution,  solution  of  systems 
by,  222 

Sum,  algebraic,  23 

Surd,  344 

System,  indeterminate,  221 ;  in 
three  unknowns,  236;  of  equa- 
tions, 217 ;  simultaneous,  218 
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Systems,  containing  fractions,  224 ; 
determinate,  in  three  unknowns, 
325 ;  equivalent^  424 ;  incom- 
patible or  inconsistent,  221,  323  ; 
of  linear  and  quadratic  equa- 
tions, 279 ;  simultaneous,  323  ; 
solution  by  addition  and  subtrac- 
tion, 219,  323 ;  solution  by  sub- 
stitution, 222,  322;  solution  of, 
when  one  equation  is  linear  and 
the  other  quadratic,  279,  416; 
solution  of,  when  both  are  quad- 
ratic, 419;  solution  of  a  linear, 
in  two  variables,  by  graphs,  208 ; 
special  methods  for  solution  of, 
422 ;  symmetric,  421 

Table,  of  cubes  and  squares,  602 ; 

of  logarithms,  494-495 
Term,  33 
Terms,  dissimilar,  34 ;  of  fraction, 

148 ;  similar,  33 
Tartaglia,  456 
Theon,  249 


Transposition,  66 

Trapezoid,  146;  altitude  of,  146; 

area  of,  146 
Triangle,  altitude  of,  146  ;  area  of, 

16,  146,   191;   equilateral,  248, 

258 ;  isosceles  right,  268 ;  right, 

247,  268,  269 
Trinomial,  36;  general  quadratic, 

130;  quadratic,  127;  square  of 

a,  288 
Trinomial  squares,  121 

Unknown,  6,  39,  95 

Variable,  217 

Variation,  471 ;  direct,  471 ;  inverse, 

473 ;  joint,  476 
Vinculum,  64 

Wallis,  John,  465 

Zero,  as  denominator,  161 ;  as  an 
exponent,  meaning^  of,  331 ;  as 
factor,  138 ;  division  by,  29,  40 ; 
multiplication  by,  29 
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